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Abstract. The concept of the maximal contact is the key in Hironaka's res- 
olution theory. It treats local theory, and it is not effective in positive char- 
acteristics. This is the essential reason why Hironaka's theory treats only the 
case of characteristic zero. 

In this article we propose the substitute for the maximal contact, which is 
effective in any characteristics of the ground field. We replace the maximal 
contact by a theorem in the theory of torus embeddings. 

Using essential ideas here, we would like to establish the theory of resolution 
of singularities in arbitrary characteristics in a global sense in the forthcoming 
articles. 



1. Introduction 

The concept of the maximal contact is the key in Hironaka's resolution the- 
ory. (Hironaka [H], [H], [T1](H, Chapter HI, sections 7-10), Giraud [TU], [5], 
Hauser [H].) It treats local theory, and it is not effective in positive character- 
istics. This is the essential reason why Hironaka's theory treats only the case of 
characteristic zero. The maximal contact is closely related to the multiplicity of a 
hypersurface singularity and the Hilbert-Samuel function of a general singularity. 

In this article we propose the substitute for the multiplicity and the maximal 
contact, which is effective in any characteristics of the ground field. We replace 
the multiplicity by the degree of the Weierstrass polynomial, or, the height of the 
Newton polyhedron, and we replace the maximal contact by a theorem in the theory 
of torus embeddings (Kempf et al. [12], Fulton [S]). 

The idea of the degree of the Weierstrass polynomial can be found in Hiron- 
aka (13| in low dimensional cases. However, he did not manipulate higher dimen- 
sional cases, because he did not apply the theory of torus embeddings. See also 
Cossart et al. [7]. 

Some ideas in this article are inspired by the appendix of Abhyankar [2] and 
Bogomolov [5,. 

Let k be any algebraically closed field in any characteristics; let n be any positive 
integer, let z,x(l),x(2), . . . ,x(n) be (n -I- 1) of variables over k; let A denote the 
ring of formal power series of variables z, a;(l), a;(2), . . . , x{n) with coefficients in k. 
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By A' we denote the /c-subalgebra of A consisting of power series of n of variables 
x{l),x{2), . . . ,x{n). The unique maximal ideal of A (respectively, A') is denoted 
by M{A) (respectively, M{A')). The set of invertible elements of A (respectively, 
A') is denoted by A"" (respectively. A"" ). We have A = M{A) U A"" , M{A) n A"" = 
0,A' = A/(A') U A'^A/(A') n A'x = 0, M{A) e Spec(A), M{A') e Spec(A'), 
M{A) is the unique closed point of the affine scheme Spec(A), and AI{A') is the 
unique closed point of the affine scheme Spec (A'). Let Zq and Z_(- denote the 
set of non-negative integers and the set of positive integers respectively, and let 
P = {z, x{l), x{2), . . . , x{n)}. Note that P is a parameter system oi A and P—{z} — 
{x{l), x{2), . . . ,x{n)} is a parameter system of A'. For any (j) G A with (/) 7^ by 
r+(P, (j)) we denote the Newton polyhedron of (p over P. 

Any element e A satisfying (p — + J^^i^o 0'(*)^* for some h G Zq and some 
mapping (p' : {0, 1, . . . ,h — 1} — > M{A') is called a z- Weierstrass polynomial over 
P, and the non-negative integer h is called the degree of (j>. 

We consider any cj) £ A with </) ^ 0. The Newton polyhedron r+(P, (/)) is of 
z- Weierstrass type, if and only if, there exist uniquely u G A^,a G Zo,h e Zq, 
a mapping h : {1, 2, . . . , n} -> Zo and a mapping : {0, 1, . . . , ft — 1} — M(A') 
satisfying = uz'^ nr=i + E»''=roV'(«)2') and (/)'(0) ^ if /i > 1. If 

r+(P, 0) is of z- Weierstrass type, and if moreover, any compact face F of r+(P, </>) 
satisfies dimP < 1, then we say that r+(P, 0) is z-simple. See Section [2] for the 
definition of z-simpleness. In case where r+(P, 0) is of z- Weierstrass type and 
/i > 1, any face of r_|_(P, i^) satisfying a certain condition is called a z-removable 
face. See Section [2] also for the definition of z-removable faces. 

Let R be any complete regular local ring, and let (p G R. We consider a parameter 
system Q of R. We say that (p has normal crossings over Q, if = uj^^ggx^^^' 
for some invertible element u G R and some mapping A : Q — > Zq. We say that (p 
has normal crossings, if has normal crossings over Q for some parameter system 
Q of R. 

Furthermore, we denote 

n 

PW{1) ^{(pGA\(P = u\\{z + x)"^^^ n 

for some m G A^ , some r e Zq, some finite subset A" of M(A'), 

some mapping a : A" — )■ Z_|_, and some mapping & : {1, 2, . . . , n} — >■ Zq.} 

For any h G Z+ with h> 2, we denote 

h~l 

W{h) ^{(j)GA\(l)^z'' + J2 </''(*)^'' 

i=0 

for some mapping (p' : {0,1, . . . , h — 1} ^ M {A') satisfying 

h-l 

PW^(/i) = = '0V'' for some V € t^(/i) and some tp' G PW{1).}, 

SW{h) = {(p G A\<j) = ipip' for some ip G W{h) and some -0' e PTy(l) such that 
r+(P, "i/;) has no z-removable faces, and r+(P, 0) is z-simple.}. 
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Note that A is a unique factorization domain (Matsumura ^Q^-), 1 G PW(1) ^ 0, 
A ^ {0}U Uhez+PW{h) if n = 1, and T+{P,<p) is z-simple for any (j) G A with 
^ if n = 1. We consider any integer h with h > 2. ^ W{h) C PW{h) ^ 0, 
^ SW{h) C PW{h). For any ip e the Newton polyhedron r+(P,7/>) is of 

z-Weierstrass type, and the integer h is equal to the z-height of r+(P, ip). For any 
(j) € PVF(/i), the Newton polyhedron r+(P, 0) is of z-Weierstrass type, and there 
exist uniquely ip € W{h) and V'' G PVF(l) with cj) = ipip' ■ 

Our main theorem. Theorem 14.11 in this article claims the following: For any 
integer h with h > 2 and any (j) e SW{h), there exists a composition cr : E — >■ 
Spec (A) of finite blowing-ups with centers in closed irreducible smooth subschemes 
of codimension two such that at any closed point a G S with (j{a) = M{A) the 
following holds: Let ^ denote the completion of the local ring Os,q of S at a. 
Note that the morphism a induces a homomorphism of fc-algebras a* : A ^ ^, 
and a ^-i^d A are isomorphic as fc-algebras. We claim that there exists an 
isomorphism p : ^ — > A of fc-algebras such that p(T*{ip) £ PW{g) for some 
g G Z+ with g < h. 

Since g < h, we can claim that any hypersurface singularity can be improved by 
a composition of finite blowing-ups. 

Remark . We do not claim that the centers of blowing-ups are contained in the 
singular locus of the subscheme to be resolved. It may be possible to improve our 
main theorems and to add stataments claiming that any centers of blowing-ups are 
contained in the singular locus of the subscheme to be resolved. 

We would like to show that for any (f) G A with 7^ 0, there exists a composition 
(T : S — >■ Spec(A) of finite blowing-ups with centers in closed irreducible smooth 
subschemes such that at any closed point a G S with a (a) = M{A) the element 
(T*((/)) G Of; Q, has normal crossings. 

Note here that dim A' — dim A — 1 < dim A = n + 1, and any 0' G A' with 
(p' ^ has normal crossings over P — {z} if n = 1. Therefore, we decide that we 
use induction on n, and we can assume the following claim (*): 

(*) For any (j)' G A' with (j)' 7^ 0, there exists a composition c' : S' — > Spec(A') 
of finite blowing-ups with centers in closed irreducible smooth subschemes 
such that at any closed point a' G S' with cr'(a') = M{A') the element 
cr'* ((/)') G Of]/ Q,/ has normal crossings. 
Let cr' : S' — )■ Spec (A') be any composition of finite blowing-ups with centers 
in closed irreducible smooth subschemes. We consider a morphism Spec(A) — 
Spec (A') induced by the inclusion ring homomorphism A' — A, the product scheme 
S = S' Xgpe(.(yi') Spec(A), the projection cr : E — )■ Spec(A), and the projection 
TT : E E'. We know the following (See Lemma [3.51 ): 

(1) The morphism cr is a composition of finite blowing-ups with centers in closed 
irreducible smooth subschemes. 

(2) The pull-back a*Spec{A/ zA) of the smooth prime divisor Spec{A/ zA) 
of Spec (A) by cr is a smooth prime divisor of E, and cr* Spec (A/z A) D 
a-\M{A)). 

(3) The projection tt : E — > E' induces an isomorphism a*Spec{A/ zA) — > E'. 

Furthermore, we show the following three claims, assuming the above (*): 
First, for any intger h with h > 2 and any (j) G PW{h), there exists a composition 
cr' : E' — > Spec(A') of finite blowing-ups with centers in closed irreducible smooth 
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subschemes such that considcrmg the product scheme Xspcc(A') Spec(yl.), 

the projection tr : E — > Spec (A) and the projection tt : E — )■ S', at any closed 
point a G E with (7(a) = M{A) there exists an isomorphism p : ^ A oi 
fc-algebras such that pa*{z) = z, pTr*{0^, ^(^^) = A', and either pa*{(p) € SW{h) 
or pa*{(j)) € PW{g) for some positive integer g E Z+ with g < h. (Theorem 14.21 
and Theorem 14.41 ) 

Second, for any cj) E A with 7^ 0, there exists a composition cr' : E' — Spec(yl') 
of finite bfowing-ups with centers in cfosed irreducible smooth subschemes such 
that considering the product scheme E E' Xgp(,j.(^/) Spec(A), the projection 
cr : E — Spec(^) and the projection tt : E — > E', at any closed point a G E 
with (J (a) = M{A) there exists an isomorphism p : — ^ A of fc- algebras such 
that pa*{z) = z, pTr*{0^, ^(^^) = A' and pcr*{(f>) G PW{h) for some h e Z+. 
(Theorem 14.51 ) 

Third, for any e PW{1), there exists a composition a : Spec(A) of finite 
blowing-ups with centers in closed irreducible smooth subschemes such that at any 
closed point a € E with a{a) — M{A) the element (T*(0) € ^ has normal 
crossings. (Theorem 14.61 ) 

Now, we would like to establish the theory of resolution of singularities in arbi- 
trary characteristics in a global sense. The problem is to glue up local blowing-ups 
obtained by repeated application of the above four claims, and to construct a global 
blowing-up. In case n = 1 it is easy to glue up them. We would like to solve this 
problem in case n > 2 and would like to write forthcoming articles, cooperating 
with Professor Heisuke Hironaka and young mathematicians. 

We give proofs only to difficult parts of our claims. Most of our claims follow 
from definitions. 
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The most important is "the hard height inequality" in section eighteen. It de- 
pends heavily on "the height inequality" in section seventeen. In Sections 6-16 we 
develop exact theory of convex sets. 

We consider any h G Z+ with h > 2 and any (j) G SW{h) and we consider the 
face cone decomposition associated with the Newton polyhedron r+(P, (p), which is 
a 2;-simple convex polyhedral cone decomposition in the dual vector space. Starting 
from a simplicial cone in the dual vector space, repeating barycentric subdivisions, 
we construct the most natural simplicial subdivision of the face cone decomposi- 
tion which we call the upward subdivision. By the theory of torus embeddings, 
we have a repeatedly blown-up space corresponding to the simplicial subdivision. 
Then, there exists an inequality which holds simultaneously at any point on the 
repeatedly blown-up space in the inverse image of the origin of the space containing 
the hypersurface defined by (p. This inequality guarantees that any hypersurface 
singularity can be improved by blowing-ups. 

2. Notations and basic concepts 

We arrange notations and basic concepts related to Newton polyhedrons and 
commutative rings. 
We denote 

Zo = {te z\t > 0}, 'Z+ = {te z\t > o}, 
Qo = {te Q\t > 0}, Q+ = {te Q\t > 0}, 
Ro = {i e R\t > 0}, M+ = e R\t > 0}. 

For any set Z and any scheme S, by idz and ids we denote the identity mapping 
Z ^ Z and the identity morphism S — ^ S of schemes respectively. For any set Z, 
the set of all subsets of Z is denoted by 2^. 

Let Z be any set, and let X and Y be any subsets of Z. The union X UY and 
the intersection X r\Y are defined. They are subsets of Z. The set of elements of 
X not belonging to Y is denoted hy X — Y, and is called the difference of X and 
Y. X -Y = {ze Z\zeX,z^ Y}. 

Below assume that Z is an abelian group. 

We consider any r G Zq and any mapping x : {1, 2, ... r} — )■ Z. For any s G 
{0, 1, . . . , r} we define inductively 

Note that Yll=i ^i"^) ^ -2", Z^Li ^^(i) = if r = 0, and = ^i'^i'i)) 

for any bijective mapping i/ : {1, 2, . . . r} — > {1, 2, . . . r}. 

We consider any finite set J and any mapping x : J ^ Z. Let r e Zq be the 
number of elements in J. Choosing a bijective mapping i/ : {1, 2, . . . r} — >■ J, we 
define 

r 

^x{j)=^x{v(i)). 
jeJ i=i 

Note that ^jQjx{j) G Z and J2jeJ^(j^ ^'^^^ depend on the choice of the 
bijective mapping i/ : {1, 2, . . . r} — >■ J we used for the definition. If J = 0, then 

We call J2jej^{j) the sum oix{j),j G J. 
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We consider any finite set J and any mapping X from J to the set 2 of all 
subsets of Z. We define 

= {z & Z\z = ^^a;(j) for some mapping x : J ^ Z satisfying 

x{j) e X{i) for any j G J} G 2^. 

Note that Y.jeJ ^0') a subset of Z, J2jeJ ^0') = M if »^ = 0, and j ^(j) = 
0, if and onfy if, J ^ and X{j) = for some j G J. 

We call EjgjX(i) the sum ofX{j),j € J. 

For any r G Z_|_ and for any mapping X from {1,2,... r} to the set of all subsets 
of Z we also write 

X{l) + X{2) + ...+X{r)= Yl 

jG{l,2,...r} 

For any subset X of Z, we denote —X = {z € Z\z = —x for some x e X}. 

Let X and F be any sets. The set of mappings from X to F is denoted by 
map(X, y). The set map(X, F) has a natural structure of an abelian group, if Y 
is an abelian group. It has a natural structure of an abelian semigroup, if Y is 
an abelian semigroup. It has a natural structure of a vector space over K, if Y 
is a vector space over R. In addition, let Z he a. set containing Y. Note that the 
inclusion mapping Y ^ Z induces the inclusion mapping map(X, Y) — > map(X, Z), 
and we can regard map(X, Y) as a subset of map(X, Z). HZ is an abelian group 
and y is a subgroup of Z, then map(X, Y) is a subgroup of map(X, Z). li Z is an 
abelian semigroup and F is a semisubgroup of Z, then map(X, Y) is a semisubgroup 
of map(X, Z). If Z is a vector space over M and F is a vector subspace of Z over 
K, then map(X, Y) is a vector subspace of map(X, Z) over R. 

Let X be any set; let Z be any abelian group, and let Y be any subset of Z with 
GY. For any a € map(X, Y) we denote 

supp(a) = {x G X\a{x) ^ 0}, 

and we call supp(a) the support of a. It is a subset of X. We denote 

map'(X, F) = {a e map(X, y)|supp(a) is a finite set.}. 

map'(X, Y) C map(X, Y). If F is a subgroup of Z, then map'(X, F) is a subgroup 
of map(X, F). If F is a semisubgroup of Z, then map'(X, F) is a semisubgroup of 
map(X, F). If Z is a vector space over R and F is a vector subspace of Z over R, 
then map'(X, F) is a vector subspace of map(X, F) over R. If X is a finite set, we 
have map'(X, F) = map(X, F). 

In the case where F is a semisubgroup of Z containing 0, for any a G map'(X, F) 
we denote 

a:SJ'sr a;esupp(a) 

We call J2xex ^i^) °f a(a;),a; e X. 

Let V be any finite dimensional vector space over R, and let X be any subset of 
V. The subset X is called convex, if X ^ and for any two different points x, y of 
X, the segment {a G V\a = (1 — t)x + ty for some t G M. with < t < 1} joining 
X and y is contained in X. It is called an ajjine space, if X 7^ and for any two 
different points x, y of X, the Hne {a G V\a = (1 — t)x + ty G R for some f G R} 
joining x and y is contained in X. It is called a cone, if G X and for any 
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X ^ X and any t G Mq, wc have tx ^ X. It is called a convex cone, if G X 
and for any x,y € X and any t,u G Kq, we have tx + uy € X. It is called a 
vector space over R, or simply a vector space, if € X and for any x,y € X 
and any t,u G M, we have tx + uy G X. It is called a vector space over Q, if 
G X and for any x,y G X and any t, u € Q, we have + uy G X. It is called 
closed, if the limit of any convergent sequence of elements in X with respect to the 
natural Hausdorff topology of V belongs to X again. In case X ^ the minimum 
convex subset (respectively, minimum affine space) with respect to the inclusion 
relation containing X is denoted by conv(X) (respectively, afii(X)). We define 
conv(0) = affi(0) = 0. The minimum cone (respectively, minimum convex cone, 
minimum vector space over R, minimum vector space over Q, minimum closed 
subset) with respect to the inclusion relation containing X is denoted by cone(X) 
(respectively, convconc(X), vcct(X), Q-vcct(X), clos(X)). 

The subset X is called a convex polyhedron,{respectiYely, convex polyhedral cone), 
if there exists a finite subset Y oiV satisfying X = conv(F) and F ^ (respectively, 
X = convcone(F)). The subset X is called a convex pseudo polyhedron, if there 
exist finite subsets Y,ZoiV satisfying X = conv(y) + convcone(Z) and F ^ 0. 
The subset X is called a lattice, if there exists a basis B oi V over R such that 
X = {a G V\a = X^fies for some A G map(i?,Z)}. Any lattice A'' of V is a 
free Z-submodule of V with rankiV = dim V. For any t G M we write tX = {a E 
V\a = tx for some x G X}. We know (-l)X = -X, and OX = {0} if X ^ 0. 
We write stab(X) = {a G V\X + {a} c X}, and call it the stabilizer of X in 
V. The stabilizer of X in F is a scrnisubgroup of V containing 0. In addition, 
we consider any lattice N in V. The subset X is called a simplicial cone over N, 
if X = convcone(C) for some basis B of N over Z and a subset C of B. Any 
simplicial cone is a convex polyhedral cone. Afiine spaces, vector spaces, convex 
polyhedrons, convex polyhedral cones, and convex pseudo polyhedrons are non- 
empty closed convex subsets of V. If X is convex (respectively, a cone, a convex 
cone), then clos(X) is again convex (respectively, a cone, a convex cone). 

For any subset T of M and for any a G V we denote Ta = {b G V\b = 
ta for some t gT}, and it is a subset of V. 

The dual vector space V* = HomK(V', K) is a vector space over M with dimV* = 
dimV. We define the canonical bilinear form 

{ , ):V* xV^R, 

by putting {uj,a) = uj{a) G M for any oj G HomR(y, R) = V* and any a G V. 
The dual vector space V** of V* is identified with V by the natural isomorphism 
V V** of vector spaces over R. 

Wc consider any finite dimensional vector space W over M and any homomor- 
phism TT : y — >■ of vector spaces over M. Putting 

TT*{a) = aTT G HomK(y,R) = V*, 

for any a G HomR(VF, M) = W*, we define a mapping tt* : W* V* , and we call tt* 
the dual homomorphism of tt. The dual homomorphism tt* is a homomorphism of 
vector spaces over R. For any u G W* and for any a gV the equality (7r*(a;), a) = 
{w, 7r(a)) holds. 

The dual homomorphism tt** of tt* is equal to tt. 

If TT is injective, then tt* is surjective. If tt is surjective, then tt* is injective. 
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We have idy = idy , and for any finite dimensional vector spaces V , V" and for 
any homomorphisms -k : V V : V ^ V" we have (tt'tt)* = 7r*7r'*. 
Let A'' be a lattice in V. We denote 



and call N* the dual lattice of N. Indeed, N* is a lattice in V*. The dual lattice 
N** of N* is equal to N. Let S be any convex cone in V. We denote 



and call S'^IV the dual cone of S over V. Indeed, S'^jV is a closed convex cone in 
V*. The dual cone of S'^|V is equal to the closure clos(S') of S in V. 

5'V|yv|y* _ 5 jf g^Q^i only if S is closed in When we need not refer to V, we 
also write simply , instead of 5'^|y. 

The number of elements of a finite set P is denoted by ^P. Let P be any non- 
empty finite set. Note that map(P, M) is a finite dimensional vector space over R 
with dimmap(P, R) = HP, map(P, Z) is a lattice in map(P, M), map(P, Mq) is a 
simplicial cone over map(P, Z) in map(P, M) with vect(map(P, Kq)) = map(P, M), 
and map(P, Zq) = map(P, Z) n map(P, Mq). Let x e P. Let y e P. Putting 



we define an element € map(P, Zq). Note that the subset {fxl^ € P} of 
map(P, Zq) is an R-basis of map (X, R), it is a Z-basis of map(P, Z), and map(P, Rq) 
= convcone({/^|a; e P}). The dual basis of {fx\x € P} is denoted by e 
P}. For any x,y £ P 



Indeed, {/^^ |a; G P} is a R-basis of the dual vector space map(P, R)* of map(P, R), 
it is a Z-basis of the dual lattice map(P, Z)* of map(P, Z), and map(P, Rq)^ = 
convcone({/J'^|a; e P}). 

A commutative ring with the identity clement is called simply a ring. The 
identity element and the zero element of a ring are denoted 1 and respectively. 
We assume that any ring homomorphism A preserves the identity elements, in other 
words, the equality A(l) = 1 holds. 

Let R be any ring. We assume that for any P-module L and any element x G L, 
the equality Ix = x holds. The equality 1 = holds, if and only if, R = {0}. We 
say that a subset 5* of P is a subring oi R, ii 1 € S , a — b E S for any a G S and 
any b G S, and ab G S for any a G S and any b £ S. We say that a subset / of P is 
an ideal of P, if e /, a — 6 e / for any a G I and any b G I, and ab G I for any 
a E I and any b E R. For any ideal / of P, 1 G /, if and only if, I = R. We say that 
an ideal / of P is prime, if 1 ^ / and ab ^ I for any a G R — I and any b G R — I. 
We say that an ideal 7 of P is maximal, if 1 7 and 7 = J for any ideal J of P 
satisfying 1 ^ J and 7 C J. Any maximal ideal of P is a prime ideal of P. P has at 
least one maximal ideal, if and only if, P has at least one prime ideal, if and only 
if, 1^0. Let X be any subset of P and let S be any subring of P. The minimum 
ideal of P with respect the inclusion relation containing X is denoted by XR or 
RX. The minimum subring of P with respect to the inclusion relation containing 
S and X is denoted by S[X]. In the case where X contains only one element x, we 



N* ^{ujG V*\{uj,a) G Z for any a G N}, 



S'^IV = {ljG V*\{lj, a) > for any a G S} 
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also write simply xR, Rx, S[x], instead of {x}R, R{x}, S[{x}] respectively. We say 
that R is noetherian, if for any ideal I of R, there exists a finite subset X oi I with 
/ = XR. We say an element a £ R is invertible, if there exists an element b G R 
with ab= 1. The set of all invertible elements in R is denoted by i?^ . R^ C R and 
R^ is an abelian group with respect the multiplication. We say that R is reduced, if 
o = for any a £ R and any z G Z+ satisfying a* = 0. We say that R is an integral 
domain, if 1 ^ and a = or 6 = for any a £ R and any b £ R satisfying ab = 0. 
We say that i? is a field, if R is an integral domain and R^ = R — {0}. Any ring 
with a unique maximal ideal is called a local ring. 

We consider any r £ Zq and any mapping x : {1,2, ... ,r} — >■ R. For any 
s £ {0,1, ... ,r} we define inductively 

-pr , f 1 if s = 0, 

\iKZlx(i))x{s) if 5^0. 

Note that HLi xii) £ R, HLi = 1 if r = and HLi = HLi for 
any bijectivc mapping : {1, 2, .... r} — > {1, 2, . . . , r}. 

We consider any finite set J and any mapping x : J ^ R. Let r G Zq be the 
number of elements in J. Choosing a bijective mapping u : {1,2, ... ,r} — )• J, we 
define 

r 

l[x{j) = l[x{u{i))£R. 

j£j i=l 

Note that Iljgj ^^0) does not depend on the choice of the bijective mapping i/ : 
{1, 2, . . . , r} ^ J we used for the definition. If J = 0, then Hie J ^0) ~ 

We call Yijej^U) *he product oi x{j),j £ J. 

Let R be any ring and let / be any ideal of R. There exist a ring S and a 
surjective ring homomorphism X : R^ S such that 7 = A~^(0). When a pair (5, A) 
satisfies this condition, we denote S by a symbol R/I, we call the ring R/I a residue 
ring of i? by / and we call A : i? — >■ R/I the canonical homomorphism. If T is a 
ring, : iZ — )• T is a ring homomorphism satisfying I C A*~^(0) and A : R ^ R/I 
is the canonical homomorphism, then there exists uniquely a ring homomorphism 
v : R/I ^ T satisfying i^X = ji. The ideal / is prime, if and only if, the residue 
ring i?/7 of by 7 is an integral domain. The ideal 7 is maximal, if and only if, 
the residue ring i?/7 of 7? by 7 is a field. 

A ring R is an integral domain, if and only if, the subset {0} of i? is a prime 
ideal of 7?. 

A ring 7? is a field, if and only if, the subset {0} of 7? is a maximal ideal of 
7?, if and only if, the subset {0} of 7? is a prime ideal of R and any ideal I oi R 
satisfies I = Rov I = {0}. Any field is an integral domain, it is a local ring and it 
is noetherian. 

Let 7? be any integral domain. The ring R is reduced. There exist a field K and 
an injective ring homomorphism X : R ^ K such that for any c £ K there exist 
a £ R — {0} and b £ R satisfying A(a)c = X{b). When the pair {K, A) satisfies this 
condition, we call K a quotient field of R and we call X : R ^ K the canonical 
homomorphism. If L is a field, ^ : R ^ L is an injective ring homomorphism, K 
is a quotient field of 7? and X : R ^ K the canonical homomorphism, then there 
exists uniquely an injective ring homomorphism v : K L satisfying vX = jj. 

A ring R is local, if and only if, R — R^ is an ideal of R. 
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Let R be any local ring. The unique maximal ideal of R is denoted by M{R). 
We have i? = i?^ U A/(i?), i?^ n M(i?) = and 1 7^ 0. If i? is noetherian, then the 
Krull dimension dim i? G Zq of i? is defined. A local ring R is called regular, if R is 
noetherian, and the dimension dim i? of i? is equal to the dimension of the residue 
module A4{R)/M{R)'^ as a vector space over the residue field R/M{R). It is known 
that a regular local ring is a unique factorization domain. A finite subset P of a 
regular local ring R is called a parameter system of R, if P C M{R), PR — M{R), 
and ttP = dimi?. 

Let S* be a ring. The pair (i?, A) of a ring R and a ring homomorphism A : 
5 — >■ i? is called an algebra over S, or an S-algebra. Let (R, A) and (i?', A') be 
algebras over S. A ring homomorphism ji : R ^ R' satisfying jiX = A' is called 
a homomorphism over S, an S -homomorphism or a homomorphism of S-algebras. 
A ring isomorphism 11 : R ^ R' satisfying fiX — A' is called an isomorphism over 
S, an S -isomorphism or an isomorphism of S-algebras. We say that S'-algebras 
(i?,A) and (i?',A') are isomorphic as S-algebras, if there exists an isomorphism 
H: R^ R' over S. 

Consider S'-algebras (S*, ids) and (R,^)- Note that if /i : S i? is an isomor- 
phism of S'-algebras, then we have fj, = X. 

To avoid complication, often we avoid mentioning a ring homomorphism A : S — > 
R explicitly for an algebra R over S. When S is a subring of R, we consider the 
inclusion homomorphism S — > i?. When an ideal / of a ring R is given, we consider 
the canonical surjective homomorphism i? — >■ R/I to the residue ring R/I and we 
regard R/I as an i?-algebra. If (i?. A) is an S-algebra and is an i?-algebra, 

we consider the composition kA : S — >■ Q and we regard Q as an S-algebra. 

Let R be any noetherian ring and let / be any ideal of R. We assume either / 
is contained in any maximal ideal of R, or R is an integral domain and I =/= R. We 
call the projective limit \^m.^^ R/ P the completion of R with respect to /. It is a 
ring containing i? as a subring. On the completion of R we can define a Hausdorff 
topology called an Padic topology. 

Let R be any noetherian local ring. We call the completion of R with respect to 
M{R) simply the completion of R, and we denote it by i?'^. R'^ — lim.^^ R/M{Ry. 

The ring R'^ is a noetherian local ring, it contains i? as a subring, M{R) = M{R'^) H 
R, MiR") = M{R)R'', dimi?= = dimP, the induced homomorphism R/M{R) 
R'^ /M{R'^) by the inclusion homomorphism R ^ R'^ \s an isomorphism, R"^ is 
faithfully flat over R, for any prime ideal p of R, there exists a prime ideal q of R'^ 
satisfying p = q n i?, and R"^ — [R'^y. If, moreover, R is regular, then R'^ is also 
regular, and any parameter system of i? is a parameter system of R'^. 

We say that any noetherian local ring R is complete, \i R — R'^. 

Consider any complete regular local rings S and S' containing a field A: as a 
subring. Rings S and S' are isomorphic as /c-algebras, if and only if, dim S = dim S' 
and residue fields S/M(S) and S'/il/(S') are isomorphic as /c-algebras. Assume that 
dimS — dimS', p : S/M{S) S'/M{S') is an isomorphism of fc-algabras, P is 
a parameter system of S, P' is a parameter system of S' and cr : P P' is a 
bijective mapping. Then, there exists uniquely an isomorphism p : S — )• S' of fc- 
algebras such that the morphism S/M{S) — > S' /M{S') induced by p coincides with 
p and p{x) = a{x) for any x £ P. 

See Matsumura [20] . 
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Let k be any field. Let A be any complete regular local ring such that dim^ > 1, 
A contains /c as a subring, and the residue field A/ Ad {A) is isomorphic to k as 
algebras over k. Let P be any parameter system of A. We have PA — M{A) D P 
and ttP = dim^. 

We fix the above notations fc, A and P throughout this article. 

Let (p be any element of A. Then, there exists a unique element 
c € map(map(P, Zq), k) with 

Aeinap(P,Zo) xeP 

The infinite sum in the right-hand side is the limit with respect to the il/(^)-adic 
topology on A. We take the unique element c e map(map(P, Zq), fc) satisfying 
the above equality. The element c depends on and P. Let A g map(P, Zo). 
We call A the index, YixeP ^^^^^ € A a monomial over P, c(A) S fc a coefficient 
of (/), c{A)Yl,j.^pX^''^^ e A a term of and J2xgp -^i^) ^ the degree of the 
index A, of the monomial HseP o^' of the term c(A) Oajep a^'^'^''- Note that 

€ map(P, Zq). We denote (/)(0) = c(0) and we call </)(0) € A:, t/ie constant term of 
- </)(0) e M(A). </)(0) = <^ e M(A). We denote 

supp(P» = supp(c) = {A e map(P,Zo)|c(A) ^ 0}, 

and we call supp(P, cf)) the support of (j> over P. It is a subset of map(P, Zq). Note 
that = O^c = O^ supp(P, = 0. 

Below, we consider the case 4> for a while. 

We say that ^ has normal crossings over P, if (j) — uY[.j.^p x^^^"^ for some 
A € map(P, Zq) and some invertible element u E A^ . We say that (f> has normal 
crossings, if (j) has normal crossings over Q for some parameter system Q of ^. 

We define 

r+(P, 0) = conv(supp(P, (/))) + niap(P, Mq), 

and call r+(P, 0) the Newton polyhedron of (/> over P. By definition we have 
r+(P, 0) C map(P, Mo) C map(P, M). We can show that there exists a non-empty 
finite subset Y of supp(P, <j)) with r+(P, (f>) — conv(F) + map(P, Mq), and r+(P, (f)) 
is a convex pseudo polyhedron in map(P, R). (Lemma 110.121 Lemma [10.131 ) By 
V(r+(P, (j))) we denote the union of all vertices (in other words, faces with dimen- 
sion zero. See Definition 1 1 . 2 1 for the definition of vertices and faces.) of r+(P, 0). 
By definition we have 

V(r+(P, (/))) = {a e r+(P, 0)| There exists w € map(P, Rq)^ such that for any 
b G r_|_(P, (f>) with {io, b) = {lu, a), we have b = a}. 

We can V(r+(P, (j))) the skeleton of r+(P, 0). The set V(r+(P, 0)) is a non-empty 
finite subset of supp(P,(/)), and r+(P,0) = conv(V(r+(P, </>))) + map(P,Ro)- We 
denote c(r+(P, 0)) = ttV(r+(P, (j))) e Z+, and we cah c(r+(P, 0)) the characteristic 
number of r+ (P, 0) . 

We know that r+(P, (j)) has only one vertex<S4> c(r_(-(P, (f))) — 1 4^ (f) has normal 
crossings over P, and that these equivalent conditions always hold, if dim A = 1. 

Let uj g map(P,Mo)^ be any element. We know that {{uj,a)\a G supp(P, (/>)} 
C Mqj the minimum element min{(w,a)|a G supp(P, 0)} of {(w,a)|a G supp(P, (/>)} 
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exists, and min{(w,a)|a € supp(F,0)} — mm{{uj,a)\a G V{T+{P,(j)))}. We define 
ord(P, w, (/)) = niin{(w,a)|a e supp(F, 0)} G Mqi 
supp(P, w, 0) = {a e supp(P, 0)1 (i^, a) = ord(P, w, 0)} C supp(F, 0), 

in(P,a;, </>) = ^ c(A) x'^^^) e A. 

A6supp(P,w,0) sS-P 

We consider the case = 0. We introduce a symbol oo satisfying the fohowing 
conditions: for any i S R, we have oo > t,(X) > t,oo t,t < oo,t < oo,t ^ 
cx),cx) + t = t + oo = cx), and moreover cx) + oo = oo. Let uj G map(P, Mq)^ be any 
element. We define 

ord(P, UJ, 0) = oo, 
in(P,tj,0) = 0. 

Let u! e map(P, Mo)^ be any element. In the general case including the case 
of = 0, we have defined ord(P, a;,0) G Mo U {oo} and in(P, a;,0) € A. We call 
ord(P, a;,0) G Rq U {oo} the order of over P with respect to w. By definition 
ord(P, w, 0) = oo if and only if = 0. We call in(P, w, 0) the initial sum of over 
P with respect to ui. By definition in(P, w, 0) = if and only if = 0. 

Let F be any subset of map(P, R). We denote 



ps(P,P,, 



EAesupp(P.0)nP n.eP ^^^"^ if supp(P, 0) n P ^ 
if supp(P, 0) n P = 



and we call ps(P, P, 0) G A the partial sum of over P with respect to P. 

Here we assume dim A > 2 for a while. Again, we assume 0^0. In addition, 
let z be any element of P. 

Note that for any a G V(r+(P, 0)), we have {f^"^ ,a) G Zq. We define 

height(z,r+(P,0)) 
= max{(/f\a)|a G V(r+(P,0))} - min{(/f\a)|a G V(r+(P,0))} G Zo, 

and we call height(z, r+(P, 0)) the height of r+(P, 0) with respect to z, or simply z- 
height of r+(P, 0). It is a non-negative integer. By definition, height(z, r+(P, 0)) = 
if and only if the value {f^^ ,a) does not depend on a G V(r+(P, 0)). 

Let a G V(r+(P, 0)). We say that {a} is a z-top vertex of r+(P, 0), if {f^"^ ,a) = 
max{(/f ^, 6> |6 G V(r+(P, 0))}. We say that {a} is a z-bottom vertex of r+(P, 0), 
if (/f\a) = min{(/r,&)|6 G V(r+(P,0))}. 

Any element in A such that = z'' + J2i=o 0'(*)^* fo'" some /i G Zq and some 
mappng 0' : {0, 1, . . . , /i — 1} — > M(A') is called a z- Weierstrass polynomial over 
P, and the integer h is called degree of 0. 

We say that r+(P, 0) is of z- Weierstrass type, if there exists a G r+(P, 0) satis- 
fying the equality (/^^, a) = ord(P, f^^ ,(l>) for any a; G P — {z}. 

Let b = ord(P, /f ^, 0) G Zq and let /i = height(z, r+(P, 0)) G Zq. Let A' denote 
the completion of k[P — {z}] with respect to the maximal ideal k[P — {z}] n M{A). 
The ring A' is a local subring of A and M{A') = M{A) n A' = {P - {z})A'. The 
completion of A'[z] with respect to the prime ideal Zj4'[z] is isomorphic to A as 
A'[z]-algebras. The set P — {z} is a parameter system of A'. 

Under the assumption that r+(P, 0) is of z- Weierstrass type, by Weierstrass' 
preparation theorem we know the following (Lemma 110.131 8): 
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(1) height(z,r+(P,</>)) = ^ r+(P,(/i) has only one vertex ^ c(r+(P, (/>)) = 
1 4^ has normal crossings over P. 

(2) The Newton polyhedron r+(P, 0) has a unique z-top vertex. 

Below, by {ai} we denote the unique z-top vertex of T^{P, (j)). 

(3) Consider any a € T+{P,(t)). The equality (/f^,a) = ord(P, ^, </>) holds 
for any x £ P ~ {z} <S4> a — ai G Rofz- 

(4) {fr.a,)=b + h. 

(5) There exist uniquely an invertible element u G and a mapping 0' : 
{0, 1, . . . , /i - 1} ^ A/ (A') satisfying 

h-l 

xeP-{z} i=0 

and </>'(0) 7^ if /i > 

Under the above notations we know that the following two conditions are equiv- 
alent (Lemma llO.131 9): 

(1) The Newton polyhedron r+(P, 0) is of z-Weierstrass type. 

(2) There exist uniquely an invertible element u S A^ , a mapping c : P ^ Zq, 
a non-negative integer g G 'Zq and a mapping (j)' : {0, 1, . . . , 5 — 1} — > Af (A') 
satisfying 

5-1 

xeP i=o 

and </>'(0) 7^ if g > 0. 
The concept of z-removable faces is very important. 

Assume that r+(P, 0) is of z-Weierstrass type. Let b, h and A' be the same as 
above. By {ai} we denote the unique z-top vertex of r+(P, 0). Assume moreover 
that h > 0. Under these assumptions we can give the definition of z-removable 
faces. 

A subset F of map(P, M) is a face of r+(P, 0), if and only if, there exists 
u £ map(P,Ro)^ such that F ^ {a e T+{P,(j))\{u},a) = ord(P, w, 0)}. Any face of 
r+ (P, (j)) is a non-empty closed subset of r+ (P, (f>) , and is a convex pseudo polyhe- 
dron. (See Definition [IMI) 

Let P be a face of r_|_(P, 0). We say that P is z-removable, if ai £ P and there 
exist an invertible element u E A^ and an element x G M{A') satisfying x 7^ and 

ps(P, P, 0) = wz^ Yl x^f^" ^''^^z + xf ■ 
xeP-{z} 

We would like to explain the relation betwen the concept of z-removable faces 
and Hironaka's maximal contact here. We assume that the field k has characteristic 
zero, and consider any z-Weierstrass polynomial ■0 e A of positive degree. We take 
the unique pair of a positive integer h and a mapping -0' : {0, 1, . . . , /i— 1} — > M{A') 
satisfying the equality ij; = z'^ + YhIq ip'{i)z\ Let z = z {ip'{h - l)/h) e M{A) 
and let P = {z} U (P — {2}). We know that P is a parameter system of A and 
the Newton polyhedron r+(P,-0) is of z-Weierstrass type and has no z-removable 
faces. Now, we assume moreover that "0 has multiplicity /i, in other words, S 
M{AY - M{A)^+^. This condition is equivalent to that e M(A')''"* for any 
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i e {0, 1, . . . , /i — 1}. Wc know that the smooth subscheme Spec(A/zA) of Spec(A) 
is Hironaka's maximal contact of the subscheme Spec{A/tpA). (See Giraud [TO].) 

Note that we cannot define the element z = z + {ip'{h — l)//i) G A, if the 
characteristic of k is positive and the characteristic divides h. 

The concept of z-simple is also very important. 

We say that r_|_(P, 0) is z-simple, if r+(P, 0) is of z-Weierstrass type and any 
compact face F of r_|_ (P, cj)) satisfies dim P < 1 . 

If dim A = 2, then always r+{P,(p) is z-simple. If r+{P,(p) is z-simple, then 
r+ (P, <f)) is of z-Weierstrass type. 



3. Basic scheme theory 

We develop the basic scheme theory. By k we denote any field. 

Let E be a scheme. Any pair (r,7) where F is a scheme and 7 : F -> S is a 
morphism of schemes is called a scheme over S, or a Yi-scheme, and 7 is called 
the structure morphism of E-scheme F. Let (F,7) and (F',7') be E-schemes. A 
morphism r : F — > F' of schemes satisfying 7'T = 7 is called a morphism over 
E, a Ti-morphism or a morphism of Yi-schemes. An isomorphism t : F ^ F' of 
schemes satisfying 7'r = 7 is called an isomorphism over E, a ^-isomorphism or 
an isomorphism of Y,-schemes. We say that two E-schemes (F,7) and (r',7') are 
isomorphic^ if there exists an isomorphism r : F — ^ F' over E. 

In case where a ring R is given, we say that a scheme over P, an P-scheme, 
a morphism over P, an P-morphism, a morphism of P-schemes, an isomorphism 
over P, an P-isomorphism, an isomorphism of P-schemes, instead of, a scheme 
over Spec(P), a Spec(P)-scheme, a morphism over Spec(P), a Spec(P)-morphism, 
a morphism of Spec(P)-schemes, an isomorphism over Spec(P), a Spec(P)-iso- 
morphism, an isomorphism of Spec(P)-schemes, respectively. 

Let E be a scheme, and let a G E be a point. For any open subset J7 of E 
containing a we have the restriction homomorphism ©^(C/) — C'e((7),q from the 
ring of regular functions 0-£,{U) on U to the local ring Os^q of E at a. The 
restriction homomorphisms define the canonical morphism Spec(OE.Q) — E of 
schemes. 

Let E be an irreducible scheme. There exists a unique point a € E such that 
{a} is dense in E. The unique point satisfying this condition is denoted by [E], and 
we call [E] the generic point of E. If moreover, E is irreducible and reduced, then 
the local ring Oe,[s] of ^ [E] is a field, and we call Osjs] the function field of 
E. 

Let F and E be an irreducible schemes, 7 : F — > E a morphism of schemes. We 
say that 7 is dominant, if the image 7(F) is dense in E. If 7 is dominant, then for any 
non-empty open set y of F and any non-empty open set J7 of E with ^{V) C U the 
homomorphism 7* : 0-s{U) Or{V) is injective, and an injective homomorphism 
7* ■ '^s,[s] ^T\T] between the local rings at the generic point is induced. We say 
that 7 is birational, if it is dominant and the induced homomorphism 7* : [5;] — 
Op.fr] is an isomorphism. For any a e E the canonical morphism Spec(C'5;.Q) — > E 
is dominant and birational, since E is irreducible. 

A scheme over k which is separated, irreducible, reduced and of finite type over 
k is called a variety over k, or k-variety. Any fc-variety is a noetherian scheme. 
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Let S be any fc-scheme, and let o; e E be any point. Note that the structure 
morphism defines an injective ring homomorphism k — >■ Os,a, and C'e,q is a fc- 
algebra. The point a e S is cahed k-valued, if the residue field Os,a/M{Os^a) is 
isomorphic to k as fc-algebras. The set of all /c- valued points on S is denoted by 
S(fc). C S, and the topology on E defines the relative topology on T,{k). For 

any a £ and any (j) e Os.a we can define the value <j){a) e fc of a function (j) 
at a point a belonging to k, and </> — </>(«) € M(C'x;,q)- 

If the local ring 0-s,a of a scheme S at a point a S S is noetherian and regular, 
then we say that S is smooth at a € S. We say that a scheme S is smooth, if S is 
smooth at any point a G S. 

Let S be any scheme, and let X be any ideal sheaf in the structure sheaf Os, in 
other words, any sheaf of Os-modules which is a subsheaf of Os- The ideal sheaf I 
is called locally principal, if for any a e S there exists (j) G Cs.a such that (p is not 
a zero-divisor of Oe,q and = <?!'CE,a, where denotes the stalk of I at a. Note 
that for any scheme F and for any morphism 7 : F ^ E of schemes, the pull-back 
7*X of I as an ideal sheaf is defined, and j*I is a sheaf of Or-modules which is a 
subsheaf of Or ■ 

Grothendieck showed that there exists a scheme E' and a morphism cr : E' — ^ E 
satisfying the following universal mapping property: 

(1) The ideal sheaf <t*I is locally principal. 

(2) If F is a scheme, 7 : F — >• E is a morphism, and the ideal sheaf j*X is locally 
principal, then there exists a unique morphism r : F — > E' with err = 7. 

By the universal mapping property we know that the pair (E',cr) satisfying the 
above conditions is unique up to isomorphism of schemes over E. The pair (E',(t) 
satisfying the above conditions is called the blowing-up with center in an ideal sheaf 
I, or the blowing-up with center in where $ denotes the closed subscheme of E 
defined by the ideal sheaf I. Note that any closed subscheme of E has a unique 
ideal sheaf in Os defining it. If T is locally principal, then a is an isomorphism. 

Let (E',cr) be the blowing-up with center in I. By $ we denote the closed 
subscheme of E defined by the ideal sheaf I. We call the inverse image a-~^($) 
the exceptional divisor of a. By Grothendieck's description we know moreover the 
following: 

(1) The morphism a is surjective. The exceptional divisor of u is a subscheme 
of E' of codimension one defined by the locally principal ideal sheaf a*I, 
and the induced morphism : E' — (t~^($) — )• E — $ is an isomorphism. 

(2) If E is locally noetherian, then a is proper. 

(3) If E is separated, then E' is also separated. If E is noetherian, then E' is 
also noetherian. 

(4) If E is irreducible, then E' is also irreducible and a is birational. 

(5) If E is a fc-variety, then E' is also a fc-variety. 

(6) If E and $ arc smooth, then E' and a~^{^) are also smooth. If E and 
$ are smooth and irreducible, then E' and (7~^($) are also smooth and 
irreducible. 
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Let S be any separated irreducible noetherian smooth scheme with dimS > 1. 
We denote 

prm(E) = The set of non-empty closed irreducible reduced subschemes 

of codimcnsion one of E, 

div(E) = map'(prm(S), Z) = {A G map(prm(E), Z)|supp(A) is a finite set.}, 

div(S)o = map'(prm(S), Zo) — {A e map(prm(E), Zo)|supp(A) is a finite set.}, 

div(S)g = The union of the set of non-empty closed subschemes 

of codimension one of E and {the empty subscheme}. 

We know that div(E) is a subgroup of map(prm(E), Z), and div(E)o is a semisub- 
group of div(E) containing and generating div(E). Wc call div(E) the divisor 
group of E. Any element of div(E) is called a divisor of E, any element of div(E)o 
is called an effective divisor of E, and any element of prm(E) is called a prime 
divisor of E. Let A be a divisor of E. Any clement A G prm(E) with A(A) 7^ is 
called a component of A. The set of all components of a divisor A is denoted by 
comp(A), which is a finite set of prime divisors. For any A G prm(E) the integer 
A(A) is called the multiplicity of A in A. The divisor A is effective, if and only 
if, for any prime divisor A of E the multiplicity A(A) of A in A is non-negative. 
The union of all components of A is denoted by supp(A), and we call supp(A) the 
support of A. 

For any F G div(E)Q, the ideal sheaf in Os defining F is locally principal. Con- 
versely, for any locally principal ideal sheaf I in Os , there exists a unique element 
F G div(E)o whose defining ideal sheaf is equal to X. Thus, the set div(E)o is iden- 
tified with the set of locally principal ideal sheaves in Oy.- The empty subscheme 
in div(E)Q is identified with Oy. itself. 

We have a unique one-to-one correspondence $ : div(E)o — >• div(E)o satisfying 
the following conditions: Let F G div(E)(,. We write A = $(r) G div(E)o. By I we 
denote the ideal sheaf in O^, defining F. For any A G prm(E) by J\ we denote the 
ideal sheaf in defining A. Then, we havcT = nAecomp(A) ^k^^^ ■ If T G div(E)Q 
and A = $(F) G div(E)o, then the set of irreducible reduced components of F is 
equal to comp(A), and Fred = supp(A), where Fred denotes the reduced subscheme 
corresponding to F. Using $ : div(E)g div(S)o we identify div(S)Q and div(E)o. 
The empty scheme is identified with 0. 

Let F and E be separated irreducible noetherian smooth schemes with dim F > 1 
and dimE > 1, and let 7 : F — > E be a dominant morphism. Since 7 is dominant, 
we know that the pull-back 7*1 of any locally principal ideal sheaf X in by 7 is a 
locally principal ideal sheaf in Or- Thus, we can define a semigroup homomorphism 

7* : div(S)o ^ div(F)o 

such that if A G div(E)o, and the ideal sheaf defining A is X, then the ideal sheaf 7*! 
defines 7*A G div(F)o. We know 7*0 = 0. We have a unique group homomorphism 

7* : div(E) ^ div(F), 

extending 7* : div(E)o — >■ div(F)o. For any divisor A G div(E), the divisor 7*A G 
div(F) is called the pull-hack of A by 7. If A is effective, then 7*A is also effective. 

Let F and E be separated irreducible noetherian smooth schemes with dim F > 1 
and dimE > 1; and let 7 : F — > E be a surjective birational morphism, and let A 
be any prime divisor of E. Since 7 is surjective and birational, we have a unique 
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component A' of 7* A with 7 (A') — A. This unique component A' is caUed the strict 
transform of A by 7. The multipUcity of A' in 7*A is always equal to one. 

Let E be a separated irreducible noethrian smooth scheme with dimS > 1; let 
A be an effective divisor of S; and let a G S be a point. Since S is irreducible, the 
canonical morphism Spec(OE^a) — >■ S is dominant. The inclusion homomorphism 
from Os.a to its completion ^ is faithfully flat, and the induced morphism 
Spec(C'|;^) — > Spec(C's_Q.) of affine schemes is surjective. Their composition 6 : 
Spec((!)|;^) — )• S is defined, it is dominant, and the pull-back (5*A of A by this 
composition morphism 5 is defined. We say that A has normal crossings at a € T,, 
if there exist a parameter system P of the completion ^ of the local ring Os.a 
of S at a, and an element A e map(P, Zq) such that 

rA = Spec(0|,„/n^^^"^^l:,a)- 

xeP 

We say that A has normal crossings or A is a normal crossing divisor, if it has 
normal crossings at any point of S. 

Here we give the definition of the concept of normal crossing schemes over an 
algebraically closed field and introduce some notations associated with it. We 
assume that the field k is algebraically closed below in this section. 

A pair 

(S,A), 

satisfying the following five conditions is called a normal crossing scheme over k. 

(1) The first item S is a separated irreducible noetherian smooth scheme over 
k with dimE > 1 such that any closed point a e S is a fc- valued point. 

(2) The second item A is a non-zero effective normal crossing divisor of S. 

We use the following notations: The set of components of A is denoted by 
comp(A). For any point a € S we denote comp(A)(a) = {A G comp(A)|a S A}, 
and (A)o = {a G S|)jcomp(A)(a) = dimS}. For any a G (A)o we write 

f/(E,A,a) = E-( y A). 

AGcomp(A)— coinp(A)(a) 

We write simply U{a)^ instead of C/(E,A,a), when we need not refer to the pair 
(S,A). 

(3) For any non-empty subset Q of comp(A) with HagQ ^ ^' intersection 
scheme HagQ irreducible and smooth. 

(4) For any non-empty subset Q of comp(A) with HagQ ^ there exists 
a e (A)o such that Q C comp(A)(Q;). 

(5) For any a G (A)o, U{a) is an afHne open subset of S. 

Let (E, A) be a normal crossing scheme over k. We call S the support of (S, A). 
For any a G (A)o, we consider a mapping 

e„ : comp(A)(a) ^ Oj:{U{a)). 

Let a e (A)o. If satisfies the following two conditions, then we call a coordi- 
nate system of (S, A) at a: 

(1) For any A e comp(A)(a) we have 

A n U{a) = Spec{Oj:{U{a))/U^)Oj:{U{a))). 
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(2) For any fc- valued point /3 G U{a){k), the set {^a(A)-^a(A)(/3)|A e comp(A)(a)} 
is a parameter system of the local ring Ou (a), fi- 
ll S^a is a coordinate system of (S, A) at a for any a G (A)o, then we call the 
collection ^ = {^a|cK G (^)o} a coordinate system of (5],A). For a coordinate 
system ^ of (S, A) we denote the element of ^ corresponding to a e (A)o by ^a- 

A triplet (S,A,^) such that the pair (S,A) is a normal crossing scheme over 
k and ^ is a coordinate system of (S, A) is called a coordinated normal crossing 
scheme over k. 

Example 3.1. Let A be any complete regular local ring such that A contains A; as a 
subring, the residue field A/M{A) is isomorphic to k as /c-algebras, and dim^ > 1; 
let P be any parameter system of A; and let A G map(P, 

Note that M{A) G Spec(A) and M{A) is the unique closed point of Spec(A). 
Let A = Spec(A/ U^^p x^^'^^A). The pair (Spcc(^), A) is a normal crossing scheme 
over A:. We have (A)o = {M{A)}, comp(A) = comp(A)(M(A)) = {Spcc{A/xA)\x G 
P}, and U'(Spec(^), A, M{A)) = Spec(^). For any x G P, we put ^m{A){Svcc{A/xA 
)) = X. We obtain a mapping ^m{A) ■ comp(A)(M(A)) Ospcc(/i) ('^(Spcc(A), A, 
M{A))). The mapping £,m{A) is a coordinate system of (Spec(A), A) at M{A), and 
the triplet (Spec(^), A, is a coordinated normal crossing scheme over k. 

Note that P is algebraically independent over k. We consider the subring k[P] 
of A. We denote Mq = k[P] D M{A). Note_that Mq = Pk[P], Mq g Spec(A;[P]) 
and Mo is a closed point of Spec(fc[P]). Let A = Spec(fc[P]/ jj^^p a;^(^)fc[P]). The 
pair (Spcc(fc[P]), A) is a normal crossing scheme over k. We have (A)o = {Mq}, 
comp(A) = comp(A)(Mo) = {Spec(A;[P]/a;A;[P])|a; G P}, and ;7(Spec(fc[P]), A, 
Mo) = Spec(fc[P]). For any :c G P, we put ^Mo(Spec(A;[P]/a;A;[P])) = x. We 
obtain a mapping ^m„ ■ comp(A)(Mo) Ospcc{k[p])(U{Spec{k[P]), A, Mn)). The 
mapping is a coordinate system of (Spec (A: [P]), A) at Mq, and the triplet 
(Spec(A;[P]), A, {^Mq}) is a coordinated normal crossing scheme over k. 

The four lemmas below easily follow from definitions. 

Lemma 3.2. Let (S, A) be a normal crossing scheme over k. 

(1) The set comp(A) is non-em,pty and finite. 

(2) For any non-empty subset Q of comp(A) with PlAeQ A 7^ 0, PlAeQ A is a 
closed irreducible smooth subscheme of E, and dimf\^^Q A = dimS — dQ. 

(3) The set (A)o is a non-empty finite set of k-valued points ofT,. 

(4) For a G (A)o and /3 G (A)o, comp(A)(a) = comp(A)(/3), if and only if, 
a = /3. 

(5) 

S= y U{a). 

ae(A)o 

(6) For any open set UofY, with E(fc) C U , we have U = Y,. 

Let Q be any subset 0/ comp(A) with (|Q > 2 and Q^ggA 7^ 0. We denote 
$ = HasQ a, and the blowing-up with center m $ 62/ u : E' — >■ E. Furthermore, by 
9' we denote the exceptional divisor of a, and by A' we denote the strict transform 
of A £ comp(A) by a for any A G comp(A) . 

(7) The pair (E',i7*A) is a normal crossing scheme over k. 

(8) 9' G comp(c7*A). comp(cr*A)-{9'} = {A'|A G comp(A)}. ttcomp(cr*A) = 
)icomp(A) + 1. 
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(9) For any A e comp(A) — Q, we have a* A = A'. For any K ^ Q , we have 
cr*A = A' + e'. 

(10) a((a*A)o) = (A)o. 

(11) For any a € (A)o with a ^ $, we have '^a^^{a) H ((T*A)o = 1, and the 
unique element a' in n (cr*A)o satisfies {a'} = nAGcomp(A)(a) 
comp(CT*A)(a') = {A'|A e conip(A)(a)}, and C/(E', cr* A, a') = ^-^([/(E, A, 

a)). 

If moreover, a mapping ^q, ; conip(A)(Q!) — >■ ©^([/(S, A, a)) is a coor- 
dinate system of (E, A) at a, then there exists a unique coordinate system 
S,'^, : conip(cr*A)(a') ^ Os' cr* A, a')) o/(S',cr*A) af a' satisfying 
cr*(^„(A)) =^;,,(A')/or anj/A e conip(A)(a), w/iere a* : Osl^/lS, A, a)) ^ 
Os' tT*A, a')) denotes the ring homomorphism induced by a. 

(12) For any a e (A)o with a € $, we We t|(T~H") ^1 (cr*A)o = tJQ > 2, 
and there exists a unique one-to-one mapping a' : Q ^ <T^^(a) H (cr*A)o 
such that for any E e Q we have {a'{E)} = 6' n nAecomp(A)(Q)-{s} ^'^ 
comp(cr*A)(a'(S)) = {8'} U {A'|A e comp(A)(a) - {E}}, and 

C7(S', a* A, a'iE)) = a-\U{^, A, a)) ~ E' . 

If moreover, a mapping '■ conip(A)(a) — ?> Os([/(E, A, a)) is a coor- 
dinate system of (S, A) at a, then for any E e Q, there exists a unique 
coordinate system i'^,^^^ : comp(CT* A)(a'(S)) {U {T,' , a* A, a' {E))) of 

(E',cr*A) ata'{E) satisfying 

fC'(H)(0') 

<y*{U^)) = <^ C'(H)(A')C(H)(0') A e g - {s}, 

[C'(H)(A') z/Aecomp(A)(«)-Q, 

/or any A e comp(A)(a), w/iere ct* : 0^{U{Y,, A, a)) -> 

Os' (C/(S', (T*A, a'(S))) denotes the ring homomorphism induced by a. 

Let (E, A) be a normal crossing scheme over k. 

We call a non-empty closed subscheme $ of E such that there exists a non-empty 
subset Q of comp(A) satisfying $ — PlAeQ A a stratum of A. We call a blowing-up 
whose center is a stratum of A an admissible blowing-up over A. 

Let Q be any subset of comp(A) with jJQ > 2 and PIagQ A 7^ 0. Let cr : E' E 
denote the admissible blowing-up with center in PlAeg A. We call the normal 
crossing scheme (E',ct*A) over k the pull-back of (E, A) by a. Let a' G (<7*A)o be 
any element, and let ^a{a') ■ comp(A)(CT(a')) — >■ Os{U{11, A, a{a'))) be a coordinate 
system of (E, A) at cr(a'). We have the coordinate system : comp(A)(a') — ?> 
0s' (UiT,', a* A, a')) of (E', a* A) at a' described in LemmaOll or Lemma[32112. 
The coordinate system is called the transformed coordinate system of ^a-{a') at 
a' by cr. Let ^ = G (^)o} be a coordinate system of (E, A). We denote 

a*^^{C,\a' e{a*A)o}, 

and call cr*^ the transformed coordinate system of ^ by a. Note that triplets (E, A, ^) 
and (E', cr* A, (7*5) are coordinated normal crossing scheme over k. We call the 
coordinated normal crossing scheme (E', a* A, a*^) over k the pull-back of (E, A, ^) 
by a. 
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Let S' be a scheme, and let cr : E' —>■ E be a morphism. Wc call a an admissible 
composition of blowing-ups over A, if there exist a non-negative integer m, (m + 1) 
of normal crossing schemes {T,{i), A{i)),i S {0,1,..., m}, and m of morphisms 
a{i) : E(i) — > E(i — 1), i e {1, 2, . . . , m} satisfying the following two conditions: 

(1) E(0) = E, A(0) = A, E(m) = E' and a = cr(l)cr(2) • • • a{m). 

(2) For any i g {1,2,... m}, a{i) is an admissible blowing-up over A{i — 1) 
and A{i) = a(i)*A(i - 1). 

If moreover, the center of a{i) has codimension two for any i G {1,2, . . . m}, then 
we call a an admissible composition of blowing-ups with centers of codimension two 
over A. 

Lemma 3.3. 1. Let (E, A) be a normal crossing scheme over k; let E' be a scheme, 
and let a -.Y,' ^Y, be an admissible composition of blowing-ups over A. Then, the 

pair (E',cr*A) is a normal crossing scheme over k. 

2. Let (E, A, ^) be a coordinated normal crossing scheme over k; let E' be a scheme, 
and let a : T,' ^ T, be an admissible composition of blowing-ups over A. Assume 
that m € Zq, (m + 1) of normal crossing schemes (E(i), A(i)), ? G {0,1, ... ,m}, 
and m of morphisms a{i) : E(i) — E(« — l),i S {1,2, satisfy the above 

two conditions. We write cr*^ = a{m)*a{m — l)*---cr(l)*^. Then, the triplet 
(E', (7* A, cr*^) is a coordinated normal crossing scheme over k, and the coordinate 
system a*^ o/(E',(7*A) does not depend on the choice ofm S Zq, (m + l) of normal 
crossing schemes (E(z), A(i)), i G {0,1, . . . , m}, and m of morphisms a{i) : E(i) 
E(i — 1), i G {1, 2, . . . , m} satisfying the two conditions. 

Let (E, A) be a normal crossing scheme over k; let E' be a scheme, and let 
(T : E' ^ E be an admissible composition of blowing-ups over A. Wc call the 
normal crossing scheme (E',(7*A) over k the pull-back of (E, A) by a. 

Let (E, A, ^) be a coordinated normal crossing scheme over k; let E' be a scheme, 
and let a : E' — >■ E be an admissible composition of blowing-ups over A. Choosing 
m e Zo, (to -I- 1) of normal crossing schemes (E(i), A(j)), i G {0,1,..., to}, and 
TO of morphisms a{i) : E(i) — >• E(i — 1), i G {1, 2, . . . , to} satisfying the above two 
conditions, we define the coordinate system a*^ of (E',cr*A) by putting a*£_ = 
a{m)*a{m — 1)* • • • cr(l)*^. The coordinate system a*£^ does not depend on the 
choice of TO G Zq, (to + 1) of normal crossing schemes (E(i), A{i)),i G {0, 1, . . . ,to}, 
and to of morphisms cr{i) : E(i) — > E(i — 1), i G {1,2,..., to} satisfying the above 
two conditions. We call ct*^ the transformed coordinate system of ^ by a. We 
call the coordinated normal crossing scheme (E', u* A, cr*^) over k the pull-back of 
(E,A,0 by a. 

Lemma 3.4. Let (E, A) and (E, A') be normal crossing schemes over k with the 
same support E such that supp(A) C supp(A'). 

(1) comp(A) C comp(A'). 

(2) comp(A)(Q!) C comp(A')(Q!) for any a G E. 

(3) (A)o C (A')o. 

(4) For any jS G (A')o there exists a G (A)o with fi G U{T.,A,a). 

(5) // /3 G (A')o, a G (A)o and /3 G C/(E, A, a), then J7(E, A', /3) C U(T., A, a). 

(6) if supp(A) ~ supp(A'), then comp(A) = comp(A'), comp(A)(Q:) = 
comp(A')(a) for any a G E, (A)o = (A')o, and U{Y,,A',a) = f/(E, A,q) 
for any a G (A)o. 

Let ^ = {^a\oi G (A)o} be a coordinate system of (E, A). 
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(7) // supp(A) = supp(A'), then (I],A',^) is a coordinated normal crossing 
scheme over k. 

Let (S, A) and (S, A') be normal crossing schemes over k with the same support 
S such that supp(A) C supp(A'). Let ^ — {S,a\ct G (A)o} be a coordinate system 
of (S, A). For any a G (A)o we have : comp(A)(a) Os{U{T,, A,a)). 

If for any /3 e (A')o, there exists a G (A)o and a coordinate system : 
comp(A')(/3) ^ A',/3)) of (S, A') at ^ such that ^ e A,a) and for 

any A' e comp(A')(/3)ncomp(A)(a), ^^(A) = rcs[^[^'^;"jj(^a(A)) where rcs[^[^|^;"j) 
A, a)) — )• Os{U{T,, A' ,a)) denotes the restriction homomorphism, then 
we say that the coordinate system ^ is extendable to (S, A'). In the case where ^ 
is extendable to (S,A'), choosing an element a € (A)o and a coordinate system 

: comp(A')(/3) ^ Os(C/(S, A', /?)) of (S, A') at /3 such that /3 € [/(S, A,a) and 

^^(A) = res^^l^A'^V^"^^-'-' ^ comp(A')(/3) ncomp(A)(a), we define a 

coordinate system' of (S, A') at /3 for any ^ e (A'). We call ^' = e (A')o} 
an extension of ^ to (S, A'). 

Let (E, A, ^) be a coordinated normal crossing scheme over k. Let S' be a scheme, 
and let cr : S' — >■ S be a morphism. We call a a weakly admissible composition of 
blowing-ups over the pair (A, if there exist a non-ncgativc integer m, (m + 1) of 
coordinated normal crossing schemes A(z), ^(i)), i e {0, 1, . . . , m}, and m of 

morphisms (T(i) : — >■ S(i — 1), i e {1,2,..., m} satisfying the following three 
conditions: 

(1) S(0) = E, A(0) = A, C(l) = ^, S(r7?.) = E' and cr = (T(l)cr(2) • • • a{ni.). 

(2) For any i G {1,2,... m}, cr(i) is an admissible blowing-up over A(i — 1) 
and supp(A(i)) D supp(tT(i)* A(i - 1)). 

(3) For any i G {1,2,... to}, the coordinate (T*£,{i - 1) of (E(«), (t(?:)* A(?. - 
1)) is extendable to (E(i), A(i)), and ^(i) is an extension of cr*^(z — 1) to 
(S(i),A(i)). 

If moreover, the center of cr(i) has codimension two for any i G {1,2, . . . to}, then we 
call a a weakly admissible composition of blowing-ups with centers of codimension 
two over (A, ^). 

Let (E, A,^) and let (E', A',^') be a coordinated normal crossing schemes over 
k. Let cr : S' — >• S a weakly admissible composition of blowing-ups over (A,^). 
We say that (E',A',^') is an extended pull-back of (E,A,^) by a, if there ex- 
ist a non-negative integer to, (to -I- 1) of coordinated normal crossing schemes 
(E(i), A(i), ^(?)), i G {0, 1, . . . , to}, and to of morphisms a{i) : S(i) — >■ S(i — l),i G 
{1,2,..., to} satisfying the following three conditions: 

(1) E(0) = E,A(0) = A,C(1) = ?,E(to) = E',A(to) = A',5(to) = C' and 
a = (j{l)a{2)---a{m). 

(2) For any i G {1,2,... to}, cr(i) is an admissible blowing-up over A{i — 1) 
and supp(A(i)) D supp(cr(i)*A(i - 1)). 

(3) For any i G {1,2,... to}, the coordinate a*^{i - 1) of {12{i),a{i)* A{i - 
1)) is extendable to (S(i), A(i)), and ^{i) is an extension of a*^{i — 1) to 
(EW,A(*)). 

Lemma 3.5. Recall that k denotes any algebraically closed field. Let A be any 
complete regular local ring such that A contains k as a subring, the residue field 
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A/M{A) is isomorphic to k as algebras over k, and dim A > 2, let P he any 
parameter system of A, and let z ^ P he any element. 

Let A' denote the completion of k[P — {z}] with respect to the maximal ideal 
k[P-{z}] n M{A). The ring A' is a local subring of A and M{A') = M{A) n A' = 
{P — {z})A'. The completion of A'[z] luith respect to the prime ideal zA'[z] is 
isomorphic to A as A'[z]-algebras. The set P — {z} is a parameter system of A' . 

Let a' : Yi' ^ Spec(^') be any composition of finite blowing-ups with centers 
in closed irreducible smooth suhschemes. We consider a morphism Spec(A) — > 
Spec(A') induced by the inclusion ring homomorphism A' — >■ A, the product scheme 
S = E' Xsp(,(.(A') Spec(^), the projection cr : S — >■ Spec(A), and the projection 
TT : S — > S'. We know the following: 

(1) The morphism a is a composition of finite blowing-ups with centers in closed 
irreducible smooth suhschemes. 

(2) The pull-back a* Spec{A/ z A) of the prime divisor Spec{A/ z A) o/Spec(A) 
hy a is a smooth prime divisor ofT,, and a*Spec{A/ zA) D a^^{M{A)). 

(3) The projection tt : E — > E' induces an isomorphism cr*Spec{A/ zA) — > E'. 

Let A = Spec{A/Y[^^pxA), and let A' = Spec{A' / Y[^^p_^^yxA'). For any 
X & P, we put ^jv/(A) (Spec(yl/a;^)) = x. We obtain a coordinate system ^m(A) ■ 
comp(A)(M(A)) ^ Ospec(A)(C/(Spec(A), A,M(A))) o/ (Spec(A), A) atM{A), and 
a coordinate system ^ = {£,m{A)} of (Spec(yl), A). For any x G P — {z} we put 
^^^j-^,-) (Spec(A'/a;A')) = x. We obtain a coordinate system Cm{A') ■ conip(A')(M( 
A')) ^Ospec{A'){U{Spcc{A'),A',M{A'))) o/ (Spec(A'), A') atM{A'), and a coor- 
dinate system ^' = {Cm(a')} of {Spec{A'), A'). 

(4) // a' is an admissible composition of blowing-ups over A' , then a is an 
admissible composition of blowing-ups over A. 

(5) If a' is a weakly admissible composition of blowing-ups over (A',^'), then 
a is a weakly admissible composition of blowing-ups over (A,f). 

Below we assume that a' is a weakly admissible composition of blowing-ups over 
(A', (f), and we consider any extended pull-back (E', A', £f) of a coordinated normal 
crossing scheme (Spec(A'), A', by a' . We denote A = 7r*A' + (T*Spec(yl/zA) G 
div(E). 

(6) The pair (E, A) is a normal crossing scheme over k. (A)o = 7r^"'^((A')o) H 
a*Sj>ec{A/ zA) . For any a G (A)o we have 7r(a) G (A')o- The mapping 
TT : (A)o — >■ (A')o induced by ir is bijective. 

(7) For any a G (A)o, we have comp(A)(a) = {7r*A|A G conip(A')(7r(a))} U 
{a*Spcc{A/zA)}, and t/(E, A,a) = 7r-i(t/(E', A', 7r(a))). 

Consider any a G (A)o. We put fct(7r*A) = 7''*(C(a) (^)) /°'~ '^'"■V ^ ^ conip(A')( 
7r(a)), and we put £^oiio'*Spec{A/ zA)) =a*{z). We have a mapping (^a '■ conip(A)(a) 
^Os(f/(E,A,a)). Let^={Uae{A)o}. 

(8) For any a G (A)o the mapping is a coordinate system of (E, A) at a, 
and ^ is a coordinate system of (E, A). 

4. Main results 

We state our main results. Their proofs will be given in SectionBUland Section!^ 
We fix notations used throughout this section. 
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Let k be any algebraically closed field; let A be any complete regular local ring 
such that A contains /c as a subring, the residue field A/M{A) is isomorphic to k 
as fc-algebras, and dim A > 2; let P be any parameter system of A, and let 2: e P 
be any element. 

Let A' denote the completion of k[P — {z}] with respect to the maximal ideal 
k[P - {z}] n M{A). The ring A' is a local subring of A and M{A') = M{A) n A' = 
(P — {2}) A'. The completion of A'[z] with respect to the prime ideal zA'[z] is 
isomorphic to A as A'[z]-algebras. The set P — {z} is a parameter system of A'. 

Let A = Spec(A/ IlrreP •^^)' ^nd A' = Spec(A7 JlajeP-fz} ^^')- We define a co- 
ordinate system ^m{A) ■ comp(A) — )• A of the normal crossing scheme (Spec(A), A) 
at M{A) by putting ^M{A){Spec{A/ xA)) = x for any x G P. Let ^ = {Cm(A)}- We 
define a coordinate system £,'m(A') ' comp(A') — > A' of the normal crossing scheme 
(Spec(yl'), A') at M{A') by putting ^'j^^^,^{Spcc{A' /xA')) = x for any x € P-{z}. 
Let f = {Cmca')}- triplets (Spec(A), A, ^) and (Spec(A'), A',f ) are coordi- 
nated normal crossing schemes over k. 

For any (j) £ A with 0^0 the Newton polyhedron r_|_(P, ^) of cj) over P is 
defined. 

Furthermore, we denote 

pwii) = A\(i)=u'[[{z+xT^^'' n 

xe^ xeP-{z} 
for some u e A^ , some finite subset of M{A'), 
some mapping a : A* — ^ Z+, and some mapping 6:P— {2;}— ^Zq}. 

For any /i e Z+ with h>2,we denote 

h-l 

W{h) = {^&A\(l) = z^ + Y^ 4>'{i)z' 

i=0 

for some mapping 0' : {0, 1, . . . , /i — 1} — >■ M{A') satisfying 

h-l 

X'^ + Y. '^'(^)X' ^ for any x S M(A').}, 

{0 e A\(j) = V'V'' for some ^ e and some -0' e PVK(l).}, 

{(/) e A\ with = ■!/;-(/'' for some ■i/' G W^(/i) and some f/'' S PW(1) 

such that r+(P, ^/^) has no ^-removable faces.}, 
{(jf) e = V'V'' for some V € and some e PW^(l) such that 

r+(P, ^) has no ^-removable faces, and r+(P, ^) is 2;-simple.}. 

Note that 1 e PW{\) ^ 0, A = {0} U U^gz+PH^(/i) if dimA = 2, and A 

is a unique factorization domain. We consider any integer h with h > 2. 7^ 
W{h) C PH^(/i) ^ 0, 9^ SW{h) C C PM^(/i). For any V e the 

Newton polyhedron r_|_ (P, is of 2-Weierstrass type, and the integer h is equal 
to the z-hcight height(z, r+(P, V-)) of r+(PV)- For any G PW{h), the Newton 
polyhedron r+(P, is of z-Weierstrass type, and there exist uniquely if) S W(h) 
and V' e PW(1) with (j) = ^V'- 



PW^(/i) = 
RW{h) = 

SW{h) = 
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For the proof of our main theorem below, we apply the theory of convex sets 
and the theory of torus embeddings. By our main theorem any element in SW{h) 
is reduced to an element in PW{g) with g < h. 

Theorem 4.1. For any h G Z+ with h > 2 and any (p S SW{h), there exist a 
smooth scheme I] over Spec(A) and an admissible composition of blowing-ups a : 
Y, Spec(A) with centers of codimension two over A such that for any closed point 
a S S with cr{a) = M{A), there exist /3 £ {a*A)o, an isomorphism p : ^ — )■ A 
of k- algebras, and g € Z+ satisfying the following four conditions: 

(1) a e C/(S],CT*A,/3). 

We denote P = {{a*^)p{K) - (cr*0/3(A)(a)|A £ comp(cr* A)(^)}, which is a 
parameter system of ^, and we consider the ring homomorphism a* : A ^ ^ 
induced by a. 

(2) p{P) - P. 

(3) p<j*{cf>)ePW{g). 

(4) g<h. 

By the theorem below any element in PW{h) is reduced to an element in RW{h). 

Theorem 4.2. For any h S Z+ with h > 2 and any (f> £ PW{h), there exists 
an element x € M(A') satisfying p{<j)) £ RW{h) where p denotes the unique iso- 
morphism p : A ^ A of k-algebras satisfying p{z + x) — z and p{x) — x for any 
X £ P-{z). 

We would like to solve the following problem: 

Problem 4.3. Show that for any cf) £ A with 7^ 0, there exists a weakly admissible 
composition of blowing-ups a : S -t- Spec(A) over (A, ^) and an extended pull-back 
(S, A, ^) of the coordinated normal crossing scheme (Spec(A), A, ^) by cr satisfying 
supp(cr*(Spec(A/(?!)A) + A)) c supp(A). 

Note here that dimy4' = dim A — 1 < dim A, and any 0' £ A' with 0' 7^ has 
normal crossings over P' if dim A = 2. Therefore, we decide that we use induction 
on dim A, and we can assume the following claim (*): 

(*) For any (/>' £ A' with 0' ^ 0, there exists a weakly admissible composition 
of blowing-ups cr' : S' — Spec(A') over (A',^') and an extended pull-back 
(E', A', of the coordinated normal crossing scheme (Spec(A'), A', by 
a' satisfying supp(cr'*(Spec(A70'A') + A')) C supp(A'). 

In the case of dim A = 2, putting (E', A', = (Spec(A'), A', and considering 
the identity morphism cr' : S' — Spec (A') = E', we know that cr' is a weakly 
admissible composition of blowing-ups over (A',^') and supp(cr'*(Spec(A'/0'A') + 
A')) C supp(A') for any 0' £ A' with </>' 7^ 0. 

Let cr' : E' — > Spec(A') be any weakly admissible composition of blowing-ups over 
(A',^'), and let (E',A',f') be an extended pull-back of the coordinated normal 
crossing scheme (Spec(A'), A', ^') by cr'. We consider a morphism Spec(A) — 
Spec (A') induced by the inclusion ring homomorphism A' — A, the product scheme 
E = E' Xgp(,j.(^/) Spec(74), the projection cr : E Spec(A), and the projection 
TT : E — > E'. We know the following (See Lemma [3.50 : 

(1) The morphism cr is a weakly admissible composition of blowing-ups over 
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(2) The pull-back (T*Spcc{A/ zA) of the prime divisor Spec{A/zA) of Spcc(A) 
by CT is a smooth prime divisor of S, and a*Spec{A/ zA) D a~^{M{A)). 

(3) The projection tt : E ^ S' induces an isomorphism a*S])ec{A/zA) — ^ S'. 

Let A = 7r*A' + (7*Spcc{A/zA). 

(4) The pair (S, A) is a normal crossing scheme over k. (A)o = 7r~-^((A')o) fl 
a*Spec{A/zA). For any a € (A)o, we have 7r(a) e (A')o. The mapping 
TT : (A)o (A')o induced by tt is bijectivc. 

(5) For any a G (A)o, we have comp(A)(a) = {7r*A|A e comp(A')(7r(a))} U 
{a*Spec{A/zA)}, and U{E,A,a)=Tr-'^{U{Y,',A','K{a))). 

Consider any a G (A)o. We put ^a(7r*A) = 7r*(^^(^^(A)) for any A e comp(A')( 
7r(a)), and we put fa (cr* Spec (A/z A)) = (t*{z). We have a mapping : comp(A)(Q:) 
^ Os(t/(S. A, a)). Let C = {^ala S (A)o}. 

(6) For any a € (A)o, is a coordinate system of (S,A) at a, and f is a 
coordinate system of (S, A). 

By the theorem below any element in RW{h) is reduced to an element in SW{h) 

or an clement in PW{g) with g < h. 

Theorem 4.4. Assume the above {*). For any /i G Z_|_ with h > 2 and any 
(p G RW{h), there exist a smooth scheme T,' over Spec(^'), a weakly admissible 

composition of blowing-ups a' : T,' ^ Spec(A') over (A',^') and an extended pull- 
back (E', A',^') of the coordinated normal crossing scheme (Spec(A'), A', by a' 
with the following properties: 

We consider the product schem,e S = E' Xgp^jj.^^/-) Spcc(A), the projection a : 
E Spec(^) and the projection tt :_E E'. Let A = Tr*A' + a*Spec{A/zA). We 
have a normal crossing scheme (E, A) with (A)o C a*Spec{A/zA). 

Consider any a G (A)o. We put fa(7r*A) = 7''*(C(q) (^)) "'^l/ ^ € comp(A')( 
7r(a)), and we put ^a{a*Spec{A/zA)) — a-*{z). We have d coovdiiKite system i 
comp(A)(ct) — C5](?7(Z1, A, a)) of (^,A) at and a coordinate system ^ = 
{^"„|ae (A)o} o/(E,A). 

Under the above notations, at any closed point a € E with a{a) = M{A) there 
exist l3 e (A)o and an isomorphism p : ^ ^ A of k-algebras satisfying the 
following three conditions: 

(1) aeC/(E,A,/3). 

We denote P = {^^(A) — ^0(A)(q:)|A G comp(A)(/3)}, which is a parameter 
system of ^, and we consider the ring homomorphism a* : A ^ ^t, a ^iT'duced 
by (T. 

(2) p{P) = P and pa*{z) = z. 

(3) pcr*{<j)) G SW{h) or pcr*{<j)) G PW{g) for some positive integer g £ Z+ with 
g<h. 

By the theorem below any non-zero element in A is reduced to an element in 

v^heI.^PW{h). 

Theorem 4.5. Assume the above (*). For any (p G A with (j) ^ 0, there exist a 

smooth scheme E' over Spcc(y4'), a weakly admissible composition of bloiuing-ups 
cr' : E' — >■ Spec(A') over (A',^') and an extended pull-back (E', A',^') of the coordi- 
nated normal crossing scheme (Spec(A'), A',^') by u' with the following properties: 
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We consider the product scheme S = S' Xspcc(yl') Spec (A), the projection a : 
S Spec(A) and the projection tt : S ^- E'. Let A = 7r*A' + a*Spec(A/ zA). We 
have a normal crossing scheme (S, A) with (A)o C a* Spec{A/ z A) . 

Consider any a € (A)o. We put ^a{T^*-^) = '''*(C(q)(^)) Z*"" "'"'^V ^ ^ comp(A')( 
7r(a)), and we put ^a{a*Spec{A/ zA)) — o'*{z). We have a coordinate system : 
coinp(A)(Q;) — >■ 0^{U{T,, A, a)) of (E, A) at a, and a coordinate system ^ = 
U„|aG (A)o} o/(E,A). 

Under the above notations, at any closed point a e E with cF{a) — M{A), there 
exist P € (^)o an isomorphism p : ^ A of k-algebras satisfying the 
following three conditions: 

(1) ae {/(E,A,/3). 

We denote P — {^^(A) ~ ^^(A)(a)|A G comp(A)(/3)}, which is a parameter 
system of ^, and we consider the ring homomorphism cr* : A — > 0|. ^ induced 
by a. 

(2) p{P) = P and pu*{z) = z. 
(3) 

pa*(0)e U PW{h). 

By the theorem below any element in PW{1) is reduced to an element with 
normal crossings. 

Theorem 4.6. Assume the above (*). For any e PW{\), there exist a smooth 
scheme E over Spec(A), a weakly admissible composition of blowing-ups cr : E — > 
Spec(A) over (A,^) and an extended pull-back (E,A,f) of the coordinated nor- 
mal crossing scheme (Spec(A), A, ^) by a satisfying supp(cr*(Spec(yl/(/)A) + A)) C 
supp(A). 

Conjecture 4.7. Let (Eq, Aq, ^o) be any coordinated normal crossing scheme over 
k, and let $0 be any effective divisor of Eq. There exist a weakly admissible 
composition of blowing-ups cr : E — >■ Eq over (Ao,^o) and an extended pull-back 
(E,A,^) of the coordinated normal crossing scheme (Eo,Ao,^o) by a satisfying 
supp(cr*($o + Ao)) C supp(A). 

Obviously solution of Conjecture 14.71 implies solution of Problem 14.31 
Now, to solve Conjecture 14.71 we have to glue up local blowing-ups obtained 
by repeated application of theorems in this section, and have to construct global 
blowing-ups. In case dim Eq < 2 it is easy to glue up them. We would like to solve 
Conjecture 14.71 in case dim Eq > 3 and would like to write forthcoming articles, 
cooperating with Professor Heisuke Hironaka and young mathematicians. 

5. Ring theory 

We explain some basic theory on rings. (Matsumura '20', Hironaka et al [18].) 

Lemma 5.1. Let k be any field. Let A be any complete regular local ring such that 
dim A > I, A contains k as a subring, and the residue field A/M{A) is isomorphic 
to k as algebras over k. Let P be any parameter system of A. 

(1) The ring A is a unique factorization domain. 
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(2) The parameter system P is a non-empty finite subset of A with JJP = 
dim A G Z+. For any element (j) of A, there exists a unique element c S 
map(map(P, 

Zo),fc) satisfying 

Aemap(P,Zo) xGP 

The infinite sum in the right-hand side is the limit with respect to the M(A)- 
adic topology on A. P is algebraically independent over k. 

In Section\^we defined the constant term (t>{0) G k of (j) and the support supp(P, (p) 
of (j) over P for any (j) € A. 

(3) Consider any (j) e A. 0(0) € k and (j) - 0(0) € M{A). e M{A), if and 
only if 0(0) = 0. 

(4) Ifq}eA,ce map(map(P,Zo),fc) and = EAemap(P,Zo) ^(A) Il.ep x^C-), 
then 0(0) = c(0) and supp(P, 0) = supp(c) = {A S map(P, Zo)|c(A) ^ 0}. 

(5) Consider any (j) £ A. supp(P, 0) C map(P, Zq). supp(P, 0) = 0, if and only 
if cj) — ^ supp(P, 0), if and only if, G M{A). 

(6) Consider any (f> £ A, any tp £ A and any a £ k with a 7^ 0. 

supp(P, —0) = supp(P. 0) = supp(P, a0), 
supp(P, + -0) C supp(P, 0) U supp(P, ip), 
supp(P, (pip) C supp(P, 0) + supp(P, ip). 

(7) The set map(P, M) is a finite dimensional vector space over M with dim map(P, 
M) = t|P. r/ie sei map(P,Z) is a lattice o/map(P,]R). The set map(P,Ko) 
is a simplicial cone over map(P, Z) in map(P, R) with vect(map(P, Rq)) — 
map(P, R). map(P, Zo) — map(P, Rq) n map(P, Z). The set map(P, Zq) is 

a semisubgroup o/map(P, R) containing 0. 

In Section\^ we defined an element f^ £ map(P, Zq) for any x £ P. 

(8) The set {f,^\x £ P} is a basis of map(P, R) over R. It is a basis of 
map(P, Z) over "L. map(P, Rq) = convcone({/^|a; £ P}) — J2xeP^f^fx ■ 
map(P, Zo) = J2xeP ^of^- 

We denote the dual basis o/{/^|a; £ P} by £ P}. For any convex cone 

S in map(P, R) we denote the dual cone S'^|map(P, R) in map(P, R)* simply by 

(9) The set {fx'^lx £ P} is a basis of map(P, R)* over R. It is a basis of 
map(P,Z)* overZ. map(P,Ro)'' = convcone({/f £ P}) = ExeP^o/i'''- 

(10) Consider any <p £ A with 7^ and any uj £ map(P, Rq)^. 

7^ {(tLi,A)|A £ supp(P,0)} C Rq. For any t £ Rq, the intersection 
{(w, A)|A £ supp(P, 0)} C\ {u £ Ro|u < t} is a finite set. There exists the 
minimum element min{(w,A)|A £ supp(P, 0)} of the subset {(cj,A)|A £ 
supp(P,0)} o/Ro, and min{(cj, A)|A £ supp(P,0)} £ Rq. 
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According to definitions in Section for any (j) ^ A with 7^ and any uj G 
niap(P,Mo)'' 

ord(P,a;,(/)) = min{(a;, A) | A G supp(_P, 0)} G Rq, 
supp(P,w,(/.) ={A e supp(P,<?!))|(w, A) = ord(P,w,</.)} C supp(P,0), 
in(P,c.,<^)= ^ c(A) n e A 

AGsupp(P,Lj,0) kGP 

where c G map(niap(P, Zq), fc) is the unique element satisfying (f> — J2 Aemiip{P Zo) '^(^) 

Furthermore, for any uj G inap(P, Mq)^; ord(P, aj,0) = 00 and in(P, tj,0) = G 
A, where 00 is a symbol satisfying oo + c» = (X), oo + i = t + oo = cx), i<cx), 
00 > t, t < 00, 00 > t, t ^ 00 and 00 ^ t for any t G M. 

(11) Consider any (f) Cz A and any uj G niap(P, Mq)^. 

in(P, cj, in(P, cj, 0)) =in(P, cj,0). ord(P, cj, in(P, w, (/))) = ord(P, w, (/i). 
ord(P,a;,<?!)-in(P,cj,0)) > ord(P, w, if(t)j^O. 

If ip ^ A, in(P, Cli, = -01 and ord(P, w, — -i/;) > ord(P, 0), t/ien 
ip ^ 0, 7^ and ■0 = in(P, LO,(j)). 

(12) Consider any (f) d A and any uj G niap(P, Mo)^• 

//0 G A^, i/ien ord(P,a;,(?!)) = 0. 

If OTd{P, UJ , (j)) = and {uj,f!^) > /or any x € P, then G and 
in(P,a.,</)) = 0(0). 

(13) Consider any (j) € A, any uj G map(P, Mq)^ and any a G fc with a ^ 0. 
ord(P, w,— 0) =ord(P, w,0). in(P, cj,— 0) = — in(P, w, 0). 

ord(P, UJ, a(j)) = ord(P, uj,(j)). in(P, uj, acp) = Q:in(P, 0) . 

(14) Consider any cj) ^ A, any ip ^ A and any uj G map(P, Mq)^- 

ord(P, w, + "0) > min{ord(P, oj, 0), ord(P, w, t/")}- 

ord(P, w, + "0) — min{ord(P, uj, 0), ord(P, uj, tp)} , if and only if, 
ord(P, UJ, 0) ^ ord(P, uj, -0) or in(P, uj, 0) + in(P, w, -0) 7^ 0. 

//ord(P, oj, 0) < ord(P, WjtA), t/ien in(P, cj, + tA) =in(P, aj,0). 

//ord(P, oj, 0) > ord(P, w, ?/;), t/ien in(P, + ?/>) =in(P, WjV')- 

// ord(P, UJ, 0) = ord(P, w, ?A) and in(P, w, 0) + in(P, cj, -0) ^ 0, then 
in(P,w,0 + '0) = in(P,w,0) + in(P, cj, -0). 

(15) Consider any G A, any € A and any uj G inap(P, Mq)^- 

ord(P, UJ, (pip) —otA{P, uj, 0) + ord(P, uj, ip). 
m{P,uj, (f>ip) =in(P, w, 0)in(P, w, ?A). 

(16) Consider any parameter system P of A and any bijective mapping a : P ^ 
P. 

Take the unique isomorphism p : A ^ A of k-algebras satisfying p{x) = 
cr{x) for any x £ P. 

Note that a induces an isomorphism a* : niap(P, M) — > map(P, R) of 
vector spaces over K, and it induces an isomorphism (a*)* : niap(P, M)* — >■ 
niap(P,R)* of vector spaces over R. (CT*)*(map(P, Rq)^) = map(P,Ro)^ 
|map(P,R). 

Consider any uj G niap(P, Rq)^. 

If OTd{P,uj,a{x)) — OTd{P,uj,x) for any x G P, then, ord(P, Cli,0) — 
ord(P, (cr*)*(a;),0) and p(in(P, w, 0)) = in(P, ((t*)*(w), 0) for any (j) e A. 
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(17) Consider any (/) € A with (f> ^ 0, any uj G map(P, Ro)^, any x G map(P, Mq)^ 
and any t G M with < i < 1. {I - t)uj + tx e niap(F, Mq)^ and 
ord(P, (1 - t)uj + tx, > (1 - t)oTd{P, u, (t>) + tord(P, x, (f)- 

Proof. See Matsumura [20 for the proofs of claim 1 and 2. Below we give the proof 
only to claim 10 and 15. (Hironaka et al [18 .) Other claims follow easily. 
10. Consider any </> S A with 7^ and any uj e map(P, Mq)^. 

By 5 supp(P» C map(P,Zo) C map(P,]Ro)- Since uj G map(P,Ro)'^, we 
know ^ {(w, A)|A e supp(P, (/))} C Mo- 
Put P ^ {xe P\{ujJ^) 7^ 0}. P C P. Let TT : map(P,M) map(P,R) denote 
the surjective homomorphism of vector spaces over R induced by the inclusion map- 
ping P — > P. The dual homomorphism tt* : map(P,R)* — > niap(P. R)* is injective. 
Since lo = '^^epi^^ fx) fx"^ > there exists a unique element ui G map(P.R)* with 
id = 7r*(£li). We take the unique element ui G map(P,R)* with uj = tt*{lj). Since 
Lj G map(P, Ro)^, (a), /f ) = (a;_, /f ) > for any a; G P. 

Consider any t G Rq. If P = 0, then lj = 0. If cj = 0, then {(a;,A)|A G 
supp(P»} = {0}, and {(a;,A)|A G supp(P»} n {m G Ro|u < t} = {0} is a finite 
set. 

Below we assume w 7^ 0. P 7^ 0. Put e = min {{oj, G P} G R+. We know 

7r(supp(P, (/))) C 7r(map(P, Zq)) = map(P, Zg), and {(w,A)|A G supp(P, 0)} = 
{(tS, A)|A G 7r(supp(P»)} C {(cS, A)|A G map(P,Zo)}. 

Assume A G map(P, Zo) and (w, A) < t. Wc have t > (tj, A) = J2xep(^^ fx) 
(/r,A)>eE.ep(/r,A). 

We know {(w, A)|A G supp(P, 0)} n {m G Ro|u < t} C {(w, A)|A G map(P,Zo), 
E.ep(/r,A) < t/e}. Since {A G map(P, Zo)| E.ep(/r, A) < t/e} is a finite 
set, we know that {{u, A)|A G supp(P, (j))} n {m G Ro|u < is a finite set. 

Since {{u, A) |A G supp(P, (p)} D {u gRq\u < t} is finite for any i G Rq, we know 
that the minimum element min{(cij, A)|A G supp(P, of {(w,A)|A G supp(P, 
exists and min{(aj, A)|A G supp(P, 0)} G Ro- 
15. Consider any cj G map(P, Rq)^. 

Put P = {a; G P\{ujJ^) 7^ 0}. P C P. Let tt : map(P,M) map(P,R) denote 
the surjective homomorphism of vector spaces over R induced by the inclusion 
mapping P — )■ P. The dual homomorphism tt* : map(P, R)* — > map(P, R)* is 
injective. We take the unique element lj G map(P,R)* with lj = t:*{lj). Since 
w G map(P,Ro)^, {Oj,f^) = {uj.f^) > for any x £ P. For any t G Ro, sets 
{A G map(P, Zo)|(£:j, A) < t} and {A G map(P, Zo)| (w. A) = t) are finite. 

We define a total order called the lexicographic order on the vector space map(P, 
R). Let r = jJP G Zo. Take any bijective mapping x : {1, 2, . . . , r} — >■ P. Let A G 
map(P,R) and f G map(P,R) be arbitrary elements. We write A < f or f > A, if 
there exists i G {1, 2, . . . , r} such that {J^^^.yT — A) = for any j G {1, 2, . . . , i — 1} 

and f - A) > 0. We write A < f or f > A, if A < f or A = f . We know that 

the relation < is a total order on the abelian group map(P, R), in other words, the 
following five conditions hold for any A G map(P, R), any P G map(P,R) and any 
A G map(P,R). 

(1) A £ f or f < A. _ 

(2) If A < P and P < A, then A < A. 

(3) If A < P and f _< A,_theii A = f . 

(4) If A < f , then A + A < f + A. 
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(5) A < r, if and only if, A < T and A^T. 
Consider any A e map(P, Zq). We denote 

^(A) = {(f , A)|r e niap(P, Zq), A e map(P, Zq), f + A = A} 
C map(P,Zo) X map(P,Zo). 

We know that S{A) is a non-empty finite subset of map(P, Zq) x niap(P,Zo). 

Let B denote the completion of fc[P — P] with respect to the prime ideal k[P — 
P] n M{A). B and B[P] arc subrings of A. P is a complete regular local ring such 
that dimP < dim A, B contains fc as a subring, and the residue field B/M{B) is 
isomorphic to k as algebras over k. P — P is a parameter system of P. P is an 
integral domain. P is algebraically independent over B. The completion of B[P\ 
with respect to the prime ideal PP[P] is equal to A. 

Consider any (f) ^ A. By 2 we know that there exists uniquely an element 
c e map(niap(P, Zq), B) satisfying 

^= E c-(A)n^^^^^- 

Aemap(P,Zo) xGP 

We take the unique element c e map(map(P,Zo),P) satisfying the above equality. 
We denote 

supp(P, 0) = supp(c) = {A e map(P,Zo)|c(A) ^ 0} C map(P,Zo). 

We know that the following claims hold: 

(1) supp(P,(/.) =^(supp(P, (/>)). 

(2) {(w,A)|Aesupp(P,0)}c]Ro. 

(3) {(w, A)|A e supp(P, (j))} = 0, if and only if, </> = 0. _ 

(4) If ^ 7^ 0, then the minimum element min{(w,A)|A e supp(P, 0)} of the 
non-empty subset {((I;,A)|A € supp(P, 0)} of Rq exists. 

(5) If 7^ 0, then ord(P, cj, (p) = min{(w, A) | A e supp(P, <i>)}. 

Consider any (j) d A and any d A. We would like to show the equality 
ord(P, u), (pip) = ord(P, w, </>) -I- ord(P, oj, tp). 

li (j) = ov tp = 0, then we have (pip = 0, ord(P, u),(p) = oo or ord(P, co, ip) = oo, 
and ord(P, w, (pip) = oo = ord(P, w, (p) -\- ord(P, w, \p). 

Below we assume (p and %p ^i). 

Take elements c G map(map(P, Zq), P), d € map(map(P, Zq), P), and e e 
map(map(P, Zq), P) satisfying 

^= E c-(A)n^^^^\ 

Aemap(P,Zo) ccGP 

V = ^ j(A) n 

Aeinap(P,Zo) xSP 

</.V= 5^ e-(A)nx^^"^- 

Aemap(P,Zo) xSP 

We know that e(A) = c(f )(i(A) for any A S map(P, Zq). 

If 0?/) = 0, then ord{P,uj,(pijj) = oo > ovd{P,u),^) + ord{P,u),ip). We consider 

the case (pip ^ 0. 

We take any A e supp(P, (p) with ord(P, w, = (w. A). 7^ e(A) = 
S(r,A)e5(A) c(f )(J(A). We know that there exists (f , A) e 5(A) satisfying c(f ) 7^ 
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and d{A) ^_ 0. Wc take an clement (f , A) e (5(A) satisfying c(f ) / and d{A) / 0. 
We know A = f + A, A e supp(P,0), A e supp(P,V'), (w_,A) > ord(P, w, 
and (a;,A) > oid{P, uj , ip) . Therefore, ord{P,u),(j)ip) = (w,A) = (w,f + A) = 
(w, f ) + (w, A) > ord(P, w, 0) + ord(P, w, V)- 

We know ord(P, w, (j)^p) > ord(P, w, 0) + ord(P, cj, tp). 

Now, the set {F G supp(P, f ) = ord(P, w, ^)} is a non-empty finite subset 
of supp(P, (j)). Let To denote the minimum element in this set with respect to the 
lexicographic order <. fg G supp(P, 0) (w,fo) = ord(P, w, </>). If f € supp(P, 
and (w,f) = ord(P,w,(/)), then fo < f. The set {A e supp(P, V)Kw, A) = 
ord(P, w,^)} is a non-empty finite subset of supp(P, V')- Let Aq denote the mini- 
mum element in this set with respect to the lexicographic order <. Ao G supp(P, ip) 
(w, Ao) = ord(P, uj^ ip). If A e_supp(P, ip) and (w. A) = ord(P, w, V), then Aq < A. 

Let Ao = f + Ao e map(P, Zo). _ _ 

e(Ao) = E(f,A)«(A„) c(f)d(A). (fo, Ac) e 5(Ao), c(fo) ^ 0, and J(Ao) ^ 0. 

Consider any (F, A) € (5(Ao) satisfying c(F) 7^ 0, and d{A) ^ 0. 

We know f e_supp(P,^), A_ e supp(P,V'), (w,f) > ord(P,w,0), (w,A) > 
ord(P, w, V), and F + A = Ao = f + Aq^ 

Therefore, (cj,f) + (cj, A) = (w,!" + A) = ((D,fo + Aq) = (c:;,fo) + (w, Ao) = 
ord(P, w,(/)) +ord(P, and (ci),F) = ord(P, w, </)), (w,A) = ord(P, w, ■;/')• 

We know f_> f and A > Aq. Since f = f -^A-A = f o-|-Ao_- A ^ f o-^A-A = 
Fo, we know F =_ Fo._Thereforc, A = F A - F = Fq Aq - Fo = Ao- 

Wc conclude F = Fq and A = Ao . 

Wc know {(f , A) e 5(Ao)|c(f ) ^ 0, J(A) ^ 0} = {(f 0, Ao)}, e(Ao) = 
E(f ,A)e5(Ao) c(f )d(A) = c(fo)d(Ao) ^ 0, and Ao € supp(P,(^V)- Therefore, 
ord(P,w,(/>i/') < (w,Ao) = (w,Fo + Ao) = (u), Fo) + (w, Ao) = or:A{P,uj,4i) + 
ord(P, w, V')- 

Wc conclude ord(P, w, (jf)?/)) < ord(P, w,(^) -|- ord(P, w, V') and ovd{P, co , ^ip) = 
ord(P, w, (/>) + ord(P, oj, tp). 

We know that for any (p G A, any ip G A and any a; e map(P, Mq)^) the equality 
ord(P, uj, (pip) — ord(P, w, cp) + ord(P, cj, V') holds. 

Consider any (p G A, any ip G A and any w G map(P, Ro)^- We would like to 
show the equality in(P, uj, (pip) = in(P, co, ^)m{P, co, ip). 

If = or V = 0, then (pip = 0, m{P,uj,(p) = or in(P, w,^) = 0, and 
in(P, w, (pip) = = in(P, w, (p)'m{P, oj , ip) . 

Below we assume (p and V 7^ 0. By 11 we have oid{P,co,^ — 'm{P,uj,(p)) > 
ord(P, w, (/)), ord(P, cj,in(P, a;,(/))) = ord(P, w, </>), ord{P, co , ip — m{P, lo , ip)) > 
OT:d{P, LO , Ip) , ord(P, w,in(P, w,^)) = oid{P, oj , ip) . 

Therefore, ord(P, w, {(p—m{P,uj, (p)){ip—m{P,uj, ip))) = ord(P, w, <^— in(P,a;, ^!>))-|- 
ord(P, a;, -0 — in(P, w, -0)) > ord(P, (/)) + ord(P, a;, -0) = OTd{P, oj , (pijj) , 
ord(P, w, in(P, oj, (p){ip — in(P, w, ip))) = ord(P, w, in(P, w, (pj) + ord(P, w, ip— 
in(P, OJ, Ip)) > ord(P, co, (p) + ord(P, oj, ip) = ord(P, 00, (pip), and ord(P, oj, 
{4> - \n{P,oj,4>))\n{P,oj,iP)) = ord(P,a;,0 - in(P,a;,(j!))) ord(P,a;,in(P,a;,V)) > 
ord(P, OJ, (p) + ord(P, oj, ip) = ord(P, co, (pip). 

Since (pip — in(P, w, (p)m{P, oj , ip) = {^—'m{P,oj, (p)){ip — m{P,oj,ip)) -|-in(P, w, ^) 
{ip — in(P, w, -0)) + {(p — in(P, oj, (p))m{P, oj , ip) , we know ord(P,a;, (pip — in(P, w, ^) 
m{P,oj,ip)) > oid{P,oj,(pip) by 14. 

Take the elements c e map(map(P, Zq), fc), d G map(map(P, Zq), fc) satisfy- 
ing <P = Eren.ap(p,Zo)^(r)nxeP^^^"^ and V = EAemap(p,Zo) ^(^) H.^p 
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We know supp(P,w,<?!)) = {r e map(P, Zo)|c(r) ^ 0, (w,r) = ord(P, w, </>)} ^ 0, 

m(P, ^, 0) = Eresupp(P,.,0) ^(r) H.eP ^"^'"^ ^ 0' ^^^PpI^' ^) = 
{A e niap(P, Zo)M(A) ^ 0, (w, A) = ord(P, w, V)} 0, in(P, c^, ^) = 

We know 

7^ in(P,w,0)in(P,w, V') 

resupp(P,tj,0) xSP A6supp(P,(^,i/') 2:GP 

= E E c(rKA)n-^(^^- 

Aemap(P,Zo) (F, A)esupp(P,a;,0) xsupp(P,a;,i/)) , r+A=A xGP 

Conside any A e supp(P, in(P, a;, (/))in(P, w, -0)). A € map(P, Zq) and we know 

^ c(r)d(A) ^ 0. 

(r,A)Gsupp(P,Lj,0)xsupp(P,i^,i>), r+A=A 

We know that there exist F e supp(P, 0) and A e supp(P, w, ■0) satisfying F + 
A = A. We take F e supp(P, 0) and A e supp(P, w, -0) satisfying F + A = A. 
We know (cl;,F) ord(P, w, 0) and (w,A) = ord(P, w, -0)- Therefore, (w,A) = 
(w, F + A) = (tj, F> + (w, A) = ord(P, w, 0) + ord(P, w, V-) = ord(P, in(P, w, 0)) + 
ord(P, a;,in(P, w, V')) = ord(P, a;, in(P, w, 0)in(P, oj, 0)). 

We know that for any A € supp(P, in(P, w, 0)in(P, w, -0)), (w, A) = ord(P, w, 
in(P, w, 0)in(P, w, -0)), supp(P, in(P, w, 0)in(P, w, V^)) = supp(P, w, in(P, w, 0) 
in(P, w, V')), and in(P, w, in(P, w, 0)in(P, w, ^/;)) = in(P, w, 0)in(P, w, -0)- 

By 11 we conclude in(P, oj, 0-0) = in(P, w, 0)in(P, 0). 

We know that for any G A, any ip £ A and any w G niap(P, Rq)^, the equahty 
in(P, uj, (j)ip) = in(P, w, 0)in(P, to, V') holds. □ 

Recall that we denote the set of all mappings from A" to F by map(X, Y) for any 
sets X and Y. When F is a subset of an abelian group Z with G F, we denote 

map' (AT, y) = {a G map(X, F)|supp(a) is a finite set.}. 

(Section H) 

Note that for any set X and any ring R, the set map(X, R) has the natural 
structure of an i?-module, and map'(X, i?) is an i?-submodule of map(X, P). 
Let R be any ring; let S be any subring of P, and let P be any finite subset of 

P. 

We call P a variable system of R over S, if for any G P there exists uniquely 
an element c G map'(map(P, Zp), S) satisfying 

E c{A)llx^(^\ 

Aemap(P,Zo) xGP 

Any element of a variable system of P over S is called a variable of P over 5'. We 
call P a polynomial ring over 5', if there exists a variable system P of P over S'. 
We call any element in P a polynomial over S, if P is a polynomial ring over S. 

Assume that P is a polynomial ring over 5* and P is a variable system of P 
over 5*. We consider any element G P. We take the unique element c G 
map'(map(P, Zq), S) satisfying = EAemap(p,Zo) ^(^) UxeP ^^''''^ ■ denote 

supp(P, 0) = supp(c) = {A G map(P,Zo)|c(A) 7^ 0} C map(P,Zo), 
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and we call supp(P, 4>) the support of (j) over P. supp(P, 0) is a finite subset of 
map(P, Zq). 

Note that = O<^c = O<^ supp(P, 0) = 0. 

We introduce a symbol ~oo satisfying (— oo) + (— oo) = — oo, (~oo) — — (oo), 
~{~oo) — oo, —oo < oo, oo > — oo, — oo 7^ oo, oo 7^ — oo, — oo < oo, oo > — oo 
and satisfying (— oo) +t = t + (— oo) = — oo, — oo < t, t > — oo, — oo ^ t,t ^ — oo, 
— oo < t, t > — oo for any t G M. 

Putting So{A) = X]a;eP^(^) ^ ^ ^^^y ^ ^ map(P, R), we define an ele- 
ment So e (map(P,Mo)'^|map(P,M))° nmap(P,Z)* C map(P,R)*. The element 
So is equal to the barycenter of the simplicial cone map(P, Eo)^|inap(P, M) over 
map(P,Z)*. (See Definition iJl) 

Let u! e map(P, R)* be any element. We denote 

/max{(w,A)|A e supp(P,0)} if 7^ , 
deg(P,w,0) = < 

I —00 11 cp — U , 

and 

deg(P,0) =deg(P,5o,0). 

We call deg(P, w, 0) e R U {—00} the degree of over P with respect to u, and we 
call deg(P, (/()) S Zo U {—00} the degree of (A over P. 

Lemma 5.2. Lei i? be any ring; let S be any subring of R, and let P be any finite 
subset of R. 

(1) The following two conditions are equivalent: 

(a) P is a variable system of R over S. 

(b) For any ring T such that there exists a ring homomorphism from S to 
T, any ring homomorphism /i : S ^ T and any k e map(P, T), there 
exists uniquely a ring homomorphism A : P — T satisfying A(s) = /i(s) 
for any s €z S and X{x) = k(x) for any x £ P . 

Below, we assume that P is a variable system of R over S and R is a polynomial 
ring over S . 

(2) Let (P, A) be an S-algebra isomorphic to R and let fi : R ^ R be any 
S -isomorphism. 

Then, A : S* — > P is injective, R is a polynomial ring over \{S), and 
fi{P) is a variable system of R over X{S). 

(3) For any variable system P of R over S, tJP = f,P- 

(4) Let X denote the set of all ideals I in R such that the residue ring R/L is 
isomorphic to S as S-algebras. 

For any a G map(P, iS*), the subset {x — a{x)\x G P} of R is a variable 
system of R over S and {x — a(a;)|a: G P}P G 2. 

The mapping from map(P, S) to X sending a G map(P, S) to {x — 
a(x)\x G P}P gI is bijective. 

If S is an integral domain, then I C Spec(P). If S is a field, then X is 
equal to the set of S -valued points Spec(P)(S') on Spec(P). (Section\^) 

(5) Consider any lo G map(P, R)*, any (j) £ R, any ijj £ R and any non-zero 
element a G S — {0}. 

(a) supp(P, (j)) =0 4^ deg(P, w, 0) = -00 4^ (f) = 0. 

(b) supp(P, + -0) C supp(P, (j)) U supp(P, -0) • 
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(c) supp(P, a(j)) C supp(P, (f)). If S is an integral domain, then supp(P, acj)) = 
supp(P». 

(d) supp(P, 0-0) C supp(P, 0) + supp(P, V')- 

(e) deg(P,cj,0 + ■(/;) < max{deg(P, w, 0), deg(P, w, ■0)}- 

(f) deg(P,^,0)=deg(P,w,-0). 

(g) //deg(P,c^,0) ^deg(P,L^», then 

deg(P, uj,(f) + tp) ^ niax{deg(P, w, 0), deg(P, uj, V^)}. 

(h) deg{P, UJ , a(f)) < deg(P, a;,0). If S is an integral domain, then 
deg{P,uj,a(j)) = deg(P,a;,0). 

(i) deg(P, UJ, (jyi}}) < deg(P, uj, 0) + deg(P, uj, ip). If S is an integral domain, 
then deg(P, w, 0V) = deg(P, uj,(j)) + deg(P, w, V') • 

(6) R is an integral domain, if and only if, S is an integral domain. 

If these equivalent conditions are satisfied, then — . 

(7) R is noetherian, if and only if, S is noetherian. 

Below, furthermore, we assume that S is a field. 

(8) R is a noetherian integral domain, dimi? = jjP. 

Let K denote the quotient field of R. Let l : R K denote the canonical 
homomorphism. The homomorphism l is an infective ring homomorphism. Using 
i, we regard R as a subring of K. 

(9) PR G Spec(i?) and the local ring RpR of R at PR is defined. 

The ring RpR is a subring of K , it is a regular local ring, it contains S 
and R as suhrings, the residue field Rpp/ M{Rpr) is isomorphic to S as 
S-algebras, and P is a parameter system of Rpp. 

(10) map(P,Ro)^|map(P,R) Cmap(P,M)*. 

(11) ord(P,a;,0) = -deg(P, for any uj G map(P Ro)^|map(P, M) and 
any (f) d R. 

(12) Consider any uj G map(P, Mo)^|nia'P(^i 1K-) ^.i^d, any (j) Cz R. 

Ifcjj^G, then ord(P, w, 0) < deg(P, w,0) . 

ord(P, UJ, (p) = deg(P, uj, (jj), if and only if, (j) and cj) = in(P, uj, (j)). 

Let R be any ring and let S be any subring of R. Assume that P is a polynomial 
ring over S. 

If n G Zq and there exists a variable system P of R over S with ?i = jJP G Zq, 
then we say that P is a polynomial ring over S with n variables. By the claim 3 
of the above lemma, if n G Zq and P is a polynomial ring over S with n variables, 
then n = t|P for any variable system P of R over S. 

6. Basic theory of convex sets 

In this section to develop the theory of torus embeddings we begin the study of 
convex sets. The theory of convex sets will be applied to the proof of our main 
theorem, Therem l4.1l in Section [20l 

Let V be any finite dimensional vector space over M. 

In Section [2] we defined eight mappings 

conv, affi, cone, convcone, vect, Q-vect, clos, stab : 2^ — >■ 2^. 
Lemma 6.1. Let X be any subset ofV. 
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(1) 

coiiv(0) =affi(0) = clos(0) = 0, 

cone(0) =convcone(0) = vect(0) = Q-vect(0) = {0}, 

stab(0) =V. 

(2) 

conv(X) ={a G V\a = X{x)x for some A G map'(X, Mq) 

a:Gsupp(A) 
a;£supp(A) 

affi(X) ={a G V\a = A(x)a: /or some A G niap'(X, R) mi/i 

xGsupp(A) 
xGsupp(A) 



cone(X) = 



{a G V\a = Xx for some A e Mq and some x e X} if X 
{0} */X = 0, 

convcone(X) ={a G y|a = ^ A(x)a; for some A G map'(X, Rq)}? 

a;Gsupp(A) 

vect(X) —{a G y|a — A(x)x /or 5ome A G map'(X, M)}, 

xGsupp(A) 

Q-vect(X) ={a &V\a= E /^^^ ^ map'(X, Q)}. 

xGsupp(A) 

(3) If X is a finite set, then we have convcone(X) = Y^^ex'^ox, vect(X) = 
jZ^^x ^x, and Q-vect(X) = ^^^^ Qx. 

(4) For any finite dimensional vector space W over R and any hom,om,orphism 
TT : V ^ W of vector spaces over M, we have 7r(conv(X)) = conv(7r(X)), 
7r(afR(X)) = afR(7r(X)), 7r(cone(X)) = cone(7r(X)), 7r(convcone(X)) = 
convcone(7r(X)), 7r(vcct(X)) = vcct(7r(X)), and n{Q-vcct{X)) = Q-vcct(7r(X)). 

(5) For any a GV, we have conv(X + {a}) = conv(X) + {a}, affi(X + {a}) = 
affi(X) + {a}. 

(6) 

X C conv(X) C affi(X) C vect(X), 
X U {0} C cone(X) c convcone(X) c vect(X), 
conv(X) C convcone(X), 
X U {0} C Q-vect(X) c vect(X), 
X c clos(X). 

(7) For any subset Y ofV with X C Y , we have conv(X) C conv(F), af5(X) C 
afR(Y'), cone(X) C cone(y), convcone(X) C convcone(y), vect(X) C 
vect(F), Q-vect(X) c Q-vect(y), and clos(X) c clos(y). 

(8) conv(conv(X)) = conv(X), affi(affi(X)) = affi(X), cone(cone(X)) = cone(X), 
convcone(convcone(X)) = convcone(X), vect(vect(X)) = vect(X), 
Q-vect(Q-vect(X)) = Q-vect(X), and clos(clos(X)) = clos(X). 
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(9) 

vect(conv(X)) =conv(vect(X)) — vect{X), 

vect(affi(X)) ==:affi(vect(X)) = vect(X), 
vect(cone(X)) =conG(vcct(X)) =vcct{X), 
vect(convcone(X)) =convcone(vect(X)) — vect(X). 

(10) 

convcone(conv(X)) =conv(convcone(X)) = convcone(X), 
convcone(cone(X)) =cone(convcone(X)) — convcone(X). 
cone(conv(X)) =conv(cone(X)) = convcone(X), 
convcone(affi(X)) = cone(afS(X)) CafE.(convcone(X)) ~ afS(cone(X)) = vect(X), 

(11) affi(conv(X)) = conv(affi(X)) = affi(X). 
(12) 

clos(affi(X)) =affi(clos(X)) = affi(X), 
clos(Q-vect(X)) =clos(vect(X)) = vect(clos(X)) = vect(X), 
clos(conv(X)) =conv(clos(conv(X))), 
clos(cone(X)) =cone(clos(cone(X))), 
clos(convcone(X)) =convcone(clos(convcone(X))). 

Lemma 6.2. Let X and Y be any subsets of V . 

(1) conv(X) + conv(y) = conv(X + Y). 

(2) affi(X) + affi(r) = affi(X + Y). 

(3) cone(X U F) C cone(X) + cone(r) C conv(cone(X U F)). 

(4) convcone(X) + convcone(y) = convcone(X U Y). 

(5) vect(X) + vect(r) = vect{X U Y). 

(6) For any finite dimensional vector space W over M and any homomorphism 
■n :V ^ W of vector spaces over R, we have t^{X) + 7r(K) = ■k{X + Y). 

In Section [2] we defined concepts of segments, lines, convex sets, affine spaces, 
cones, convex cones, vector spaces, vector spaces over Q, and closed subsets. 

Lemma 6.3. Let S be any non-empty subset of V . 

(1) The following three conditions are equivalent; 

(a) S is convex. 

(b) 5Dconv(S'). 

(c) S — conv(X) for some non-empty subset X of V . 

(2) If S is convex, then clos(5) is also convex, and affi(5) = affi(clos(S')). 

(3) The following three conditions are equivalent; 

(a) S is an affine space. 

(b) S-D affi(S'). 

(c) S = affi(X) for some non-empty subset X of V . 

(4) The following three conditions are equivalent; 

(a) S is an affine space containing 0. 

(b) S is an affine space with S = stab(5). 

(c) S is a vector space. 
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(5) Assume that S is an affine space. Then, stab(5') is a vector space, and for 
any x £ S we ha,ve S = stab(S') + {a;} and stab(S') = S + {—x}. 

(6) Any affine space is closed and convex. 

(7) e stab(S') c stab(affi(5)) C vect(S'). stab(5') + stab(S') = stab(S'). 

(8) The following three conditions are equivalent; 

(a) S is a cone. 

(b) SZ)cone{S). 

(c) S = cone(X) for some non-empty subset X of V . 

(9) Any cone contains 0. 

(10) If S is a cone, then 0108(5) is also a cone, andvect(S) = vect(clos(S')). 

(11) The following four conditions are equivalent; 

(a) S is a convex cone. 

(b) S is convex and S is a cone. 

(c) S D convcone(S'). 

(d) S = convcone(X) for some non-empty subset X of V. 

(12) Any convex cone contains 0. 

(13) If S is a convex cone, then 0103(5) is also a convex cone, and vect(S') = 
vect(clos(5)). 

(14) If S is a convex cone, then STi {—S) is the maximal vector space contained 
in S with respect to the inclusion relation. 

(15) The following three conditions are equivalent; 

(a) S is a vector space. 

(b) S'Dvect(S'). 

(c) S = vect(X) for some non-empty subset X ofV. 

(16) Any vector space contains 0. 

(17) Any vector space is closed, it is an affine space containing 0, and it is a 
convex cone. 

(18) The following three conditions are equivalent; 

(a) S is a vector space over Q. 

(b) SDQ-vect{S). 

(c) S = Q-vect{X) for some non-empty subset X ofV. 

(19) Any vector space over Q contains 0. 

(20) The following three conditions are equivalent; 

(a) S is closed. 

(b) S'Dclos(S'). 

(c) S = clos(X) for some non-empty subset X of V. 

Lemma 6.4. Let S and T be any subsets ofV. 

(1) // S and T are convex, then S -\-T is convex. If S and T are convex and 
SnT then SnT is convex. 

(2) // S and T are affine spaces, then S + T is an affine space. If S and T are 
affine spaces and S r\T then S DT is an affine space. 

(3) // S and T are cones, then S -\-T and S flT are cones. 

(4) // S and T are convex cones, then S -\-T and S (IT are convex cones. 

(5) // S and T are vector spaces, then S -\-T and SnT are vector spaces. 

(6) If S and T are vector spaces over Q, then S-\-T and SdT are vector spaces 
over Q. 

(7) If S and T are closed, then S (IT is closed. 
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For any vector space S over M of the dimension dim 5* of S over M is defined, 
dim S" e Zq and < dim S < dim V. 

Definition 6.5. For any affine space S of V, we define 

dimS" — dimstab(S') e Zq, 

and we call dim S the dimension of S. 

Lemma 6.6. (1) Let S be an affine space ofV. dimS G Zq, and < dimS* < 
dim]/. If S contains 0, then the dimension of S as an affine space and the 
dimension of S as a vector space are equal. 
(2) Let S and T he affine spaces of V with S <Z T . We have dimS" < dimT, 
and dim S = dim T if and only if S — T . 

Definition 6.7. Let S be any convex subset of V. We define 

dim = dimaffi(S') £ Zq, 

and we call dim S the dimension of S. 
We define 

aS' = S'nclos(affi(S')-S'), 
S*" = S'-clos(affi(S')-S'), 
we call dS the boundary of S, and we call S° the interior of S. 

Lemma 6.8. (1) Let S be a convex subset ofV. dimS" S Zq, and < dimS" < 
dimy. If S is an affine space, then the dimension of S as a convex set and 
the dimension of S as an affine space are equal. 

(2) For any convex set S ofV, we have dimS* = dimaffi(S') = dimclos(S'). 

(3) Let S and T he convex subsets ofV with S dT. We have dimS" < dimT. 

(4) Let S be a convex subset of V. dS U S° = S. dS f] S° = 0. 5° is a 
non-empty open subset o/affi(S'). If S is closed, then dS is also closed. 

(5) For any convex cone S ofV , we have affi(S') = vect(S'), dimS* = dimvect(S'), 
dS = Sn clos(vect(S') - S), S° = S - clos(vect(S') - S) and S° is a non- 
empty open subset ofvect(S). 

Remark . It does not follow S = T from only the assumptions S G T and dim S = 
dimT for convex subsets S, T oi V. 

In Section[2]we defined concepts of convex polyhedrons, convex polyhedral cones, 
and convex pseudo polyhedrons. 

Lemma 6.9. (1) Any convex polyhedron in V is convex, compact and closed. 

(2) Any convex polyhedral cone in V is a closed convex cone. 

(3) Any convex pseudo polyhedron in V is convex and closed. 

(4) Any vector space in V is a convex polyhedral cone. 

(5) Any affine space in V is a convex pseudo polyhedron. Any convex polyhedral 
cone in V is a convex pseudo polyhedron. Any convex polyhedron in V is a 
convex pseudo polyhedron. 

Proof. 1. We consider any convex polyhedron S in V. We take any non-empty 
finite subset X of with S = conv(X). By Lemma [6. 11 6 we have S = conv(X) D 
X (fj. Therefore, 5^0. By Lemma [6.11 8 we have conv(5') = conv(conv(X)) ~ 
conv(X) = S. By Lemma 16.31 1 we know that S is convex. 
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Let A = {A e map(X, Mo)| J2xex '^('^) ^ which is a compact subset of the 
finite dimensional vector space map(X, M). Putting 7r(A) = J2xex M^)^ ^ ^ fo'" 
any A g map(X, R), we define a homomorphism vr : map(X, R) — >■ y of vector 
spaces over R. By Lemma [01 2 we know 5 — conv(A') = 7r(A). Since A is compact 
and TT is continuous, we know that S is compact and closed. 

2. We consider any convex polyhedral cone S in V. We take any finite subset X of 
V with S = convcone(X). By Lemma [6.11 6 we have S = convcone(X) 3 0. There- 
fore, 5 7^ 0. By Lemma [6.11 8 we have convcone(S') = convcone(convcone(X)) — 
convcone(A") = S. By Lemma 16.31 11 we know that S' is a convex cone. 

Let W — So {—S). By Lemma [6.31 14 we know that W is the maximal vector 
space contained in S. Let tt : V V/W denote the canonical surjective homomor- 
phism of vector spaces to the residue vector space V/W, and a : V/W ^ V he an 
injective homomorphism of vector spaces satisfying 7rcr(x) = x for any x € V/W. 
Putting (j){x) = {x — (T7r(a;), 7r(x)) ^ W x (V/W) for any x G V, we have an iso- 
morphism of vector spaces (j) : V ^ W x (V/W). We have 0(5') = W x Tr{S), 
and Tr{S) n (— 7r(5)) = {0}. Therefore, in order to show that S is closed, it suffice 
to show that 7r(5) is closed, applying the condition tt{S) (— 7r(S')) = {0}. By 
Lemma [6.11 4 we know Tr{S) ~ 7r(convcone(A')) — convcone(7r(A")) and tt{X) is a 
finite subset of V/W. 

We show that Tr{S) is closed. If Tr{S) — {0}, then obviously tt{S) is closed. Below 
we assume tt{S) ^ {0} and denote X = 7i'(X) — {0}. We know that X is a non- 
empty finite subset of V /W , ^ X, and tt{S) = convconc(X) = {x G V/W\x = 
J2xex K^)^ some A e map(X,]Ro)-} by Lemma [611 2. 

For any A £ map(X,Ro), we denote |A| = J2xex ^i^) ^ ^o- For any A G 
map(X,Ro), we have |A| > if and only if A 7^ 0. We denote A = {A G map(X,Ro)| 
|A| = 1}. The set A is a non-empty compact subset of map(X,Ro). For any 
A e map(X,Ro) - {0}, we have A/|A| e A. 

Let a G clos(7r(5')) be any point. If a = 0, then obviously we have a — £ 7r{S). 
Below we assume a 7^ 0. We take an infinite sequence A(i),i G Zq of elements of 
map(X,Ro) satisfying a = limi_>oo J2xgX A(j)(a;)a;. 

Assume that there exists iq G Zq such that A(i) — for any i G Zo with i > iq. 
We have 7^ a = 0, a contradiction. We know that for any iq G Zq there exists 
i G Zo with i > ia and A(i) 7^ 0. 

Below we assume that X{i) 7^ for any i G Zq, replacing X{i),i G Zq by some 
subsequence. We have an infinite sequence X{i)/\X{i)\,i G Zq of elements of A. 

Below we assume that there exists the limit limi_yoo A(«)/|A(z)| G A, replacing 
X{i),i G Zq by some subsequence. We denote A = limi^oo A(i)/|A(«)| G A. We 
know that there exists the limit hmi^oo X]xex('^(*)(^)/I'^(*)l)^ ^ V/W, and 
lim.^oo Ex6x(^(«)(a;)/|A(i)|)a; = J2xex Hx)x. 

We have 




We have two cases, the case where {|A(i)||i G Zq} C Rq is not bounded, and the 
case where {|A(i)||i G Zq} C Kq is bounded. 

We consider the case where {|A(i)||i G Zq} C Rq is not bounded. 
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Below we assume that limi^oo — oo, replacing A(i), i G Zq by some subse- 

quence. We have 

= T ^ IX/-M = \{x)x. 

lim,_,oo|AW| 

Since A € A, there exists x ^ X with A(a;) > 0. We take x ^ X with A(a;) > 0, 
and putting [i{x) = X{x)/\{x) € Kq for any x G X — {i}, we define an element 
fi e map(X — {a;},Mo)- We know that 

x = ~ ^ t^ix)x, 

xex-{x} 

X £ X C convcone(X) = 7r(5), and — J2xex-{x} (-''i^)^ ^ — convcone(X) ~ ~tt{S) 
by Lemma [Q] 2. We conclude x € 7r(5) n (-7r(S')) = {0} and x = 0. On the other 
hand, since x € X ^ 0, we have x ^ 0, which is a contradiction. The case under 
consideration never occurs. 

We consider the case where {|A(i)||i G Zq} C Kq is bounded. 

Below we assume that there exists the limit limi_i.oo |A(i)| G Mq, replacing 
X{i),i G Zq by some subsequence. We have 

a = { hm \X{i)\)X{x)x G convcone(X, Mq) = ^('5'), 
by Lemma 16.11 2. 

We know that clos(7r(S')) C tt{S). By Lemma [6.31 20 we conclude that tt{S) is 
closed, and S is closed. 

3. We consider any convex pseudo polyhedron S in V. We take any finite subsets 
X,Y oi V with 5 = conv(X) + convcone(y) and X ^ %. By Lemma 16.11 6 we 
know convconc(y) 9 and S ~ conv(X) + convcone(y) D conv(X) Z) X ^ %. 
Therefore, S ^ %. By Lemma 16.21 1. Lemma 16.11 8 and Lemma 16.11 10 we have 
conv(S') — conv(conv(X) + convcone(F)) = conv(conv(X)) -|-conv(convcone(y)) = 
conv(X) + convcone(F) = S. By Lemma [6.31 1 we know that S is convex. 

We consider any element a G clos(S'). We take an infinite sequence h{i),i G Zq 
of elements of S with a — linii_i.oo For any i G Zq we take c{i) G conv(X) and 
d{i) G convcone(F) with b{i) = c{i) + d{i). Note that conv(X) is compact by 1. 

Below we assume that there exists the limit limi_j.oo c(i) G conv(X), replacing 
b{i),i G Zq by some subsequence. 

Since d{i) — b{i) — c{i) for any i G Zq, we know that there exists the limit 
liuii^oo d{i) G clos(convcone(y)). 

By 2 we know clos(convcone(y)) = convcone(F). We know that a = limi^oo 
b{i) = limi_).oo(c(«)+(i(i)) — limi„>oo c{i) + limi^oc d{i) G conv(X) -l-convcone(y) = 
S. 

By Lemma 16^ 20 we conclude that clos(S') C S and S is closed. 

4, 5. Easy. □ 

In Section [5] we defined concepts of lattices, dual lattices and simplicial cones. 
By definition we know that there exists a lattice N oiV . Let N be any lattice 
oiV. 

Definition 6.10. Let S be any subset of V . 
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(1) We say that 5 is a rational convex polyhedral cone over N, or a convex 
polyhedral cone S is rational over N, if there exists a finite subset X of 
Q-vect(A'') with S = convcone(X). 

(2) We say that S is a. rational convex pseudo polyhedron over N, or a convex 
pseudo polyhedron 5* is rational over N, if there exist finite subsets X, Y 
of Q-vect(A'') with S = conv(X) + convcone(y) and X ^ 0. 

The dual lattice N* is defined. We have 

N* = {uje V*\{oj,a) e Z for any a e N} c V* , 

by definition. 

Lemma 6.11. (1) N is a submodule of V , N is a free module of finite rank 
over Z with rankA'' = dimF, and vect{N) = V. 

(2) Any basis of N over Z is a basis of <Q-yect{N) over Q, and is a basis of V 
over M. 

(3) For any non-empty finite subset F of N, the following three conditions are 

equivalent: 

(a) F is linearly independent over Z. 

(b) F is linearly independent over Q. 

(c) F is linearly independent over R. 

(4) The dual lattice N* of N is a lattice of the dual vector space V* ofV. The 
dual lattice N** of N* is equal to N. 

(5) A convex polyhedral cone S in V is rational over N , if and only if, S = 
convcone(X) for some finite subset X of N. 

(6) For any vector space SinV the following three conditions are equivalent: 

(a) S is a rational polyhedral cone over N . 

(b) S = vect(X) for some finite subset X of N. 

(c) NnS is a lattice of S. 

(7) For any rational polyhedral cone S over N in V, vect(5) is a rational vector 
space over NinV. 

(8) For any non-empty subset S of V, the following two conditions are equiva- 
lent: 

(a) S is a simplicial cone over NinV and dim S = 1. 

(b) S is a rational convex polyhedral cone over N in V, dim 5 = 1, and 

S^Yect{S). 

(9) A convex pseudo polyhedron SinVis rational over N, if and only if, S = 
conv(X) + convcone(y) for some non-empty finite subset X of Q-vect{N) 
and some finite subset Y of N . 

(10) For any affine space S in V , the following two conditions are equivalent: 

(a) S is a rational convex pseudo polyhedron over N. 

(b) S = {x} + vect(y) for some x G Q-vect{N) and some finite subset Y 
ofN. 

(11) For any rational affine space S over N in V, stab(S') is a rational vector 

space over N in V. 

(12) For any rational convex pseudo polyhedron S over N in V, affi(>S') is a 
rational affine space over NinV. 

We consider any finite dimensional vector space W over K and any homomor- 
phism TT : V ^ W of vector spaces over R. The dual homomorphism n* : W* — >■ V* 
is defined, and is a homomorphism of vector spaces over M. The kernel 7r~^(0) of 
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■K is a vector subspace of V , the image ■n{V) is a vector suhspace of W , the image 
iT*{W*) of IT* is a vector subspace ofV*, and the kernel 7r*^"'^(0) o/ tt* is a vector 
suhspace of W* . 

(13) The following seven conditions are equivalent; 

(a) 7r^"'^(0) is rational over N . 

(b) 7Vn7r-i(0) is a lattice o/7r-i(0). 

(c) 7r(A^) is a lattice of'K{W). 

(d) There exists a lattice QofW satisfying Q n TriV) — tt{N). 

(e) 7T*{W*) is rational over N* . 

(f) N*rnr*(W*) is a lattice ofTT*{W*). 

(g) There exists a lattice Q of W* satisfying tt*{Q) ^ N* D Tr*(W*). 

(14) Assume that equivalent seven conditions in the above 14 hold. For any 
lattice Q of W* satisfying 7r*(Q) = iV* n tt*{W*), Q n 7r*-i(0) is a lattice 
of7T*-\0). 

(15) For any lattice Q ofW, the following two conditions are equivalent: 

(a) Qn7r(y) = tt{N). 

(b) 7r*(Q*) = N*f^'K*{W*). 

(16) For any lattice Q ofW*, the following two conditions are equivalent: 

(a) 7r*(Q) = 7V*n7r*(T4^*). 

(b) Q*r^^l{V) = Ti{N). 

7. Convex cones and convex polyhedral cones 
We study convex cones and convex polyhedral cones. 

Let V be any finite dimensional vector space over R, and let N be any lattice of 

V. 

In Section [2] we defined the dual cone S'^\V of any convex cone S in V . By 
definition 

S^\V = {w e V*\{uj,a) > for any a G 5} C V* , 
for any convex cone S in V . 

Lemma 7.1. Let S be any convex cone in V. 

(1) The dual cone S'^\V of S is a closed convex cone in the dual vector space 
V* ofV. 

(2) Let W be any vector subspace in V with S C W . S is a convex cone in W 
and the dual cone 5*^1 14^ of S in W* is defined. 

Let L : W V denote the inclusion homomorphism. The dual homo- 
morphism l* :V* ^ W* is defined, which is surjective. 
5^1^ = t*-i(5^|W^). 

(3) =clos(5). 

(4) S'^\V'^\V* = S, if and only if S is closed. 
Proof. 1,2. Easy. 

3. We know (cj, a) > for any lo G S'^IV and for any a S clos(S'), and S'^\V'^\V* D 
clos(S'). 

We have to show the opposite inclusion relation. 

We take any positive definite symmetric bilinear form ( , ) : V x V —>■ M., and 
putting \x\ = a/ {x, x) e Ko for any x &V, we define a norm | | : F — ^ Rq. 
We consider any point a £ V — clos(5'). 
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It is easy to show that there exists a point b e clos(S') satisfying \a—b\ = min{|a— 
c\\c e clos(S')}. We take a point b € clos(5') with |a — 6| = min{|a — c||c € clos(5)}. 
Since a ^ clos(S'), we have a — 6 ^ 0, and |a — 6| > 0. 

We consider any point c G clos(S'). Furthermore, we consider any t G R with 
< t < 1 and any u € Kq- Since clos(S') is a convex cone, we have (1 — t)b + 
tuc e clos(S') and |a — 6| < |a — (1 — t)b — tuc\ = \a — b + t{b — uc)\. Therefore, 
|a - 6|2 < \a-b + t{b - ■uc)p = |a - 6p + 2t{a - b,b - uc) + t'^\b - ucp, and 
< 2t{a — b,b — uc) + t^\b — uc\'^ . Since t e M is any element with < t < 1, we 
know < {a — b,b — uc) = {a — b,b) — u{a — b,c). Since u € Mq is any element, we 
know (a — 6, 6) > and (a — b,c) < 0. Furthermore, considering the case c= b,we 
know (a — b,b) < 0. Therefore, we conclude {b — a,b) =0 and (6 — a, c) > for any 
c e clos(S'). 

We take the point uj gV* satisfying (w, x) = {b— a, x) for any x gV. We have 
(w,c) = {b — a,c) > 0. Since c e clos(S') is any point and clos(5) D S, we know 



Since (w,a) = {b-a,a) = {b-a,a-b) + {b-a,b) = -|a-6p + = -|a-6p < 0, 
we conclude a ^ S'^\V'^\V*, and a e F - (S'^|F^|V^*). 

Since a G F - clos(5) is any point, we conclude V - clos(S') CV- {S'^\V'^\V*), 
5V|yv|y* ^ c\os{S), and S'^\V''\V* = clos(5'). 



When we need not refer to V, we also write simply , instead of 5^1^. 

Lemma 7.2. Let S and T be any convex cones in V. 

(1) IfScT, then 5^ D T^. 

(2) Assume that S and T are closed. S CT, if and only if, D . 

(3) (S' + r)^ = S'^nr^. 

(4) Assume that S and T are closed. {S n T)^ = clos(S"^ + T^). 

(5) Assume that S is a vector space. By l : S ^ V we denote the inclusion 
homomorphism. l* : V* ^ S* . 

= {ujG V*\{oj,a) = for any a & S} = l*-^{0) C V* , 

5^ is also a vector space, and A\mS + dim 5^ = dimV. 

(6) vect(5)^ = {—S^). vect(S')^ is the maximal vector space contained in 

with respect to the inclusion relation. 

(7) Assume that S is closed. vect(S"^) = {Sf^{-S))'^ and dim 5^ = dimV - 
dim(5'n(-5)). 

(8) dim 5 + dim 5^ > dim!/. dimS + dim 5^ = dimF, if and only if, S is a 
vector space. 

(9) We denote n = dimV G Zq. Let e : {1,2, ... ,n} — >■ V be any mapping 
such that the image e({l, 2, . . . , n}) of e is a basis of V , and let I, J, K, L 
be any subset of {1,2, ... ,n} such that I U J U K U L = {1,2, ...,n} and 
the intersection of any two of I, J, K, L is empty. We denote the dual basis 
of{e{i)\i G {1,2, ...,n}} by {e^{i)\i G {1,2, . . . ,n}}. We assume 



4. It follows from 3. 



□ 




for any i G {1, 2, . . . , n} and any j G {1,2, ... ,n}. 
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If 

S = l]{0}e(z) + ^Ke(j) + ^ Moe(fc) + ^Mo(-e(£)), 

then 

iG/ jGJ keK £eL 

(10) // 5 is a simplicial cone over N with dim 5* = dim V, then is a simplicial 
cone over N* with dim = dim V* . 

Remark . Assume V = M^, S = {{x,y,z) G V\x > 0,y > 0,z > —2^Jxy) and 
T = {(a;, y, z) G F|x = 0, z > 0}. S and T are closed convex cones in the vector 
space y with dim y = 3. (0, 0, -1) G clos(S' + T) and (0, 0, -1) ^ 5 + T. Therefore 
5 + T is not closed. 

Definition 7.3. Let S be any convex polyhedral cone in V . We consider the dual 

cone 5^ = S'^jV c V* of S. 

(1) For any a; G S'^, we denote 

A(cj,5'|y) = {a; G = 0} C S'. 

When we need not refer to V or to the pair (S", V\ we also write simply 
A(a;,5) or A(a;), instead of A(a;,S'|l/). 

(2) Let F be any subset of S. We say that F is a /ace of S,\iF = A(w, 51^) 
for some w G S"^. 

It is easy to see that any face F of 5 is a closed convex cone, and the 
dimension dim F G Zq of F , the boundary dF of F and the interior F° of 
F are defined. 

(3) By T{S) we denote the set of all faces of S. 

For any i ^1, the set of all faces F with dimF = i is denoted by T{S)i, 
and the set of all faces F with dimF = dim 5 — i is denoted by J^{Sy. 

(4) Let F be any face of S. We denote 

A°{F,S\V) = {w G 5^|F = A{uj,S\V)} c S"^ c V*, 
A{F,S\V) = {w G S'^IF c A{uj,S\V)} c 5^ c V*. 

We call A°(F, S\V) the open /ace cone of F, and we call A(F, S\V) the 
/ace cone of F. 

When we need not refer to V or to the pair {S, V), we also write simply 
A°(F,5') or A°(F), A(F,5) or A(F) respectively, instead of A°(F,S'|y), 
A{F,S\V). 

Proposition 7.4. Let S be any convex polyhedral cone in V, and let X he any finite 
subset ofV with S = convcone(X). We consider the dual cone = S^\V C V* of 
S. For simplicity we denote s = dim 5 G Zq, L = S (1 {—S) C S, i = dimL G Zq, 

(1) We consider any finite dimensional vector space U over M with dim 5 < 
dim U < dim V, any injective homomorphism v : U ^ V of vector spaces 
over M such that S C I'iU), and any subset F of S. The inverse image 
u~^{S) is a convex polyhedral cone in U. The set F is a face of S, if and 
only ifv~^{F) is a face ofu~^{S). 
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(2) We consider any finite dimensional vector space W over R with dim V < 
dim W , any injective homomorphisrn tt : V W of vector spaces over R, 
and any subset F of S. The image 7t{S) is a convex polyhedral cone in W. 
The set F is a face of S, if and only if ^{F) is a face of'K{S). 

{3)e<s. e = s^L^S^S = vect(S'). 

(4) Let F be any face of S. 

(a) F = convcone(X n F) = S n vect{F). vect(F) = vect(X n F). 

(b) F is a convex polyhedral cone in V . 

(c) // S is rational over N, then F is also rational over N. If S is a 
simplicial cone over N, then F is also a simplicial cone over N. 

(d) L = Fn (-F) C F. £< dimF < s. 

(e) Let G he any face of S with G C F. We have dimG < dimf . dimG = 
dimF, if and only if G = F. 

(f) Let G be any subset of F. G is a face of the convex polyhedral cone F, 
if and only if, G is a face of S with G C F. 

(5) Assume i < s. For any face G of S with G ^ S there exists a face F 
of S with dim F = s — 1 and G C F. There exists a face F of S with 
dim F = s — 1 . 

(6) J^{S) is a finite set. S € J^{S)s and J^{S)s = {S}. S contains any face 
of S. L £ J^{S)i and T{S)i — {L}. L is contained in any face of S. 
L = coiivcone(X (1 L) = vect(X n L). For any i £ Zq, J^{S)i ^ $ if and 
only if i < i < s. 

(7) Let F and G be any face of S with F <Z G. We denote f = dimF and g = 
dimG. £ < f < g < s. There exist {s-£+l) of faces F{£), F{£+1), F{s) 
satisfying the following three conditions: 

(a) For any ie {£,£ + I, . . . , s - 1}, F{i) cF(z + l). 

(b) For any i e {£, £ + 1, . . . , s} , dim F{i) = i. 

(c) F{£) = L, F{f ) = F, Fig) = G, F{s) = S. 

(8) Let F be any face of S. 

(a) F = dFU F°. dFr\F° = 0. 

(b) F° = F-^dF = ID-^F = L. 
(c) 

dF= \J G. 

(d) F° is a non-empty open subset ofvect{F). For any a £ F° and for 
any b€ F, conv({a, b}) - {b} c F°. F° is convex. clos(F°) = F. 

(9) Consider any m e Z+ and any mapping F : {1,2, ... ,m} J^{S). The 
intersection njg{i 2 m}F{i) a face of S. 

(10) We consider any two faces F,G of S. F° r\G ^ 0, if and only if, F C G. 
F°nG° ^ 0, if and only if F = G. 

(11) M = A{S) = vect(5)^. 7/5 is rational over N, then M is rational over 
N*. 

(12) Assume £ < s. Let F G ^(5)^ be any element. 

(a) M c A(F). M ^ A{F). 

(b) For any up S A(F) - M we have A{F) = MqWf + M. 

(c) IfS is rational over N, then (A(F) - M) n A/"* ^ 0. 
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(13) Note that £ < s, if and only if, J-{S)^ ^ 0. In case £ < s we take any 
element ujf e A(F) - M for any F e F{SY. 

= convcone({a;F|i^ e HS)^}) + M, S = f] (MoWf)"^ n vect(S'). 

(14) is a convex polyhedral cone in V* . If S is rational over N, then S'^ is 
rational over N* . 

(15) Let F be any face of S. 

(a) A(F) is a face of S'^ . 

(b) A(F) = vect(F)^ n S^. vect(A(i^)) = vect(F)v. 

(c) A°{F) = A{F)°. A(F) = clos(A°(F)). 

(16) For any face F of S, A{F,S\V) is a face of 5^, and dim A(i^, S'|y) = 
diraV - dimF. For any two faces F, G of S with F C G, A(F, S\V) D 
A{G,S\V). 

For any face F of S"" , A{F,S'^\V*) is a face ofS, anddimA{F,S'^\V*) = 
dini_y-dimF. For any two faces F, G of with FcG, A(F, S'^\V*)d 
A{G,S'^\V*). 

The mapping from T{S) to F{S"^) sending F £ J"(S') to A{F, S\V) e 
J^{S^) and the mapping from J^{S^) to F{S) sending F S J^{S^) to 
A{F, 5^1^*) e J^{S) are bijective mappings reversing the inclusion relation 
between T{S) and T{S^), and they are the inverse mappings of each other. 
Furthermore, if F G F{S) and F e J^{S^) correspond to each other by 
them, dim F + dim F = dim V. 

(17) Assume £ < s. Let F e J^{S)e+i be any element. 

{&) LcF. L^ F. 

(b) For any tp & F — L we have F = RotF + L. 

(18) In case £ < s we take any element tp & F — L for any F £ J^{S)e+i. Note 
that £ < s, if and only if, T{S)£+i ^ 0. 

S = convcone{{tF\F G J^{S)i+i}) + L, S"" = f] (Rotp)'^ D vect(5''). 

(19) The family {F°\F € F{S)} of subsets of S gives the equivalence class de- 
comjjosition of S. In other words, the following three conditions hold: 

(a) F° ^<D for any F G J^{S). 

(b) IfFe J^{S), G e T{S), and F°nG° ^ <D, then F° = G°. 
(c) 

S= U F°. 

(20) J^{S) is a convex polyhedral cone decomposition in V , and the support of 
J^{S) is equal to S. In other words, the following four conditions hold: 

(a) J^{S) is a non-empty finite set whose elements are convex polyhedral 

cones in V . 

(b) For any F G F{S) and for any G S F{S), F C\G is a face of F , and 
FnG is a face of G. 

(c) IfFe J^{S) and G is a face of F, then G e J"(5). 
(d) 

S= U F- 
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(21) // S is rational over N , then any F G ^("S") is rational over N . If S is a 
simplicial cone over N , then any F € J^iS) is a simplicial cone over N. 

(22) Consider any finite dimensional vector space W over R and any homomor- 
phism TT : V ^ W of vector spaces over M. The image Tr{S) is a convex 
polyhedral cone in W, and it satisfies 7r(5)° = 7r(S'°). 

Proof. We give proofs only to claims 4, 5, 8, 13 and 15. Other claims follow easily. 
4. Let F be any face of S. We take w € S'^ with F = A{lo) = {x e S\{oj, x) = 0}. 

(a) . We consider any point a G F. a £ F C S = convcone(X) — {J2xex G 
map(X, Mo)}- We take A € map(X, Mo) with a = J2xex ^i^)^- Since X c 
convcone(X) = S and to G 5^, (uj.x) > for any x G X, and {iL>,x) > for 
any x £ X — F. Since J2xex ^) — {^^ ^) — Oi H^) = fo^' x £ X — F. 
We know a = J^xexnF ^{^)^ S convcone(X n F), and F C convcone(X D F). 

Since is a convex cone and F D X F, F — convcone(F) D convcone(X n F). 
We know F — convconc(X n f ), and vect(F) = vect(convcone(X ni^)) = vect(Xn 
F). 

Obviously F C 5" n vect(F). 

We consider any a & S Ci vect(F). a € vect(F) = {Xla;esupp(A) ^ 
map'(F,M)}. We take A e map'(F,M) with a = T,xGsupp{\) H^)^- We have 
{uj,x) = for any x G supp(A) C F. Therefore. {iu,a) = X]a:Gsupp(A) = 

and a G F, since a G 5*. We know F D Sn vect(F) and F = Sn vect{F). 

(b) , (c). They follow from (a). 

(d) . Obviously L = sn (-5) D F n {-F). 

We consider any a & L. Since {a, —a} C L C S and w G , {ui,a) > and 
— (w, a) = (w,— a) > 0. Therefore, (w,a) = and a G F. We know L c F. Since 
L= -Lc -F, we know L C F n (-F) and i = F n (-F) C F. 

Since L C F C S, £ = dimL < dimF < s = dimS'. 

(e) . Let G be any face of S with G C F. We have vect(G) C vect(F) and 
dimG = dimvect(G) < dimF = dimvect(F). 

Assume dimG = dimF. We have dimvect(G) = dimvect(F), and vect(G) = 
vect(F). By (o) we have G = Sn vect(G) = 5 n vect(F) = F. 

Conversely, assume G = F. Obviously, we have dim G = dim F. 
(/). Let G be any face of the convex polyhedral cone F. G C F c S. We take 
X e F^ C with G = A(x, F). 

Since X C conv(X) = S*, {(jJ,x) > for any x G X. {lo,x) = 0, if and only if, 
a; G X n F. (w, x) > for any a; G X - F. 

Since X n F C F, (x, x) > for any x G X n F. {x,x) = 0, if and only if, 
X G X n G. (x, x) > for any .t G (X n F) - (X n G). 

We consider any A G R. (x + Aw, x) = (x, x) + A(w, x) for any x G X. For any 
X G XnG, (x,x) = 0,{lj,x) = 0, (x,x) + A(w,x) = 0, For any x G (XnF)-(XnG), 
(X, x) > 0, (w, x) = 0, (x, x) + A(w, x) = (x, x) > 0. For any x G X - F, (x, x) G 
M, (w, x) > 0, (x, x) + A(w, x) > 0, if and only if, A > —{x,x)/{oj,x). 

Note that X — F is a finite set. We take any A G M satisfying 

A>max{— ^^|xGX-F}, 
(w,x) 

if X - F 7^ 0. 

We know that (x + Aw, x) = for any x G X n G, and (x + Aw, x) > for any 
X G X - G. 
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Wc consider any point a G S = convconc(X) = {^xex M(a;)x|/i G niap(X, Rq)}. 
We take any /x € map(X,Ro) with a = J2xex (x + Aa;,a) = J2xex l^i^){x + 

Aw, x) > 0, and if (% + Aw, a) = 0, then ii{x) = for any x G X — G. We know 
X+Aw G 5^. If a € A(x+Aw, S), then a = X]i;exnG G convcone(XnG) = G. 

We know A(x + Aw, S) c G. 

We consider any point a G G. a G G C F C S. a G G = convcone(X n G) = 
exnG G map(X n G, Mq)}- We take any /x G niap(X fi G, Kq) with a — 

J2xGXnGf^i^)^- (x + ^t^^a) = ExGJfnGM(a;)(x + Aw,a:) = 0, and a G A(x + Aw,5). 
We know G C A(x + Aw, S), and G = A(x + Aw, S). 

We know that G is a face of S with G C F. 

Conversely, we consider any face G of S with G C F. Wc take any x & S'^ with 
G = A(x, S). Since S* D F, we have x € 5*^ C i^^. G = G n F = A(x, 5) n F = 
{x G S\{x,x) = 0} nF = {x G F|(x,x) = 0} = A(x,F). 

We know that G is a face of the convex polyhedral cone F. 
5. Assume i < s. We consider any face G of S with G ^ S. 

Assume moreover, that a face F of S satisiying G C F c S and dim F = dim S— 1 
does not exist. We will deduce a contradiction from this assumption. 

Gg{Fg J^{S)\G C F c S,F ^ S} 

We consider any F G T{S) with G C F C S and F ^ S. By 4.(e) we know 
dimG < dimF < s — 1. By assumption we know dimF < s — 2. Put 

6 = max{dimF|F G J^{S),G C FcS,Fj^S}. 

We know dim G < S < s — 2. 

Let F be any face of S with dimF = 6 and G C F C S. Let w G 5^ be any 
element with F = A(w). 

F = convconc(X n F). Since F =^ S, X - F =^ 0. X-Fisa non-empty finite 
set. (w, x) = for any a; G X n F, and (w, x) > for any a; G X — F. 

We denote D^^ = {x G vect(S')|(w, a;) = 0}. D^^ is a vector subspace of vect{S) 
with dim_D^ > s - 1. Take any element xq G X - F ^ (/}. xqGX-FcXcSc 
vect(5) and {ui,xo) > 0. We know that ^ vect(S') and dimD^j = s — 1. 

vect(F) c vect(S'). dimvect(F) = dimF = 5 <s-2. dimvect(S') = s. 

Wc know that there exists a vector subspace E of vect(S') of dimension s — 1 
such that vect(F) C F C vect(S') and E ^ D^. We take a vector subspace E of 
vect(S') of dimension s — 1 such that vect(F) c E c vect(S') and E ^ D^. We take 
XGV* with E = {x G vect(S')|(x,a;) = 0}. Since XnF C F C vect(F) C E = 
{x G vect(S')|(x,a;) = 0}, (x,x) = for any a; G X n F. 

Let 

A = max{--|^^|a; G X - F} gR. 

(w,x) 

For any a; G X — F, {(jJ,x) > 0, A > — (x,x)/(w,x) and (x + Xuj,x) — {Xi^) + 
A(w,x) > 0. There exists x G X - F with (x + Aw,x) = 0. For any x G X f\ F 
ix, x) = 0, (w, x) = 0, and (x + Aw, x) = (x, x) + x) = 0. 
Let 

y ==(XnF)U{a;GX-F|(x + Aw,.T) =0}. 

XnF C y C X and XnF ^ Y. For any a; G X, (x+Aw, a;) > 0, and (x+Aw, x) = 0, 
if and only if, x gY. 

Wc consider any point a G S = {^Zxex ^(2^)2^!/^ ^ map(X, Rq)}- We take 
fjL G map(X, Ro) with a = J2xex Kx)^- We have (x + Aw, a) = J2xex l^ix){x + 
Aw, a;) > 0, and if (x + Aw, a) = 0, then fi{x) = for any a; G X — y. 



NEW IDEAS FOR RESOLUTION OF SINGULARITIES 



49 



We know x + Aw e S*^ and convcone(y) D A(x + Aw, S). 

We consider any point a e convcone(y) = {J2xeY ^ map(F, Mo)}- a S 

convcone(F) c convcone(X) = S. We take ji € map(F, Rq) with a = J2xeY IJ'{x)x. 
We have (x + Aw, a) = X^xev + '^w, a;) = 0, and a e A(x + Aw, S). 

We know convcone(y) C A(x+Aw, S) and convcone(y) = A(x + Aw, 5*) G J-{S). 

Since X r\ F C Y , F = convcone(X n F) C convcone(y). Since F - (X n 
F) C r C convcone(r) and ^ F - (X n F) (/_ F, F 4^ convcone(y). By 
4.(e) we have 8 = dimF < dimconvcone(y), convcone(F) = S, and vect(y) = 
vect(convcone(F)) = vect(5'). 

We consider any a e vect(5') = vect(F) = {Xl^er A*(2;)a;|/(x G map(y, M)}. We 
take ^1 e map(y, R) with a = Y^xeY l^{x)x. (x+Aw, a) = ^^^y Kx){x+^^, x) = 0. 
We know that (x + Aw, a) =0 for any a G vect(S'). 

We consider any point a € D^^. a € D^^ C vect(S') and (w,a) = 0. Therefore 
(X, a) = (x, a) + A(w, a) = (x + a) = 0, and a £ E. 

We know 1?^^ C E. Since dimFlt^ = dimF = s — 1, we know D^^ = F, which 
contradicts ^ E. 

We know tliat there exists a face F oi S with G (Z F C S and dimF = s — 1. 

Assume that A(w) = S for any w e 5^. For any a & S and for any w e we 
have (w, a) = 0. 

We consider any a e S and any x € vect(S'^) = {X](^esupp(A) A(w)w|A G 
map'(5^,]R)}. We take A € map'(5^,]R) with x = Ec.esupp(A) ^(w)^- For any 
w G supp(A) C S*^ we have (w,a) = 0, and (x,a) = Ea;esupp(A) A(w)(w,a) = 0. 

We know that for any a G S and any x € vect(S'^), (Xj^) = and S C 
vect(5^)'^ = L'^'^ = L. Since S' D F, we know that 5 = L and ^ = s by 2, which 
contradicts the assumption i < s. 

We know that there exists w e 5^ with A(w) ^ S. We take u G with 
A(w) 7^ S. Putting G = A(w), we apply the above result. 

We know that there exists a face F of S with dimF = s — 1. 

8. 

(a). It follows from definitions. 
(&), (c). By (a) F° = F <^ aF = 0. 

First, we consider the case F = L. We have F = L = vect(L) = vect(F), and 
dF = Fn clos(vect(F) - F) = F n clos(0) = 0. For any w G F^ = vect(F)^ we 
have A(w) = {a; G F|(w,x) = 0} = F. Therefore, J"(F) = {F}, J^{F) - {F} = 
and UGeJ^(F)-{F}G = % = dF. 

We consider the case F ^ L. By 5 we know T{FY 0, and ^GeT(F)-{F]G = 
^GeJ^ipyG ^ 0. We consider any point a G U(3g_7r(j?)iG. We take G G ^(F)^ 
with a e G, and w G F^ with G = A(w, F). a G G C F, and a G G C vect(G) C 
vect(F). Since dimvect(G) = dimG — dimF— 1 — dimvect(F) — 1, vcct(G) = {a; G 
vect(F)|(w, x) = 0} and F c {a; G vect(F)|(w,a;) > 0}. We know that there exists 
an infinite sequence b{i),i G Zq of elements in vect(F) such that a = limj_>oo b{i) 
and (w, b{i)) < for any i G Zq. We take an infinite sequence b{i), i G Zq of elements 
in vect(F) such that a = limj_,.oo ^(i) and (w, 6(i)) < for any i G Zq. Since 
(w, b{i)) < for any i G Zq and F c {a; G vect(F)|(w, a;) > 0}, b(i) G vect(F)-F for 
any i G Zq. Therefore, a G Fnclos(vect(F)-F) = dF. We know OF D UGeJ^{FyG, 
and OF ^ 0. 

We consider any point a G dF = F fi clos(vect(F) — F). a G F. We take infinite 
sequence a{i), i G Zq of elements of vect(F) — F with a = limj^oo 
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We take any positive definite symmetric bilinear form ( , ) : V x V ^ and 
putting \x\ — \J (x, x) e Rq for any a; € we define a norm | | : F Rq. We know 
limi^oo \a - a(i)\ = 0. 

We consider any i e Zq. We take any point h(i) G F witli \a{i) — h{i)\ ~ 
min{|a(i) — c\\c G F}. By the proof of Lemma 17.11 4. we know \a{i) — b{i)\ > 
0,{b{i)-a{i),bli)) = 0, and {b{i)-a{i),c) > for any c € F. Wetake e V* sucli 
that {uj{i),x) = {b(i) — a(i),x) for any x £V. Since {uj{i),c) — {b{i) — a{i),c) > 
for any c G F, Lj{i) e F^. Since 6(i) e F and = {b{i) - a{i),b{i)) = 0, 

we know b{i) S A(ti;(«),F). 

Now, A{uj{i),F) = {x e F\(uj{i),x) = 0} = {x e F\{b{i) - a{i),x) 0} C 
{x e vect(F)|(6(i) - a{i), x) 0}. Since b{i) e F C vect(F), a{i) € vect(F) - F C 
vect(F), we know b{i) — a{i) € vect(F) and {a; G vect(F)|(&(i) — a{i),x) ~ 0} 
is a vector subspace of vect(F) of codimension one. Therefore dim A(a;(z), F) < 
dim{a; € vect(F)|(6(i) - a{i),x) = 0} = dimF - 1 and A{uj{i),F) ^ F. 

Since a G F, \a{i) - b{i)\ < \a{i) - a\ ^ \a - a(i)|. < |a - < |a - a(i)| + 
\a{i)-b{i)\ < 2\a-a{i)\. 

Now, since limi_j.oo |a — = 0, we know hmj_>.oo |a ~ — ^-^^d a = 

Umi_s.oo &(«). Note that J^(F) is a finite set. Befow we assume that A(a;(i),F) e 
J^{F) — {F} does not depend on i S Zq, replacing i S Zq by some subsequence. 
Put Go = A(w(0), F) e J"(F) - {F}. For any i e Zq we have b{i) G A(a;(i), F) = 
Gq. Therefore a = limi_^oo b{i) G Go C UGgjr(^)_{p'}G. 

We know dF C Ug'6j=-(_f)-{f}G', and dF = UG(zjr(^p^_^pyG. 
(d). By Lemma I014 we know F° 7^ 0. 

We consider any a G F° and any b G F. We would like to show that 
conv({a,fo}) - {b} C F° . If a = 6, then conv({a,&}) - {&} = c F°. Below we 
assume a b. We consider any point c G conv({a, 6}) — {&} and we take t G R such 
that c = ta+ {1 - t)b and < t < 1. 

Since {a, 6} C F and F is convex, c G conv({a, b}) C conv(F) = F. Assume 
c ^ F°. c G aF. We take G G J'(F) with c G G and G 7^ F, and we take u € F'^ 
with G = A(a;,F). We know that c G A(a;,F) and (a;,c) = 0. Since {a,b} C F, 
(w, a) > and (w, 6) > 0. Since a G F°, a ^ dF, a ^ G and (w, a) > 0. We have 
= (cj, c) = (cj, ta + (1 — t)6) = t{uj, a) + (1 — &) > 0, which is a contradiction. 
We know c G F° and conv({a, b}) - {b} C F°. 

Consider any a, 6 G F°. By the above conv({a, 6}) = (conv({a, &}) — {6}) U {&} C 
F°. We know that F° is convex. 

Since F° C F and F is closed, clos(F°) C clos(F) = F. Consider any & G F. We 
take an a G F° 7^ with a ^ b. Since conv({a, b}) ~ {b} C F°, to + (1 - t)b G F° 
for any t G M with < i < 1. Therefore, b = limt^o^a + (1 - t)b e clos(F°). We 
know clos(F°) D F and clos(F°) = F. 

13. In case £ < s we take any element ujp G A(F) — M for any F G 7^(5")^. Note 
that ^ < s, if and only if, F{S)^ ^ 0. 

Consider any F G J^iSY- Since cj^ G A(F) C S*^, we have Rqujp C and 
5 = 5^v C (RoWf)^. 

Since S C vect(S'), we know 



S c Pi (Rqwf)'' nvect(S'). 
FeJP(S')i 
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If ^ = s, then we have S = vect(S') by 2, T{S)^ = by 5, and S = vect(5) = 
npeTisyi^oi^Fy nvectiS). 
Assume 

( Pi {M.QUJFy n vect(S')) -S^(il. 

We will deduce a contradiction from this assumption. 
It follows £ < s and T{S)^ ^ 0. 

Take any a e (ni^gjr(s)i (Rq'^f)^ H vect(S')) - S, and take any b £ S° ^ 9. 
a e vcct(S') - S, b e S° d S d vcct(5) and a ^ b. 

We denote [0, 1] = e M|0 < t < 1}. We know {(1 - t)a + tb\t e [0, 1]} = 
conv({a,6}) C vect(5'). Let / = {t e [0, l]\[l-t)a + tb e 5}. ^ /, 1 G / and / is a 
closed interval contained in [0, 1], since 5 is a closed convex cone. Since b £ S° and 
5'° is an open subset of vect(S'), we know that there exists ti G [0, 1] such that ti ^ 1 
and {t e [0, < i < 1} C /. We know that there exists to € [0, 1] such that 
to^l,to^O and {t e [0, l]|to < i < 1} = /. Let c = {l-to)a+tob e vect(S'). Since 
to€l, ce S. For any i e M with < t < io, t ^ / and (1 - t)a + tb€ vect(S') - S. 
We know c = hmt_^tg_|_(_o) € clos(vect(S') — 5), and c G STl clos(vect(S') — S') = dS. 
By 8 we know that there exists a face Go of 5* satisfying Gq ^ S and c £ Gq. 
We take a face Go of S satisfyingt Go 7^ and c G Gq. By 5 we know that 
there exists Fo e T{Sy with Go C Fq. We take Fo € T{Sy with Go C Fo. 
c e Go C Fq C A{ujfo), since ujfo € A(Fo). We know (w^o, c) = 0. 

Now, since a e ni?g_7r(5)i (RoCli^?)^ n vect(S') C (RoWfo)^i i^Foi^) ^ 0. Since 
be S° d S and e A(Fo) C S'',{ujFo,b) > 0. Since b ^ dS = Ug6.f(S)-{S}G, 
b ^ Fq. Fo C A{ujfo) C S. If A(wi.J = S, then € A{S) = M, which 
contradicts ojfq ^ M. Therefore, A{ujfo) S and dimA(wFo) ^ s — 1 by 4.(e). 
Since dimFo = s — 1, we have Fo = A{ujfo) by 4.(e) and b ^ A{LOFa)- We know 
(uJFoib) > 0. Since < to < 1, we have = (lofo-.c) — {lofq, (1 ^ ^o)a + to&) = 
(1 — to)(wFo, a) + to{u!Fo, b) > 0, which is a contradiction. 

We know {(iFeJ^isyi^o^^FY n vect(S')) - 5 = and 

S= Pi (RoWf)'' nvectlS*). 

By Lemma [7^ 4 and Lemma 15^ 2 we know 

= ( p {RoojfV nYcct{S)y 
Fej^isy 

= clos( ^ Ro^F +vect(S')'') 
= ^ MqWf + vect(S')'' 

= convcone({wF|F e -FIS")^}) + M. 
15. Let F be any face of S. 

(a). Take any a G F°. a e F° C F C 5 = 5^^. Consider any w e A(F, 5). w e S*^, 
a e F C A(a;) and (a;,a) = 0. We know u e A(a,5^) and A(F, S*) C A(a,S'^). 

Consider any uj £ A{a,S^). uj G , {uj,a) = and a e A(a;,S'). Since 
a e F° n A(w,5) 7^ 0, we know F C A(w,5) by 9, w G A(F,5), and A(F,5) D 
A(a,5^). 
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We know A(F) = A{F, S) = A(a, S*^) is a face of S"" . 

(b) . By definition A{F) C S*^. Consider any w S A{F). By definition C A(cj) 
and (aj,a) = for any a £ F. Consider any b e vect(F) = {X]aGsupp(A) G 
niap'(F, M)}. We take any A e niap'(F, R) with b = J2aesupp{\) Ho-)^- 

a e supp(A), a e supp(A) C F and {uj,b) = J2aesupp{\) A(a)(a;,a) — 0. We know 
w g vect(i^)^, and A{F) C vect(i^)^ C 5^. 

Consider any w S vect(F)^ n 5^. w G 5^. Since w e vect(i^)^, {uj,a) = for 
any a S vect(F). Since C vect(F) O S, a E S and (iuj,a) = for any a E F. 
Tfierefore, F C A(a;), lu e A{F), and A(F) D vect(F)^ n 5^. 

We know A(F) = vect(F)^ n S*^. 

Now, A(F) = vect(F)^n5^ = (vect(F) + 5')^ by LemniaOS. We denote W = 
(vect(i^) + S)r] {-{vect{F) + S j). W is a vector subspace of V with vect(i^) C W. 
Consider any a E W. a E vect{F)+S. We take b E vect(F) and c E S with a = b+c. 
-a E W C vect(F) + 5. We take b' E vect(F) and c' E S with -a = 6' + c'. 
= a + (-a) = (6 + &') + (c + c') and c + c' = -{b + b') E S n vect(F) = F. 
We take any w e S*^ with = A(w). (w,c + c') = 0. We have {u,c) > 0, and 
(w,c') > 0. Since (w,c) + (w,c') = {uj,c + c') = 0, we know (w,c) = (i^jc') = 0, 
c e A(iLj) = C vect(i^). Therefore, a = b + c E vect(F), vect(i^) D W and 
vect(i^) = W^. vect(A(F)) = vect((vect(i^) + 5)^) = VK^ = vect(i^)^. 

We know vect(A(F)) = vect(F)^. 

(c) . By (6), dimA(F) = dim vect(A(i^)) = dim vect(i=')'' = dim - dim vect(F) = 
dimF-dimF. Replacing the pair (F, S) by (A(F), S*^), we know A(A(F)) E T{S) 
by (a). By (6), dimA(A(F)) = dim vect(A(A(F))) = dim vect(A(F))^ = dimF- 
dimvect(A(F)) = dimF — dim A(F) = dimF — (dimF — dimF) = dimF. 

Consider any a E F. For any w € A(F), a E F d A{lu), {x,a) = 0, and 
w E A(a). We know A(F) C A(a), and a G A(A(F)). We know F C A{A{F)). 

Since dimF = dim A(A(F)), we know A(A(F)) = F. 

Consider any uj E A°{F). w S 5'^ and F = A(a;). We know uj E A{F). 

Consider any A E J'(A(F)) with A ^ A{F). Assume w € A. We will deduce 
a contradiction from this assumption. Replacing the pair {F,S) by (A, S*^), we 
know A(A) E J^iS) by (a). We denote G — A(A). Furthermore, by (a) we know 
A{G) E ^(5^). 

By (6) we know vect(G) = vect(A)^ and vect(A(G')) = vect(G)^ = vect(A). 
Therefore, dimG = dimvect(G) = dimvect(A)^ = dimt/ — dimvect(A) = diml/ — 
dim A > dimV — dimA(F) = dimF, and dim A(G) — dim vect(A(G)) = dimvect( 
A) = dim A. 

We consider any x G A. For any a E G = A(A), x e A C A(a). Therefore, 
(X,a) = 0, G c A(x), and x e A(G). We know A c A(G). Since dimA(G) = 
dim A, we know uj E A = A(G), and G C A(w) = F. We have dimF < dimG < 
dimF, which is a contradiction. 

We know lu ^ A. cu ^ dA{F) by 8.(c). Therefore, w g A(F) - aA(F) = A(F)°. 

We know A°(F) C A(F)°. 

Consider any uj E A(F)°. Since uj E A(F)° C A(F), F C A(w). Consider any 
a E A{uj). {uj,a) = and a; G A(a) n A(F)° ^ 0. By 10 we know A(F) C A(a) 
and a E A(A(F)) = F. We know F D A(w), F = A(a;) and uj E A°(F). 

We know A°(F) D A(F)°, and A°(F) = A(F)°. 

By 8.(d) we know A(F) = clos(A(F)°) = clos(A°(F)). □ 
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Corollary 7.5. (1) For any convex polyhedral cone S in V , the dual cone S'^ 
is a convex polyhedral cone in V* . If moreover, S is rational over N, then 
S'^ is rational over N* . 

(2) For any convex polyhedral cones S and T inV, S + T and SC\T are convex 
polyhedral cones in V . If moreover, S and T are rational over N, then 
S + T and S (IT are rational over N. 

(3) For any convex polyhedral cones S and T in V, {S + T)^ = r\T^ and 
(S'nT)v = 5^+T^. 

(4) For any convex polyhedral cone S in V, any finite dimensional vector space 
W over M and any homomorphism n : V ^ W of vector spaces over M, 
tt{S) is a convex polyhedral cone in W. If moreover, S and 7r^^(0) are 
rational over N, then 7r{S) is rational over Q for any lattice Q of W with 
7r(7V) = QmTiV). 

(5) For any convex polyhedral cone S in V , any finite dimensional vector space 
U over M and any homomorphism v : U V of vector spaces over R, 
i'~^{S) is a convex polyhedral cone in U. If moreover, S and i^{U) are 
rational over N, then i'~^{S) is rational over K for any lattice K of U 
with v{K) ^ Nniy{U). 

Lemma 7.6. Let m g Z+ be any positive integer, and let S be any mapping from 
the set {1,2,..., m} to the set of all convex polyhedral cones in V. We denote 

s= n s{i)cv. 

ie{l,2,...,m} 

(1) S is a convex polyhedral cone in V. 5^ = X]iG{i 2 m}'^(^)^- V is 
rational over N for any i € {1, 2, ... , m}, then S is rational over N . 

(2) //n,e{i,2,...,m}5(z)° ^ 0, then S° = ni^{i,2,...,m}S{tr . 
Let F be any face of S. 

(3) There exists uniquely a face F{i) of S{i) with F° c F{i)° for any i G 
{1,2,...,™}. 

Below, we assume that F{i) e J^{S{i)) and F° C F{i)° for any i G {1, 2, . . . , m}. 

(4) F cF{i) for anyiG{l,2,...,m}. 
(5) 

F= fl F{i). 

ie{l,2,...,m} 

(6) 

F°= fl F^y. 

ie{l,2,...,m} 

(7) 

vect(F) = Pi vect(F(i)). 

je{l,2,...,m} 

(8) 

A{F,S)= Yl A(F(z),5(z)). 

iG{l,2,...,m} 

Let G{i) he any face of S{i) for any i G {1, 2, . . . , m}. 

(9) The intersection f^ie{i^2,...,m}G{i) is a face of S. 
(10) IfFc G{i) then F{i) c G{i), for any i e {1, 2, . . . , m}. 
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(11) If 

F= fl GW, 

ie{l,2,...,m} 

then F{i) c G{i) for any i G {1,2,..., m} and the following three conditions 
are equivalent: 
(a) 

n ^(^)° ^ 0- 

ie{l,2,...,m} 

(b) F{i) = G(i) for any i e {1, 2, . . . , m}. 
(c) 

^° = fl Giir 

ie{l,2,...,m} 
8. SiMPLICIAL CONES 

We study simplicial cones. 

Let V be any finite dimensional vector space over R, and let N be any lattice of 

V. 

Lemma 8.1. Let S be any simplicial cone over NinV. 

(1) The cone S is a rational polyhedral cone over N inV satisfying Sd {—S) = 
{0}. 

(2) iJ^{S)i = dim 5. < dim5 < dimV. 

(3) The intersection iVn vect(S') is a lattice ofvect^S). S is a simplicial cone 
over N r\vect{S) invect{S). The residue module N/{N r\vect{S)) is a free 
module over Z of finite rank. Ta.nk{N/ {N fl vect(S'))) = dim V — dim S. 

(4) Any face of S is a simplicial cone over N in V. The set {0} is a face of S. 
For any face F of S, J^{F) C J^{S) and F{F)i C 

(5) If dim S = 1, then there exists uniquely an element bg/N of SDN satisfying 
SnN = Zobs/N- 

Definition 8.2. Let S be any simplicial cone over TV in V. 

If dim S = 1, we take the unique element bs/N of SdN satisfying SDN = Zq&s/jv- 
If dim 5 ^ 1, we put 

bs/N = ^E/N eSnN. 

We call bs/N G SdN the bary center of S over A'". When we need not refer to 
N, we also write simply 65, instead of bs/N- 

Lemma 8.3. Let S be any simplicial cone over N in V. 

(1) The set {bslE e J^{S)i} is a basis over Z of the lattice N n vect(5) of 
vect(S'), and it is a basis over M of the vector space vect(6'). 

S = Robs = convcone({6ii;|£; e J^{S)i}), 

s°= 

For any E e T{S)i, E = R^bE- T{S)i = {RobE\E G J^{S)i}. 
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(2) // a basis B over Z of N and a subset C of B satisfies S — convcone(C), 
then tJC = dimS* and C = {bE\E G T{S)i}. 

(3) e 2-^(^)1 and ttJ"(F)i = dimi^^ for any F e ^{8). T{F)i C T{G)i 
for any F e J^{S) and any G G J-{S) satisfying F (Z G. 

Eesx E e J^{S) and dimiEEex E) = ftX for anyX e 2-^(^)^ Esex E C 
J^EeY E for any X G 2^^^'^^ and any Y G 2^^^'^^ satisfying X CY. 

The mapping from J^{S) to 2^'^^^^ sending F € J^{S) to T{F)i e 2^^^^^ 
and the mapping from 2^^^^^ to J^{S) sending X e 2-^('^)i to J^Eex ^ e 
J^{S) are bijective mappings preserving the inclusion relation between J^{S) 
and 2^^^^^ , and they are the inverse mappings of each other. 

Furthermore, if F G J^iS) corresponds to X G 2-^^^^^ by them, then 
dimF = ttX. The element {0} G T(S) corresponds to 9 G 2^^^^^ by them, 
and S G T{S) corresponds to J^{S)i G 2^^^^^ by them. 

(4) For any X G 2-^^^'^^ and any 

{^E)n{^E)= E, 

Eex EeY EexnY 

(E^) + (E^)= E ^- 

Eex EeY EexuY 

(5) For any F G F{S) and any G G F{S) the following claims hold: 

(a) FnGGF{S) andF{FnG)i = F{F)i n F{G)i. 

(b) F + G G F{S) and F{F + G)i = F{F)i U F{G)i. F G F + G and 
G c F+G. IfHG F{S) satisfies F c H andG C H, then F+G C H. 
{F + G)° = F° +G°. 

(c) F n G = {0} and F + G = S, if and only if, J^{F)i n = and 
T{F)^UT{G)i=T{S)i 

Definition 8.4. Let S be any simplicial cone over N in V, and let F be any face 
of S. We denote 

F°P\S= EGFiS), 

Ee^(S)i-^(F)i 

and we call F°p|S' the opposite face of F over S. When we need not refer to S, we 
also write simply F°p, instead of F°p|S'. 

Lemma 8.5. Let S be any simplicial cone over N in V. 

(1) For any face F of S, the following claims hold: 

(a) F°P = F°P\S is a face of S. dimF + dimF°P = dimS'. 

(b) FnF°P = {0} and F + F°p = S. If G G T{S), F n G = {0} and 
F + G = S, thenG = F''P. 

(c) (F°P)°P = F. 

(d) -F(F°P)i = FiS)i-J^{F)i. IfG G J^{S) andT{G)i=T{S)^-T{F)^, 
then G = F°p 

(2) {0}°P = 5. 5°P = {0}. 

(3) For any F G J^{S) and any G G T{S), the following claims hols: 

(a) F C G, if and only if F°p D G°p. 

(b) (FnG)°P =F°P + G°P. 

(c) (F + G)°P =F°PnG°P. 
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(4) Consider any F e T{S) and any G G J^{S) with F d G. F e J^{G), 
i^°P|G = (F°P|5)nG, F°P|5 = (F°P|G) + (G°P|5) and (F°P|G)n(G°P|5) = 
{0}. 

(5) The mapping from F{S) to itself sending F G J^{S) to f °p € J^{S) is a 
bijective mapping reversing the inclusion relation. Its inverse mapping is 
equal to itself. 

Lemma 8.6. (1) For any simplicial cone S over NinV with dim 5 = dim.y, 
the set {6^1-^ G is a basis of N over Z. 

For any basis B of N over 1, convcone(-B) is a simplicial cone over N 
in V with diniconvcone(_B) = dimt^. 

The mapping sending any simplicial cone S over N in V with dim S = 
dimV to {bE\E e F{S)i} and the mapping sending any basis B of N over 
Z to convconc(i?) are bijective mappings between the set of all sim,plicial 
cones S over N in V with dim S — dim V and the set of all bases B of N 
over Z, and they are the inverse mappings of each other. 
Below we consider any simplicial cone S over N in V with dim 5 = dimV. 
Note that {bE\E e F{S)i} is a basis of N over 1, and it is a basis of V owerM. By 
{b^E e F{S)i} we denote the dual basis of {bE\E e F{S)i}, which is a basis of 
V* over M. We assume that for any D e J^{S)\ and any E e J^{S)i 



1 ifD = E, 
ifD^ E. 



(2) The set {b)^\E e F{S)i} is a basis of N* over Z. 

(3) 5^ is a simplicial cove over N* in V* with dim 5^ — dim V* . 

S'^ = convconc({6^|£: e F{S)i}). 

For any Ee F(S)i, Mo6^ e F{S'')i andb^.^l = -^(5^)1 = {Ko^^l 
and {bD\D G .F(5^)i} = {bl\E e HS)i}- 

(4) For any subset X of F{S)i 



Eex Eex 

Eex Eex 
Lemma 8.7. Let S be any simplicial cone over NinV. 

(1) Let W be any finite dimensional vector space over R; let Q be any lattice of 
W, and let T be any simplicial cone over Q in W. dim 5 = dimT, if and 
only if, there exists an isomorphism 4> '■ vect(S') vect(T) of vector spaces 
over R satisfying (j){S) = T and (t>{N n vect(S')) = Qn vect(T). 

(2) bs = bs/N GS°nN. Robs HN = Zq^s- 

(3) Consider any a G SDN with Rod r\N = Zqu. 4>{a) = a for any homomor- 
phism (j) : vect(S') vect(S') of vector spaces over R satisfying (f>{S) = S 
and (t)(N fl vect(S')) = N C\ vect(S'), if and only if, a = or a = bs. 

(4) 65 = <^ dimS = 0. Robs C S. Robs = S <^ Robs is a face of S <^ 
dim 5 < 1 

(5) Assume F e J"(5'),dimF > 1, A G J^{S), and F ^ A. 

(a) A+Ro^F is a simplicial cone over N in V. dim(A+Ro6F) = dim A+1. 
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(b) Robp e TiA + RobF)i. A e ./^(A + ]Ro6f)^ Mo6FnA = {0}. Mq&f = 
A°p|(A + ]Ro6f). A= (Ro6f)°p|(A + Ro&f). 

(c) J-(A) c {A' G J"(S')|F A'}. J-(A) = {A' G J-(A + Ro&f)|Ko'>f 
A'}. {A' + Ro^'fIA' g J^(A)} = {A' G J"(A + Ro&f)|Ro&f C A'}. 

(d) A + MofeF C A + F G J-CS*). (A + Ro6f)° C (A + i^)°, 

(e) If dim F > 2, then A + Robp ^ H^)- If dim F = 1, then A + Rq^f = 
A + F G TiS). 

(6) Assume F e J^{S), dim F > 1, A e T{S), F A, A' £ J^{S), and F <t A' . 

(a) (A + Ro6f) n A' = a n A' g F{A) c F{A + Mq^f)- 

(b) (A + Ro^f) n (A' + Ro6f) (A n A') + Ro6f € T{A + Rq&f)- 

(c) A + Ro^F C A' + Ro6f, if and only if, A C A'. 

(d) A + Ro6f = A' + Ro6f, if and only if, A = A'. 

(7) Assume F G F{S) and dimF > 1. 

(a) I E G F{F)x} is equal to the set of maximal elements in {A G 

T{S)\F ^ A} with respect to the inclusion relation. 

(b) 

S= y (A + Ro6f)= y ((£;°p|5)+Ro6f). 

Ae^(S),Fs2A EeJ^{F)i 

(c) 

S-i y A)= y A°= y (A + Ro6f)°. 

AeJ^iS),Fi^A AgJ^(S),FcA AeJ='(S),F!2A 

(d) IfdimF = 1, then {A + Ro6f|A G J^{S),F ^ A} = {A g J^{S)\F c 
A}. 

9. Convex polyhedral cone decompositions 

We begin the study of convex polyhedral cone decompositions. We define nota- 
tions and concepts to develop our theory. 

Let V be any finite dimensional vector space over R, and let N be any lattice of 
V. Let £ be any finite set whose elements are convex polyhedral cones in V. 

We say that £ is rational over N, if any A G £ is rational over A''. We say that 
£ is simplicial over N, if any A G f is a simplicial cone over N. 

We denote 

|f I = y A c y, 

Aes 

\£\° = y A° c V. 

We call \£\ and \£\° the support of £ and the open support of £ respectively. We 
denote 

^max = {A G £:| If A G and A C A, then A = A} C 
We call any element in £'^^^ a maximal element of £ and we call £'^^^ the set of 
maximal elements of £. 

Note that -7^(A) is a non-empty finite set whose elements are convex polyhedral 
cones in V for any A £ £. We denote 

ff« = y jr(A) c 2^, 
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and we call £^'^ the face closure of £. 
In case f ^ we define 

dimf = niax{dim A|A G £} G Zq, 

and we call dimf the dimension of £. In case £ = we do not define dimf. For 
any i £ Z we denote 

= {A e f I dim A = i}, 

_ U^&£\dimA = dim£-i} if £7^0, 
"[0 iff = 0. 

£i and f ' are subsets of £. 

Consider any subset FofV. We denote 

£\F = {A e £\A cF}c£, 

£/F = {Ae£\ADF}c£. 

Consider any finite dimensional vector space W and any homomorphism tt :V ^ 
W of vector spaces over K. Wc denote 

TT,£ = {^(A)|A g£}c 2^, 

and we call 7r*f the push- down of f by tt. 

Consider any finite dimensional vector space U and any homomorphism u : U ^ 
V of vector spaces over K. We denote 

u*£ = {u-\A)\A €£}C 2^, 
and we call i'*£ the pull-back of £ by v. 

Lemma 9.1. Let £ be any finite set whose elements are convex polyhedral cones in 
V. 

(1) \£\ is a closed subset ofV. If \£\ ^ 0, \£\ is a cone in V. 

(2) \£\° c \£\. clos(|5|°) = \£\. 

(3) f™'"'' C £. (fmax^max ^ £.max ^ |£-max| ^ 

(4) £^'^ is a finite set whose elements are convex polyhedral cones inV. £ C £^'^. 
(ffc)^ = ffc. = \£\. If £ is rational over N in V, then £^'= is also 
rational over N in V . If £ is simplicial over N in V, then £^'^ is also 
simplicial over NinV. 

(5) Consider any finite dimensional vector space W and any homomorphism 
TT : V ^ W of vector spaces over K. The set 7r*£ is a finite set whose 
elements are convex polyhedral cones in W. |7r*f | = 7r(|f |). // £ and 
7r~-^(0) are rational over N, then 'k^£ is rational over Q for any lattice Q 
of W with tt{N) = n tt{V). 

(6) idv*£ = £■ For any finite dimensional vector spaces W, W and any 
homomorphisms -k : V ^ W , ir' : W ^ W of vector spaces over R, 
{tt'tt)^£ = tt'tt^^ . 

(7) Consider any finite dimensional vector space U and any homomorphism 
v : U ^ V of vector spaces over M. The set u*£ is a finite set whose 
elements are convex polyhedral cones in U. \i^*£\ = v~^{\£\). If £ and 
^{U) are rational over N , then i'*£ is rational over K for any lattice K of 
U withv{K) = Nr\v{U). 
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(8) idyS — £. For any finite dimensional vector spaces U, U' and any homo- 
morphisms v : U ^ V , v' : U' ^ U of vector spaces over M, {uu')*£ = 
v'*iy*£. 

(9) Consider any finite dimensional vector spaces W, U and any homomor- 
phisms TT : F — )■ W , v : U ^ V of vector spaces over R. 

f = ^ |£:| = <^ ^ If I <^ If 1° = <^ f '^^'^ = <^ ffc ^ <^ TT^f = 
0<^i/*£: = 0. 

(10) Consider any subset V of £ , any i G Z, any subset F of V, any finite 
dimensional vector spaces W, U and any homomorphisms n : V ^ W, 
u : U ^ V of vector spaces over M. 

|I?| c \£\, \V\° c \£\°, V^<= c Vi c £i, V\F c £\F, V/F c £/F, 
TTtT) c TT*£, and iy*T> c iy*£. 

(11) Let F and G he any subsets ofV. If F D G, i£\F)\G = £\G. If F c G, 
{£/F)/G = £/G. £\F = £4^\£\cF. 

Definition 9.2. (1) Any subset V of 2^ satisfying the following three condi- 
tions is called a convex polyhedral cone decomposition in V. 

(a) The set 2? is a non-empty finite set whose elements are convex poly- 
hedral cones in V. 

(b) For any A £ V and any A e A n A is a face of A, and A n A is a 
face of A. 

(c) For any A gV and any face A of A, A e P. 

(2) We say that 2? is a rational convex polyhedral cone decom,position over N in 
V, if I? is a convex polyhedral cone decomposition in V and V is rational 
over A''. 

(3) Wc say that 2? is a simplicial cone decomposition over N in V ^ if 2? is a 
convex polyhedral cone decomposition in V and V is simplicial over N. 

(4) Let T) be any convex polyhedral cone decomposition in V. We call an 
element L G V the mimimum element of V, if dimL < dim A for any 
A e 2?. 

(5) Let 2? and £ be any finite sets whose elements are convex polyhedral cones 
in V. 

If for any A e 2? there exists A £ £ with A C A, then we say that T> is 
a subdivision of £. 

If 2? is a subdivision off and |2?| = |f |, we say that V is a. full subdivision 
off. 

(6) Let J be any finite set and let f be any mapping from J to the set of all 

finite sets whose elements arc convex polyhedral cones in V. For any ) G J, 
£{j) is a finite set whose elements are convex polyhedral cones in V. We 
denote 

A 

Pi f (j) = {A e 2^|A = njejA(j) for some mapping A : J ^- 2^ 

jeJ 

such that A{j) e £{j) for any j G J} C 2^, 

and we call fljgjf (j) the real intersection of £{j),j € J. 

Note that hjg jf (j) is different from the intersection r\j^j£{j) of£{j),j G 

J. 
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When J = {1, 2, ... , m} for some m G Z+, we also denote 

A 

f(l)hf(2)h---hf(m)= f|f(j). 

(7) Let T) be any convex polyhedral cone decomposition in V; let W be any 
finite dimensional vector space over R; let T be any subset of W\ and let 
(/) : — >■ T be any mapping. 

We say that (f) is piecewise linear, if for any A G V there exists a 
homomorphism 0a : vect(A) W of vector spaces over M such that 
(j){a) = 0A(a) for any a £ A. 

(8) Let 2? be any convex polyhedral cone decomposition in V, and let : |P| — >■ 
M be any picccwisc linear hmction. 

Assume that V is rational over N. We say that 4> is rational over iV, if 
for any A e D, there exists a linear function 0a : vect(A) — >■ M such that 
0(a) = 0A(a) for any o, G A and 0a H vect(A)) C Q. 

Assume that the support I'D] of V is convex. We say that is convex 
over I>, if the following two conditions are satisfied: 

(a) For any a e \V\, any b G \V\ and any f e M with < i < 1, 0((1 - 
t)a + tb) > (1 - 0</'(a) + 

(b) IfaG \V\,bG \V\,teR,0<t< 1 and0((l-i)a + t6) = (l-t)0(a) + 
i0(6), then {a, 6} C A for some AeV. 

Example 9.3. Let S be any convex polyhedral cone in V. J^{S) is a convex 
polyhedral cone decomposition in V. \J^{S)\ = S. If 5 is a simplicial cone over A'' 
in V, then J^{S) is a simplicial cone decomposition over TV in V. 

Lemma 9.4. Let V be any convex polyhedral cone decomposition in V. 

(1) A n A G I? for any AeV and any AeV. 

(2) Consider any A £ V and any A £ V. The following three conditions are 

equivalent: 

(a) A c A. 

(b) A is a face of A. 

(c) A°nA^0. 

(3) Consider any A G V and any A G V. The following three conditions are 
equivalent: 

(a) A = A. 

(b) dim A = dim A and A c A, or dim A = dim A and A D A. 

(c) A°nAV0. 

(4) 2? = Df<= = (pmax^fc^ |p| ^ |p|o ^ |pmax|^ y^^g suppaH \V\ is a closcd 
subset of V. For any subset £ ofV, £^'= = V\\£\ C V. For any A G V, 
J"(A) = {AY'' = V\A c V. 

(5) The family {A°|A G V} of subsets of V gives an equivalence class decom- 
position of\V\, in other words, the following three conditions hold: 

(a) A° 5^ for any AgV. 

(b) // A° n A° ^ 0, then A° = A° for any AgV and any AgV. 
(c) 

\v\ = y A°. 

(6) For any subset £ of V, the following three conditions are equivalent: 
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^max 
•jmax 



(a) £ is a convex polyhedral cone decomposition in V. 

(b) f 7^ and V\A c £ for any Ae£. 

(c) £^ID and £ = 

(7) For any non-empty subset £ of V, £^'^ is a convex polyhedral cone decom- 
position in V. 

(8) Consider any subset F of V. If'D\F ^ 0, then 'D\F is a convex polyhedral 
cone decomposition in V. IfV— iV/F) ^ 0, then V — iV/F) is a convex 
polyhedral cone decomposition in V. 

(9) For any subset X of I'D], the following three conditions are equivalent: 

(a) X is a closed subset of V. 

(b) X is a closed subset of {Vl. 

(c) X n A is a closed subset of A for any A gV. 

(10) For any subset Y of I'D], the following two conditions are equivalent: 

(a) Y is an open subset of |2?|. 

(b) y n A is an open subset of A for any A gV. 

(11) A e pmax^ -J g^iy -j^ open subset of \T>\ for any A gV. 

(12) 2?'"'-''^ D V° ^ 9. D'"^^ = V°, if and only if dim A = dimD for any 

A e 2?«iax_ 

The following four conditions are equivalent: 

(a) dimX> = dim vcctdl?!) and V'^'''' = 2?°. 

(b) dim A = dim vcct(|2?|) for any A € I?" 

(c) vcct(A) = vcctdr*!) for any AgV 

(d) vect(A) = vcct(A) for any A G 2?™'^'' and any A e P"*". 

(13) Consider any L &T>. The following three conditions are equivalent: 

(a) L is the minimum element ofV, in other words, dimL < dim A for 
any A G 2?. 

(b) L C A for any AgV. 

(c) L = An (-A) for any AeV. 

There exists a unique element L G T> satisfying the above three condi- 
tions. 

Below, we assume that L CzV is the minimum elem,ent ofV. 

(14) The minimum element L is a vector subspace over RofV. If A & V and 
A is a vector subspace over M ofV, then A = L. dimi < dimD. 

(15) 2?dimL = {L}- T>i 7^ 0, if and only if, dimL < i < dimX* for any i G Z. 
2?* ^ 0, if and only if,0<i< dim 2? — dimL for any i G Z. 

(16) A + L = A, A° + L = A° and vect(A) + L = vect(A) for any AeV. 

(17) 2? is rational over N, if and only if, one of the following two conditions 
hold: 

(a) dimL = dimD and L is rational over N. 

(b) dim L < dim V and any A G V with dim A = dim L -\- 1 is rational 

over N . 

Below, we consider any finite dimensional vector space W over M and any homo- 
morphism n -.V ^ W of vector spaces over M satisfying 7r~^(0) C L. 

(18) The push-down 7r*D is a convex polyhedral cone decomposition in W, and 
7r*7r,2? = T>. 

(19) For any A G 2?, 7r(A) G n^V. 

For any A G 7r*D, 7r-^(A) G P. 
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The mapping from V to 7r*P sending any A T) to 7r(A) e tt*!? and the 
mapping from 7r*2? to V sending any A € 7r*2? io 7r~-^(A) S V are bijective 
mappings preserving the inclusion relation between V and n^V, and they 
are the inverse mappings of each other. 

Furthermore, if A &T> and A e w^.V correspond to each other by them, 
the following equalities hold: 

(a) dim A = dim A - dim TT-i (0) . 

(b) vect(A) = 7r(vcct(A)), 7r-i(vect(A)) = vect(A). 

(c) A°=7r(A°), 7r-i(A°) == A°. 

(d) TiA) = Tr,T{A), ^* J-(A) = T{A). 

Lemma 9.5. Let £ be any non-empty finite set whose elements are convex polyhe- 
dral cones in V satisfying the following two conditions Z: 

(a) An A is a face of A, and Ad A is a face of A for any A G £ and any 
Ae£. 

(b) A n (-A) = A n (-A) for any A e £ and any Ae£. 

Choosing any element A G £, we put L = Ar\{—A) cV. L does not depend on 
the choice ofAe£. PutV =£^'=. 

(1) V is a convex polyhedral cone decomposition in V. 

(2) Vd£. \V\ = \£\. = f™*^. 

(3) L gV. L is the minimum element ofV. 

(4) If £ is rational over N , then V is rational over N. If £ is simplicial over 
N, then V is a simplicial cone decomposition over N. 

Assume dimV > 2. Let S be any convex polyhedral cone in V with dim 5 = 

dim V ; let m G Zg; let H be any mapping from {1,2,..., m} to the set of all vector 
subspaces of V of codimension one satisfying the following three conditions: 

(c) H{i) 7^ H{j) for any i € {1,2, ...,m} and any j € {l,2,...,m} with 

(d) H{i)nS° ^$ for anyi£ {l,2,...,m}. 

(e) H{i) n H{j) n 5° = for any i€ {1, 2, . . . , m} and any j G {1,2,..., m} 
with j. 

(5) The difference 5° — (Ujg^i 2 m}H{i)) is a non-empty open set ofV. It has 
(m + 1) connected components. The closure of any connected component of 
it is a convex polyhedral cone in V whose dimension is equal to dimV. 

Let £ denote the finite set whose elements are (m + 1) 0/ closures of connected 
components of S° — {[Ji^^i^2,...,m}H{i)). Let V = £^^ , and let L = S (1 {—S) (1 

{<^i€{l,2,...,m}H{i)). 

(6) £ satisfies the above two conditions Z. 

(7) T> is a convex polyhedral cone decom,position in V . dim 2? — dimT^. \T>\ = 
S. P""^'^ = f>^ = £. Lis the miminum element ofV. {A G V^\A° C S°} = 
{H{i) n S\_i e {1, 2, . . . , m}}. = tJ{A G V^\A° c S°} + 1 = m + 1. For 
any A gT> with dim A < dim V — 1, A C dS . If S is rational over N and 
II(i) is rational over N for any i G {1,2,..., m}, then V is rational over 
N. 

Lemma 9.6. Let T>, £ and T be convex polyhedral cone decompositions in V. 
(1) The following three conditions are equivalent: 
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(a) V is a subdivision of E, in other words, for any A G 2? there exists 
A€ £ with A c A. 

(b) For any A gT>, there exists uniquely A G £ with A° C A° . 

(c) \V\ c \£\, andif A^V, K&£ and A°f^^°^^% then A° c A°. 

(2) If T) is a subdivision of £ and £ is a subdivision ofD, then T) = £. 

(3) IfV is a subdivision of£ andV is a subdivision ofT, thenV is a subdivision 
ofF. 

(4) If V is a subdivision of £, then \T>\ C \£\. 

(5) Assume that V is a subdivision of £. For any A & V and any A £ £ the 
following three conditions are equivalent: 

(a) A° c A°. 

(b) A c A, and for any A' G £ with A c A' we have A c A'. 

(c) A° n A V 

(6) IfAeV,A££ and A° c A°, then A c A, and dim A < dim A. 

(7) The following three conditions are equivalent: 

(a) V is a full subdivision of £, in other words, V is a subdivision of £ 
and \V\ = \£\. 

(b) \V\ = \£\ and for any Ag£, A° = Uagi5,a°ca» A°. 

(c) \V\ = \£\ and \V - D"*^] Z) \£ - £'"^'^1. 

(8) Assume that T> is a full subdivision of £ . For any A £ , there exists A S 2? 
with A° cA°. For any A e f there exists A e V'^'''' with A° cA°. 

(9) Assume that V is a full subdivision of£,AG'D, Ag£ and A° c A°. 
A e 2?""''^, if and only if A € £""'"'' and dim A = dim A. dim 2? = dim£. 

(10) IfV is a full subdivision of £, dim£ = dimvect(|f |) and f™^'^ = then 
dimV = dimvectdPI) and D™^'^ = V° 

Lemma 9.7. Let V be any convex polyhedral cone decomposition in V such that 
the support \'D\ of V is a convex polyhedral cone in V. By L £ V we denote the 
minimum element ofV. 

(1) V is a full subdivision ofT{\'D\). 

(2) dimX* = dim|D| = dim vect(|2:»|). = V° . 

(3) For any A € V^^"", A° (l\V\°. 

(4) For any AeV, A(^ d\V\, if and only if A° c 

(5) Consider any A € TQVl). |r'\A| = A. P\A is a full subdivision of F{A). 
dim(2?\A) =dimA. (2?\A)'°'^'^ = {V\Af = {AnA|A G 2?°,dim(AnA) = 
dim A} . 

(6) Consider any A eV. Take the unique A e J"(|2?|) with A° C A° . Then, 
A e I?\A, (D\A)'°^=^/A 9^ 0, A = nAe(i,\A)»»/A^' |P/A|+vect(A) = 
|D| +vect(A) = |D| +vect(A). 

(7) L C |2?| n {-\V\). dimL < dim(|2?| n {-\V\)) < dim\V\. 

(8) Assume dim \T>\ — dimL > 1. Consider any A £ T>^. 

vect(A) c vectdPI), and dimvect(|D|) = dimvect(A) + 1. Let H°' 
and H°" denote two connected components of vectdl^l) — vcct(A). Let 
H' = c\os{H°'), and let H" = c\os{H°"). H' U H" = vect(|P|). H'nH" = 
vect(A). 

We consider the case where A (t dlV]. tt(D°/A) = 2. Let A' and 
A" denote the two elements ofV°/A. {A' + vect(A), A" + vect(A)} = 
{H', H"}, and A' + vect(A) 7^ A" + vect(A). 
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We consider the case where A C d\V\. tl(2?°/A) = 1. Let A' denote the 
unique element ofV°/A. A'+vect(A) = |D|+vect(A). |D|+vect(A) = H' 

or \V\ +vect(A) = H" . 

Lemma 9.8. Let J he any finite set and let £ he any mapping from J to the set 
of all finite sets whose elements are convex polyhedral cones in V . For any j G J, 
£{j) is a finite set whose elements are convex polyhedral cones in V. We consider 
the real intersection r\jej£{j) of £{j),j £ J. By definition 

A 

Pi £{j) = {A e 2^|A = r\j(zjA{j) for some mapping A : J 2^ 
jeJ 

such that A(j) e £{j) for any j € J} c 2^. 

(1) hjgj5(j) is a finite set whose elements are convex polyhedral cones in V. 

(2) r]jfzj£{j) is a subdivision of £{j) for any j G J. 

Let V he any finite set whose elements are convex polyhedral cones in 
V . If V is a subdivision of £{j) for any j e J, then V is a subdivision of 

(3) 

\f]£U)\ = f]\£{j)\. 

(4) If J = %, then rijejf (j) = {V}. HjeJ^ij) = 0, if and only if J ^ 9 and 
£{j) — for some j G J. 

(5) // £{j) is a convex polyhedral cone decomposition for any j G J, then 
r]j(zj£{j) is also a convex polyhedral cone decomposition. 

(6) // £{j) is rational over N for any j G J, then hjgj5(j) is also rational 
over N . 

(7) For any subsets J', J" of J with J' U J" = J and J' n J" = 0, 

n = ( n n ^u))- 

je.J je.J' jeJ" 

(8) For any bijective mapping a : J ^ J 

Lemma 9.9. Let m G Z_|_ be any positive integer, and let T> be any mapping from 
the set {1,2,..., m} to the set of all convex polyhedral cone decompositions in V. 
For any i £ {1,2,..., m}, 'D{i) is a convex polyhedral cone decomposition in V. 
We denote 

A 

t>= Pi 2?(i) c 2^. 

ie{l,2,...,m} 

Let A be any element off). 

(1) There exists uniquely an element A{i) e r>(i) with A° c A{i)° for any 
i e {1,2,. ..,m}. 

Below, we assume that A{i) G 2?(i) and A° c A(i)° for any i G {1,2,..., m}. 

(2) Ac A(i) for any i G {1,2,..., m}. 
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(3) 

A= fl Aii). 



ie{l,2,...,TO} 



(4) 

A° = n A(i)°. 

ie{l,2,...,TO} 

(5) 

vect(A) = Pi vect(A(i)). 

ie{l,2,...,m} 

(6) Consider any subset AofV. A is a face of A, if and only if, there exists 
a mapping A : {1,2,..., m} 2^ such that A = nig{i^2,...,m}-^(^) (w^^^ ^{i) 
is a face of A(i) for any i G {1, 2, . . . , m}. 

Let A{i) be any element ofV{i) for any i G {1, 2, . . . , m}. 

(7) The intersection rijg{i_2,...,m}A(i) is an element off). 

(8) If Ac A(i) then A{i) c A{i), for any i € {1,2, . . . ,m}. 

(9) // 

A= fl Aii), 

ie{l,2,...,m} 

then A{i) c A(i) for any i G {1,2,..., m} and the following three conditions 
are equivalent: 
(a) 

n A(i)V0. 

i6{l,2,...,m} 

(b) A{i) = A{i) for any z S {1, 2, . . . , to}. 
(c) 

A° = fl Aur 

ie{l,2,...,m} 

(10) V is a convex polyhedral cone decomposition in V. = C\ie{i,2,...,m}\'^{i)\- 
IfDii) is rational over N for any i G {1,2,..., to}, then V is rational over 
N. 

(11) V is a subdivision ofVii) for any i e {1, 2, . . . , to}. 

Let £ be any convex polyhedral cone decomposition in V. If £ is a sub- 
division of r>(i) for any i e {1, 2, . . . , to}, then £ is a subdivision off). 

Lemma 9.10. Let T> be any convex polyhedral cone decomposition in V ; let U be 
any finite dimensional vector space over M; and let v : U ^ V be any homomor- 
phism of vector spaces over M. 

The pull back u*T> ofV by u is a convex polyhedral cone decomposition in U. 

10. Convex pseudo polyhedrons 
We study convex pseudo polyhedrons. 

Let V be any finite dimensional vector space over M, and let N be any lattice of 

V. 

Lemma 10.1. Let S be any convex pseudo polyhedron in V, and let X and Y be 
any finite subset of V satisfying S = conv(X) + convcone(y) and X 
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(1) stab(S') = convconc(y). stab(S') is a convex polyhedral cone in V. If S is 
rational over N, then stab(S') is also rational over N. 

(2) vect(stab(S')) C stab(affi(5')). 

(3) The following four conditions are equivalent: 

(a) S is a convex polyhedron. 

(b) S' = conv(X). 

(c) stab(5) = {0}. 

(d) S is corn,pact. 

(4) The following three conditions are equivalent: 

(a) S is a convex polyhedral cone. 

(b) conv(X) n stab(5) n (-stab(6')) ^ and conv(X) c stab(5). 

(c) S' = stab(,S). 

(5) We consider the dual vector space V* of V and the dual cone stab(S')^ = 
stab(S')^|y C V* of stah{S). 

For any uj € V* , the following three conditions are equivalent: 

(a) Lu e stab(5)^. 

(b) There exists the minimum element min{(a;, a;)|a; e S} of the subset 
{{u;,x)\ 

x€S} ofR. 

(c) The subset {{oj,x)\x G S} ofR is bounded below. 

Definition 10.2. Let S be any convex pseudo polyhedron in V. We consider the 

dual cone stab(S')'' = stab(S')^|y C V* of stab(S'). 

(1) For any w G stab(5')^, we denote 

OTd{uj,S\V) ^min{{uj,x)\x G 5} G R 
A(oj,S\V) ={xeS\{iJ,x) =ord{oj,S\V)} C S. 

When we need not refer to V or to the pair [S, V), we also write simply 
ord(w, 5) or ord(w), A{cj,S) or A{co) respectively, instead of OTd{co, S\V), 
A{uj,S\V). 

(2) Let F be any subset of S. We say that is a face of 5, if F = A(w, S\V) 
for some oo G stab(5)^. 

It is easy to sec that any face F of 5* is a closed convex subset of V, and 
the dimension dimF G Zq of F, the boundary dF of F, and the interior 
F° of F are defined. 

Any face F of S with dim _F = is called a vertex of S. Any vertex of S 
is a subset of S with only one element. Any face F of S with dimF = 1 is 
called an edge of S. 

(3) By J^iS) we denote the set of all faces of S. 

For any i G Z, the set of all faces F with dimF = i is denoted by J^{S)i, 
and the set of all faces F with dimF = dim 5 — i is denoted by J^{Sy. 

(4) Let e = dim(stab(S') n (-stab(5))) G Zq. We denote 

c{S) =i:F{S)i G Zo, 
V(5)= U FcS, 

we call c{S) the characteristic number of S, and we call V{S) the skeleton 
of S. We call any face F of S with dim F = £ a minimal face of S. 
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(5) Let F be any face of S. We denote 

I^°{F,S\V) ={lo G stab(S')''|F = /^{uj,S\V)} C stab(S')'' C V* , 

A(F,S'|y) ={w e stab(5)^|J^ C A(a;,S'|y)} C stabCS")^ C V*. 

We call A°(F, S\V) the open /ace cone of F, and we call /^{F, S\V) the 
/ace cone of F . 

When we need not refer to V or to the pair (5, V) , we also write simply 
A°{F,S) or A°{F), A{F,S) or A(F) respectively, instead of A°(F,S'|y), 

A{F,S\V). 

(6) We denote 

PCS-IF) = {A{F,S\V)\F e J"(5)} c 2^*'-^'^(^'')" c 2^*, 

and we call I?(5|V") the /ace cone decomposition of 5. 

When we need not refer to V, we also write simply ^{S), instead of 
V{S\V). 

Let W be any finite dimensional vector space over R containing as a vector 
subspace over R with dim W = dim V + 1, and let z G T4^ — V be any point. 

Let w : V ^ W denote the inclusion homomorphism. Putting 7r'(f) = tz € W 
for any t e M we define an injective homomorphism tt' : M — ^ 1^ of vector spaces 
over R. 

For any a G W, choosing the unique pair b G V and t G M. with a = b + tz 
and putting p{a) = b and p'{a) = t we define homomorphisms p : W ^ V and 
p' : W — >■ R of vector spaces over R. 

Putting — G R for any w G R* = Hom]K(R, R), we define an isomor- 
phism t : R* ^ R of vector spaces over R. For any u; S R* and any t we have 
{uj,t) — i{ijj)t. Below, using this isomorphism l we identify R* with R. For any 
f G R = R* and any n € R we have (t, u) = tu. 

We have eight homomorphisms of vector spaces over R. 

TT : V ^W, tt' :R^W, 

p: W^V, p' -.W^R, 

TT* : W* ^ V*, tt'* : T4^* ^ R, 

p* : V*^W*, p'* -.R^W*. 

Four homomorphisms tt, tt', p*, p'* are injective. The other four p, p', tt*, tt'* are 
surjective. We denote H = V + Rqz C W and C = p'*(l) G W*. 

Lemma 10.3. (1) p7r = idy, p'n' = ids, irp + n'p' = idw, V = tt{V) = 

p'-i(O), Rz = 7r'(R) = p-i(O), 7r'(l) = z. For any x€W, p'{x) = (C,x). 

(2) 7r*p* = idy., tt'*p'* = ida, p*n* + p'*n'* = idw, {^z^ = p*{V*) = 
7r'*-i(0), ^ j^^ ^ ^ 7r*-i(0). For any ^ G W*, 7r'*(C) = {^,z). 

(C,^) = 1- 

(3) N + Zx is a lattice of W. H is a rational convex polyhedral cone over 
N + Zx in W. dimfl- = dimW^ = dimV + 1. H = {x e W\p'{x) > 0}. 
W = HU i-H) = vect{H) = vect(-F). V = Hn {-H) = dH = d{-H). 
z€H° = V + R+z = {x€ W\p'{x) > 0}. 

(4) {N + Zz)* = p*{N*) + ZC is a simplicial cone over {N + Zz)* in 
W* with dimF^ = 1. H"" f^ {N + Zz)* = ZqC- H"^ = RoC- = H"" \J 
(-ijv) ^ vect(i?^) = vect(-i?^). {0} = i?^ n {-H^) = dH^ = d{-H'^). 

-fl-^ = {-ny. 
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Putting (7(a) = p{a) / p'{a) G V for any a G H°, we define a mapping a : H° — >• V. 
Ifae H°,beV,teRaiida = b + tz, then i > and a{a) = b/t. 



Lemma 10.4. (1) a is surjective. For any a G H°, {cr(a) + z} = (M+a) fl 
(V + {z}) = (Ra) n{V + {z}) and a-'^{a{a)) = R+a. For any b e V, 
a-\b) = R+{b + z). 

(2) Consider any convex polyhedral cone A in W satisfying A c H and A n 

H° 7^ and any finite subset Z of H satisfying A = convcone(^). 

(a) cr(A n H°) = conv(o-(Z n H°)) + convcone(Z n V). 
a{A n H°) is a convex pseudo polyhedral cone in V. 

If A is rational over N + Zz, then (t(A H H°) is rational over N. 
dimA = dimcr(Ani?°) + 1. AnV = stah{a{An H°)). 

(b) AnH° =a-\aiAnH°)). A = clos(o--^(o-(A n 

(3) Consider any convex pseudo polyhedron S in V and any finite subsets X, 
YofV satisfying S = conv(X) + convcone(y) and X ^ 0. 

(a) clos{a-^{S)) = convcone((X + {z}) U Y). 

c1os(ct~"'^(S')) is a convex polyhedral cone in W. c\os{a~^{S)) C H. 

c\os{a-\S)) n H° ^ 0. clos(a-i(S')) n ^ = sta^^). 

If S is rational over N, then clos(f7~^(S')) is rational over N + Zz. 

(b) clos(cr-i(5)) nH° = a'^{S). a{c\os{a-^ls)) n H°) = S. 

(4) For any subsets A, A of H satisfying An H° ^ 0, An H° ^ and A C A, 
a{AnH°) c a{AnH°). 

For any non-empty subsets S,TofV satisfying S CT, clos(cr~^(S')) C 
clos(c7-^(r)). 

For any non-empty closed subsets S,TofV,SnT = %, if and only if, 

clos(cr-i(5)) n clos((T-i(T)) nH° = %. 

(5) For any convex polyhedral cone A inW satisfying A C H and AnH° ^ 0, 
a{A n 11°) is a convex pseudo polyhedron in V. 

For any convex pseudo polyhedron S in V , c\os{a~^{Sy) is a convex 
polyhedral cone in W, c\os{a~^{S)) C H and c\os{a^^{S)) nif° ^ 0. 

The mapping sending any convex polyhedral cone A inW satisfying A c 
H and A H 11° ^ to cr(A H 11°) and, the mapping sending any convex 
pseudo polyhedron S inV to c\os{a~^{S)) are bijective mappings preserving 
the inclusion relation between the set of all convex plyhedral cones A in 
W satisfying A G H and A H 11° ^ and the set of all convex pseudo 
polyhedrons in V , and they are the inverse mappings of each other. 

Furthermore, if a convex polyhedral cone A inW satisfying A c H and 
A n 11° ^ and a convex pseudo polyhedron S in V correspond to each 
other by them, then A = c\os{a~^{S)), S = a{A fl H°) and the following 
claims holds: 
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A is rational over N + TLz, if and only if, S is rational over N. 
dim A > 1. 
dim A = dim5 + 1. 
AnV = stab(S'). 

Ar\H° = <j-^{S). 

An (y + {z}) = s + {z}. 

vect(A) n{V + {z}) = affi(5) + {z}. 

voct(A)nF° = <T-\'Am{s)). 

a{vcct{A)nH°) = am{S). 

vect(A) = vect(affi(S') + {z}). 
dAn H° =a-\dS). 
A°=a-\S°). 
a{A°) = S°. 

Corollary 10.5. Consider any convex pseudo polyhedrons S , T in V . 

If SC\T then SC\T is a convex pseudo polyhedron in V and stab(5' fl T) = 
stab(5') nstab(T). 

// S and T are rational over N and Sf\T^$, then S (IT is also rational over 

N. 

If S and T are convex polyhedrons and Sf\T^$, then S (IT is also a convex 
polyhedron. 

If S and T are convex polyhedral cones, then S DT is also a convex polyhedral 
cone. 

Proposition 10.6. Let A be any convex polyhedral cone A inW satisfying A c H 
and An H° ^ ID. We denote 

L = An(-A)c A, 

£ = dimi e Zo, 

S = a{AnH°) c V, 

= H^\W C W*, 

A^ = A^|Wc W^*, 

a_A^ = {w e A^|({aj} + vect(fl'^)) n A^ c {to} + H''} c A^, 

jr(A), = {A e J^(A)|A n ifV 0} c J^{A), 

7-(A^)* = jr(A^)\a_A^ c jr(A^). 

(1) L = (AnV)n(-(Any)) = stab(S')n(-stab(5)) CV. Le J"(A)- J-(A),. 
A e J-(A), 9^ 0. //AG J"(A),, r G J-(A) and AcT, then T G J"(A),. 
For any A G .F(A)* there exists F G .F(A)* such that A D T and dimF = 
£ + 1. 

(2) J?^ c A^. -ifv A^. Av+7r*-i(0) = {AnVy\W = 7r*-i((Any)^|F). 
7r*(AV) = (A n V)^\V = stah{Sy\V. 

(3) 7^ 5_A^ c A^ = a_AV + i/^. 7r*(5_A^) = stab(5)^|y. The mapping 
TT* : 3_A^ -J> stab{Sy\V induced by n* is bijective. 

(4) For any face A of A the following three conditions are equivalent: 
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(a) Ae^(A)*. 

(b) A(A,A|T4^) e J-(A^)*. 

(c) A°(A,A|M/)n5_A^ 7^0. 

(5) |^(A^)*| = a_AV. A^ n (-A^) e ^(A^)* ^ 0. dim^(A^)* = dimA^ - 
1 =dimstab(S')^ =d\mV -t. (J-(AV)*)'^'^^ = (J-(AV)*)0. 

(6) For any co € 9_A^ i/ie following claims hold: 

(a) A(u;,A|W^) e J"(A),. 

(b) OTd{TT*{u;),S\V) = -{u;,z). 

(c) A(w, A|VK) nH° = cr"i(A(7r*(a;), S'| V)). 

(d) tT(A(w, A|VK) ni/°) = A(7r*(w),S'|V). 

(7) For any Ae T{A),., a{An H°) e T{S). 

For any F e T^S), c\os{a-^{F)) e J"(A)*. 

T/ie mapping from J"(A)* io sending A e J"(A)* to cr(A n G 

7^(5) anrf the mapping from T{S) to^(A)* sending F e to clos(cr~^(F)) e 
^(A), are bijective mappings preserving the inclusion relation between T {A) 
and J-{S), and they are the inverse mappings of each other. 

(8) Assume A G J"(A)*, F G T{S), F = a{AnH°) and A = clos((7-i(F)). 
The following claims hold: 

(a) F is a convex pseudo polyhedron in V. If S is rational over N, then 
F is also rational over N . stab(F) is a face ofstab{S). 

(b) dim A = dimF + 1. 

(c) A°(A, A|W^) c A(A, A|VK) c a.A^. 

(d) A{F,S\V) ='K*{A{A,A\W)). Tr*-\A{F,S\V))nd-A'^ = A{A,A\W). 
A{F,S\V) is a convex polyhedral cone in V* . 

(e) A°iF,S\V) =TT*iA°iA,A\W)). n*-^A°{F,S\V))r\d-A'^ = A°{A,A\W). 
A"^^,^!^) = A{F,S\V)°. 

(f) vect(A(A, A|VK)) n7r*-i(0) = {0}. vect(A(i^, 51^)) = 
7r*(vect(A(A, A|Ty))) = stab(affi(V))^|y. 

(9) For any A* G J"(A^)*, 7r*(A*) eV{S\V). 

For any A* G V{S\V), n*-\A*) n a_ A^ G J"(A^)* . 

The mapping from T{A'^)* toV{S\V) sending A* G J"(A^)* to7r*(A*) G 
V{S\V) and the mapping from V{S\V) to J"(A^)* sending A* G V{S\V) to 
7r*~-^(A*) n d-A^ G T{A^)* are bijective mappings preserving the dimen- 
sion and the inclusion relation between F{A^)* and V{S\V), and they are 
the inverse mappings of each other. 

(10) The face cone decomposition V{S\V) of S in V is a convex polyhedral cone 
decomposition in V* . \V{S\V)\ = siab{SY\V. If S is rational over N, 
then T>{S\V) is rational over N* . 

(11) For any F G J^{S), vect{A{F, S\V)) = stab(affi(i^))^|V and dimF + 
dimA(F, 

S\V) = dimV. 

For any F G J^{S) and G G 7"(S'), F c G, if and only if A{F, S\V) D 
AiG,S\V). 

The mapping from, JP(S') to V{S\V) sending F G T{S) to A{F,S\V) G 
T>{S\V) is a bijective mapping. 

(12) The function ord( ,S\V) : stab(5')^|y ^ ffi sending w G stab(5)^|l/ to 
ovd{id,S\V) G K is a piecewise linear convex function over T>{S\V). 
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If S is rational over N, then this function ord( ,51^) is rational over 
N*. 
(13) Denote 

E{V{S\V),oid{ , S\V)) = {^eW*\^ = p{u!) + tC for some w G \T>(S\V)\ 

and some t G R with t > — ord(w, 

Then, J:{V{S\V),ord{ ,S\V)) = A^, J:{V{S\V),oid{ ,S\V)Y\W* = A, 
and a{{T,{V{S\V), ord( , S\V)y\W*) n H°) = S. 

Proof. We give only the proof of 4. 

Since L C V = {x e W\{C,x) ^ 0}, (C, &) = for any b e L. 

Consider any face F of A with dimF = £ + 1. We take any point er G F — L. 
We have F = Moer + L. Since ereTcAcH = {xe W\{C,x) > 0}, (C, er) > 0. 

We know A = J2reJ'{A)i+i *oer + L. Take any point a € An H° ^ $. a G 
A = J2re:F{A)e+i ^o^r + L. Take any function t : J^(A)^+i — >• Rq and b G L 
with a = Er6^(A),+i ^(r)er + b. Since a € H° = {x € W\{C,x) > 0}, < (C,a) = 
Erej^(A),+i t(X){C, er) + (C, b) = EreJp(A),+i *(r)(C, er)- We know that there exists 
F e/"(A)^+i with (C,er) > 0. 

Consider any face A of A. We know A = X]rGj^(A)«+i\A ^o^r + L- 
(a) => (b). Assume (a). An H° ^ 0. Take any point a e An H°. Since a e 
H° = {x€ W\{C,x) > 0}, (C,a) > 0. a G A = Ere^(A),+AA ^oer + L. Take any 
function t : J"(A)£+i\A — > Mg and 6 G L with a = EreJ='(A)£+i\A ^(^)^r + fo. < 
(C,a) = Ere^(A),+AA^(r)(C,er) + (C,6) = Ere^(A),+AA ^(r)(C, er). We know 
that there exists F e J'(A)£+i\A with (C,er) > 0. We take any F e J'(A)£+i\A 
with (C, er) > 0. 

Note that H"^ = MqC and vect(F) = MC- 

Consider any uj G A(A, A|T/F). er e T C A C A(cj, A|VK). (w, er) = 0. 

Consider any x € {{to} + vect(if)) n A^. Take t G M with x = w + iC. Since x G 
A^ and er G F c A c A, we have < (x, er) = (w + ^C, er) = (w, er) + i(C, er) = 
er). Since (C, er) > 0, we know i > and x = w + e {w} + MqC = + H. 

We know ({w} + vect(i?)) n A^ c {w} + if and w G a.A^. 

We know A(A, A\W) C a_A^ and A(A, A|W) G J"(AV)*. 
(c) ^ (a). Assume (a) does not hold. An H° = Since A C A C iJ, A C 
H - H° = dH = V = {x e W|(C,a) = 0}, and (C,a) = for any a G A. In 
particular, (C, er) = for any F G J"(A)^+i\A. If F G J^(A)£+i and (C, er) > 0, 
then F ^ A. 

Consider any w G A°(A, A|VF). w G A^. Since LcA = A{lo,A\W), {uj,b) = 
for any 6 G L. Consider any F G J"(A)^+i. If F c A, then er G F c A = A(a;, A\W) 
and (w, er) = 0. It is easy to see that if F ^ A, then (oj, er) > 

Consider any t G M. For any & G L we have (w + tC, &) = {i^, b)+t{C, b) = + W = 
0. For any F G J'(A)£+i, (w + tC,er) = (w, er) + t(C, er). cj + tCe A^, if and only 
if, (w, er) + t(C, er) > for any F G T{A)i+i. 

Consider any F G F{A)i,+i. If F C A, then (w,er) + t(C,er) = + W = 0. 
If F ^ A and (C, er) = 0, then (cj, er) + i(C, er) = (w, er) > 0. We consider 
the case F ^ A and (C, er) > 0. We have (w,er) > 0, — (w, er)/(Cj er) < and 
(w,er) +t(C,er) > 0, if and only if, t > — (w, er)/(Ci er)- Put 

to = max{-i^l^|F G (C, er) > 0} G R. 
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to < and a; + <C G A^, if and only if, t > to for any i e M. 

Since vect(i7) = and H = RqC, we know {w + ^Cl^ e R,t > to} = ({w} + 
vect(7J)) n {w} + MoC = {w} + i?, and ^ 9_A^. 

We know A°(A, A|VF) n d-A^ = 0. Claim (c) does not hold. 
(&) ^ (c). Trivial. 

□ 

Lemma 10.7. Denote 

X{V) — the set of all convex pseudo polyhedrons in V, 

Xiy. N) — the set of all rational convex pseudo polyhedrons over N in V, 

y{V) — {(T>, (t>)\'D is a convex polyhedral cone decomposition in V* such that 
the support |2?| ofD is a convex polyhedral cone in V* and there 
exists a piecewise linear convex function |2?| — > R over V, 
4> : \'D\ — > R is a piecewise linear convex function over I?}, 

y{y,N) = {{T>,(j))\'D is a rational convex polyhedral cone decomposition over N* 

in V* such that the support of V is a convex polyhedral cone in 
V* and there exists a piecewise linear function — > R which is 
convex over V and rational over N* , (p : \'D\ — > R is a piecewise 
linear function which is convex over T) and rational over A^*}. 

X{V,N)(lX{V). y{y,N)(iy{V). Putting ^{S) = {V{S\V),OTA{,S\V))(;^y{V) 
for any S Cz X , we define a mapping $ : X{V) — > y{V). $ induces a mapping 

: X{V,N) yiV,N). 

For any (I?, (/)) y we denote 

E{V,(p) = g = p*{ui)+tC for some ui € \V\ and some t £ R 

with t > — (/)(cj)}. 

(1) Consider any {V, (I)) ey{V). 

T.(T>,(f)) is a convex polyhedral cone in W* . C S(2?, (/)). —H^ (t 

T,{V,(l)y\W* is a convex polyhedral cone in W. T,{V,(f>Y\W* C H. 

{^{v,(i)Y\w*)riH° ^0. cr((s(X',0)^|T^*)nff°) e x{v). 

If{V,(t)) €y{V,N), thenE{V,(j)) is rational over {N +Zz)* , J:{V , \W* 
is rational over N + Zz and a{{Y.(V, \W*) H H°) G X{V,N). 

Putting '^{V,(t)) = ct((S(2?,(/))^|VF*) n H°) e X{V) for any (2?, 0) G y{V), we 
define a mapping ^ : y{V) — > X{V). ^ induces a mapping 4'' : y{V,N) — 
X{V,N). 

(2) $ and ^/ are bijective mappings, and they are the inverse mappings of each 
other. 

$' and ^' are bijective mappings, and they are the inverse mappings of 
each other. 

Remark . Assume dimT^ = 3. There exists a rational convex polyhedral cone 
decomposition V over N* in V* such that = V* and there does not exist a 
piecewise linear convex function — > R over V. 
See Fulton [8] page 71. 
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Proposition 10.8. Let S be any convex pseudo polyhedron in V , and let X, Y be 
any finite subsets of V satisfying S = conv(X) + convcone(y) and X ^ (/}. We 
consider the dual cone stab(S')^ = stab(S')^|y C V* ofstab{S). For simplicity we 
denote s = dimS" € Zq, L = stab(S') n (-stab(5')) C stab(S'), i = dimL G Zq. 

(1) We consider any finite dimensional vector space U over R with dim 5 < 
dim U < dim V, any infective homomorphism v : U ^ V of vector spaces 
over M, any point a ^ V such that S C ^{U) + a, and any subset F of S . 
Putting i>{x) = iy{x) + a G V for any x € U we define an infective mapping 
P : U ^ V. S c ^{U). The inverse image y~^{S) is a convex polyhedral 
cone in U. The set F is a face of S, if and only if P~^{F) is a face of 
i?-\S). 

(2) We consider any finite dimensional vector space W over R with dim V < 
dim W , any infective homomorphism n : V ^ W of vector spaces over 
any point b € W and any subset F of S. Putting Tt{x) = Tr{x) + b for any 
X G V we define an infective mapping n : V ^ W. The image 7f(5) is a 
convex polyhedral cone in W. The set F is a face of S, if and only if Tt{F) 
is a face of Tt{S). 

(3) £<s.£ = s^L+{a} = Sfor some aGV^S = affi(5). 

(4) Let F be any face of S . 

(a) F is a convex pseudo polyhedron in V. stab(i^) is a face ofstah{S). 

(b) //we stab(S')^ and F = A{uj, S), then stab(F) = A(w, stab(S')). 

(c) stab(i^) = convcone(ynstab(F)). vcct(stab(^')) = vcct(ynstab(F)). 

(d) F = conv(X nF)+ stah{F) = Sn affi(F). affi(F) = affi(X n F) + 
vect(stab(F)). 

(c) Lf S is rational over N, then F is also rational over N. 

(f) L = stab(F)n(-stab(F)) c stab(F) C vect(stab(F)) C stab(affi(F)). 
e < dimstab(F) < dimF < s. 

(g) Let G be any face of S with G C F. We have dimG < dimF. dimG = 
dimF, if and only if, G = F. 

(h) Let G be any subset of F. G is a face of the convex pseudo polyhedron 
F , if and only if, G is a face of S with G G F. 

(5) Assume £ < s. For any face G of S with G ^ S there exists a face F 
of S with dimF = s — 1 and G C F. There exists a face F of S with 
dim F = s — 1. 

(6) J^{S) is a finite set. S S J^{S)s and J^{S)a = {S}. S contains any face of 
S. For any i G Zq, J^{S)i 9 if and only if i < i < s. The characteristic 
number c{S) of S is equal to ^T{S)e. c{S) is a positive integer. 

(7) L = convcone(y n L) = vect(y n L). 

Any face G ofS with dim G = £ is an affine space in V with stab(G) = L. 

For any face F of S and any face G of S with dim G = £, F D G, if and 
only if FnG^%. 

For any faces F, G of S with dim F = dim G = £, F = G, if and only 
if FnG:^^. 

For any face F of S, there exists a face G of S such that dim G = £ and 
FdG. 

Consider any face G of S withdmiG = £ and any point td G vect(stab(S')^). 
The function {oj, ) : G — >■ M sending x G G to {ui,x) gM. is a constant func- 
tion on G. 
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(8) The skeleton V{S) of S is a non-empty closed subset of S . Any connected 
component ofV{S) is an affine space GinV with stab(G) = L. The set of 
connected components ofV{S) is equal to T{S)£. The number of connected 
components ofV{S) is equal to c{S). 

For any point uj G vect(stab(S')^), the function {ui, ) : V{S) — >■ K sending 
X e V{S) to {uj,x) is constant on each connected component ofV{S), 
and this function has only finite number of values. 

For any face F of S, the intersection F fi V{S) is non-empty and union 
of some connected components ofV{S). 

(9) Let F and G be any face of S with F c G. We denote f = dimF and g = 
dimG. i< f < g < s. There exist of faces F{1), F{1+1), F{s) 
satisfying the following three conditions: 

(a) For any i€ {£,£ + 1, . . . ,s - 1}, F{i) cF(i + l). 

(b) For any i e {£,£ + 1, . . . , s} , dim F{i) = i. 

(c) F{f) = F,F{g)=G,F{s) = S. 

(10) Let F be any face ofS. 

(a) F = dFUF°. 9FnF°=0, 

(b) F° = F ^ OF = $ ^ diuiF = I. 
(c) 

dF= IJ G. 

GeJf(F)-{F} 

(d) F° is a non-empty open subset o/afR(_F). For any a G F° and any 
b€ F conv({a, b}) - {b} C F°. F° is convex. clos(i^°) = F. 

(11) For any face G of S satisfying dimG = i we take any point aa € G. 

(a) S = conv({aG|G € J"(S')4) + stab(S'). 

(b) For any w G vect(stab(S')'^), {{uj,x)\x e V{S)} = 
{{uj,aG)\G&F{S)t}. 

(c) For any uj € stab(S')^, ord(w, S\V) = min{(w, ac:)\G G F{S)i}. 

(d) For any face FofS,F = conv({aG|G G J^{S)i, G C F}) + stab(F). 

(12) Consider any m G Z+ and any mapping F : {1,2, ... ,m} — >■ J^{S). If 
C\ie{i,2 m}Fii) 7^ 0; then the intersection C\ie{i,2....,m}F{i) is a face of S. 

(13) The face cone decomposition V{S\V) of S is a convex polyhedral cone de- 
composition in V*. \V{S\V)\ = stab(S')^. dimV{S\V) = dimstab(5)^ = 
dimV-£. c{S) = p(S'|V)0. If S is rational over N , thenV{S\V) is ratio- 
nal over N* . The minimum element of V{S\V) is A{S,S\V). A°{S,S\V) = 
A(S',S'|y) =stab(affi(5))^|y. dim A(5, 5|y) = dimV - s. 

For any i € Z, V{S\V)i ^ % if and only if dimV - s < i < dimV - I, 
and V{S\Vy ^ if and only ifO<i<s-e. 

(14) Let F be any face of S. 

(a) A{F,S\V)€V{S\V). 

(b) vect(A(^^,S'|y)) =stab(affi(^^))^|y. 

(c) dimF + dimA(F,S'|y) = dimV. 

(d) A°{F,S\V) = A{F,S\V)°. 

(e) A{F,S\V) =clos{A°{F,S\V)). 

(f) A°{F,S\V) c A°(stab(F),stab(S')|y) e J-(stab(5)^). 

(15) For any faces F, G of S, F CG, if and only if A{F, S\V) D A(G, S\V). 

The mapping from J^{S) to V{S\V) sending F e J^{S) to A{F,S\V) € 
'D{S\V) is a bijective mapping reversing the inclusion relation. 
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(16) Consider any two faces F, G of S. The following four conditions are equiv- 
alent: 

(a) FCG. 

(b) F° 007^0. 

(c) A{F) D A(G) 

(d) A(F)nA°(G) 9^0. 

The following six conditions are also equivalent: 

(e) F = G. 

(f) F° =G°. 

(g) F° n GV 0- 

(h) A(i^) = A(G). 

(i) A°(i^) A°(G). 

(j) A°(^^)nA°(G)^0. 

(17) c{S) = ^T>{S\V)° = 'iT{S)e = the number of connected components of 

V{S) e z+. 

(18) The following three conditions are equivalent: 

(a) c(5) - 1. 

(b) V{S\V)=J^{stab{Sy). 

(c) There exists a gV satisfying S = {a} + stab(5). 

(19) The family {F°\F e J^{S)} of subsets of S gives the equivalence class de- 
composition of S, in other words, the following three conditions hold: 

(a) for any F e T{S). 

(b) F° = G°, if and only if, F° n G° ^ 9 for any F e J"(5) and any 
GgJ^{S). 

(c) 

S= \J F°. 

(20) The family {A°(F)|F e T{S)} of subsets 0/ stab(S')^ gives the equiva- 
lence class decomposition o/stab(S')^, in other words, the following three 
conditions hold: 

(a) A°(F) ^ for any F € T{S). 

(h) A° If) = A°{G), if and only if, A°{F)nA°{G) y^lD for any F € J^{S) 
and any G G J^{S) . 

(c) 

stab(5)^ = U A°(i^). 

(21) The function ord( , S\V) : stab(S')^ M sending lo e stab(S')^ to ord(w, S\ 

y) G M is a piecewise linear convex function over T>{S\V). 

If S is rational over N, then this function ord( jiSly) is rational over 
N*. 

(22) Let m. = dim A{S) eZo. m. = dimV-s. For any A e V{S\V)m-i-i we take 
any point wa G A — A(5). Then, 

S= Pi {x eV\{uj,x) >ord{oj,S\V)}na.m{S) 

westab(S)^ 

Pi {x €V\{uja,x) >oid{ujA,S\V)}namiS). 

AeT>{S\V),n+i 
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(23) Consider any finite dimensional vector space W over M and any homomor- 
phism TT : V W of vector spaces over R. The image 7t{S) is a convex 
pseudo polyhedron in W , and Tr{S)° — 7r(5°). 

If S is a convex polyhedron in V , then n{S) is a convex polyhedron in 
W. If S is a convex polyhedral cone in V, then 7r(S') is a convex polyhedral 
cone in W . 

Lemma 10.9. Consider any convex pseudo polyhedrons S , T in V . 

S -\- T is a convex pseudo polyhedron in V, stab(S' + T) = stab(S') + stab(r), 
stab(S' + = stab(5)^ n stab(r)^, and V{S + T\V) = V[S\V)r\V{T\V). 

If S and T are rational over N , then S + T is also rational over N . 

If S and T are convex polyhedrons, then S + T is also a convex polyhedron. 

If S and T are convex polyhedral cones, then S + T is also a convex polyhedral 
cone. 

Corollary 10.10. Consider any convex pseudo polyhedron S in V and any convex 
polyhedral cone A in V . 

5* + A is a convex pseudo polyhedron in V, stab(5 + A) — stab(S') + A, stab(S' + 
A)^ = stab(S')v n A^ and V{S + A\V) = V{S\V)nT{A'^\V). 

If S and A are rational over N, then S + A is also rational over N. 

S C S + A. For any u e stab(S' + A)^, we have uj e stab(5)^, ord(w,5) = 
ord(a;, S + A), and A{lu, S) = A{uj, S + A)nS. 

Definition 10.11. We call any convex pseudo polyhedron S in V satisfying the 
following three conditions a Newton polyhedron over N in V: 

(1) The stabilizer stab(S') of 5 is a simplicial cone over iV. 

(2) dimstab(S') = dimV. 

(3) V(5) C N. 

Let S" be a Newton polyhedron S over N in V. stab(S') n (-stab(5)) = {0}, and 
S has a vertex. The skeleton V{S) of 5 is a non-empty finite subset of S, and V{S) 
is the union of all vertices of S. 

Lemma 10.12. Consider any .simplicial cone A over NinV with A — dirnT^ and 
any subset X of N such that X C {a} + A for some a V . 

There exists a finite .subset Y of X satisfying conv{X) + A = conv(y) + A, and 
conv(X) + A is a Newton polyhedron over N in V . 

Remark . The subset X oi N above is not necessarily finite. 

Lemma 10.13. Let k be any field. Let A be any complete regular local ring .such that 
dim A > I, A contains k as a subring, and the residue field A/M{A) is isomorphic 
to k as algebras over k. Let P be any parameter system of A. Let (j) be any non-zero 
element of A. 

(1) The Newton polyhedron T^{P, (p) of (p over P is a Newton polyhedron over 
map(P, Z) mmap(P, K) in the meaning of Definition llO. Ill stab(r_|_(P, 0)) — 
map(P,Ro)- r+(P,(/)) C map(P,Ro). 

(2) The face cone decomposition V{T^{P, (j))\m.aj){P,S.)) o/ r_|_ (P, 0) is a ratio- 
nal convex polyhedral cone decomposition over map(P, Z)* in map(P, R)*. 
|I3(r+(P,0)|map(P,R))| = map(P, Rq)^ |map(P, R). 

(3) The Newton polyhedron r_|_(P, 0) has a vertex. The .skeleton V(r_|_(P, i/i)) 
ofT+{P,(l)) is a non-empty finite subset of maplP, Zq) , and V(r+(P,0)) is 
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the union of all vertices of {P, 0) . 
V(r+(P,</))) ={a e r+(P,(/))| There exists uj G map(P,Ro)'^|map(P,M) such that 
for any b G r+(P, (p) with {w, b) = {ui, a), we have b = a}. 

(4) c(r+(p,^)) = p(r+(p,0)|map(PM))" = ttv(r+(p,^)) = ttj-(r+(p,0))o 

= t/ie number of vertices ofT+{P,(f)). 

(5) Por any w G map(P, ]Ro)^|niap(P, K), we have 

ord{P,uj,(p) =ord(cj,r+(P,(/))|map(P,R)), and 
in(P, u, (p) =ps(P, A(a;, r+ (P, |niap(P, R)), 0). 

(6) c(r+(P, (/>)) = 1, ?/ and only if, </> /las normal crossings over P. 

(7) If dim A =1, then c{r = 1. 

Let z £ P he any element. 

Let b = ord(P, /f^, (^) € Zq anrf /ei /i = height(^, r+(P, (/>)) G Zq. Let A' denote 
the completion of k[P — {z}] with respect to the maximal ideal k[P — {z}] n M{A). 
The ring A' is a local subring of A and M{A') = M{A) (1 A' = {P - {z})A'. The 
completion of A'[z] with respect to the prime ideal zA'[z] is isomorphic to A as 
A' [z]- algebras. The set P — {z} is a parameter system of A' . 

(8) Assume that T+{P,(j)) is of z-Weierstrass type. 

(a) hcight(z, r+(P, </>))= ^ r+(P, (f) has only one vertex<^ c(r+(P, cj))) = 
1 4^ (p has normal crossings over P. 

(b) The Newton polyhedron r+{P,(p) has a unique z-top vertex. 
Below, by {04} we denote the unique z-top vertex ofV-\-{P,(j}). 

(c) Consider any a G r_|_ (P, 0) . The equality {f^^ , a) = ord(P, , 0) 
holds for any x G P — {z} a — ai G Ko/f- 

(d) {fr,a,)=b + h. 

(e) There exist uniquely an invertible element u G A^ and a mapping 
0' : {0, 1, . . . , /i - 1} ^ M{A') satisfying 

h-l 

(t> = uz^ W x'^f^'''''\z^ + ^(j)'{i)z^), 
x^P-{z} i=0 

and 0'(O) 9^0 ifh>Q 

(9) The following two conditions are equivalent: 

(a) The Newton polyhedron r_|_(P, 0) is of z-Weierstrass type. 

(b) There exist uniquely an invertible element u G , a mapping c: P ^ 
Zq, a non-negative integer g G Zq and a mapping (j)' : . . . ,g — 
1} M{A') satisfying 

s-i 

xeP i=o 

and (/)'(0) 7^ z/(7 > 0. 

(10) If dim. A = 2, then T^{P,<p) is z-simple. 

(11) Ifr^{P,cp) is z-simple, then T+{P,(p) is of z-Weierstrass type. 

(12) Let r = c(r+(P, 0)) G Z+. The Newton polyhedron r+(P, 0) is z-simple, if 
and only if, the following three conditions are satisfied: 

(a) For any a G V(r+(P, 0)) and any b G V(r+(P, 0)), (/f ^, a) (/f ^, b). 
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Below we take the unique bijective mapping a : {1, 2, . . . , r} — > V{T+{P, ip)) 
satisfying {f^^,a{i)) > (/f^,a(i + l)) for any i e {1, 2, . . . , r- 1}, ifr > 2. 

(b) For any x G P-{z}, (/f ^, a(2) - a(l)) >0, ifr>2. 

(c) For any i G {1, 2, . . . , r — 2} and any x G P — {z}, 

{f^\a{t + 1) - a{i)) {fP\a{t + 2) - a{t + 1)) 
ifr, a(i) - a{i + 1)) - ifr, a{i + 1) - a{i + 2)) ' 
ifr > 3. 

Furthermore, if the above equivalent conditions are satisfied, then the 
following claims hold: 

(d) There exists x e P - {z} with (/f ^, a(2) - a(l)) > 0. 

(e) For any i G {1, 2, . . . , r — 2}, there exists x G P — {z} with 

{fr,ai^ + 1) - a{^)) ^ {f^\a{^ + 2) - a{^ + 1)) 
{fP\a{{) - a{i + 1)) ^ {fP\a{i + 1) - a{i + 2)) ' 

ifr > 3. 

(13) Assume that r_|_(P, ^) is of z-Weierstrass type. Let {ai} denote the unique 

z-top vertex of T^{P,(j)). We take an invertible element u € and a 
mapping </>' : {0, 1, . . . , ft. — 1} — >■ M{A') satisfying 

h-l 

<f) = uz'' JJ x<f-''''''^z'' + J2<P'(i)z')' 

xeP-{z} i=0 

and (f>'{0) 7^ z/ft > 0. Then, r_|_(P, (/)) is z-simple, if and only if there exist 
positive integer r, and a mapping c : {1, 2, . . . , r} — >■ inap(P, Zq) satisfying 
the following conditions: 

(a) l<r</i + l. r = l<:^/i = 0. 

(b) c(l) = ft/f. (/r,c(r)> = 0. 

(c) For any i e {1, 2, . . . , r — 1}, we have {f^^, c{i) — c{i + 1)) > 0, if 
r > 2. 

(d) For any x € P — {z}, we have 

(/r,c(2)-c(l))>0, 

ifr > 2. 

(e) There exists x G P — {z} with 

(/r,c(2)-c(l))>0, 

ifr > 2. 

(f) For any i e {1, 2, . . . , r — 1} and any x G P — {z}, we have 

ifr, c{i + 1) - c{t)) {f^\c{i + 2) - c(i + 1)) 
{fP\ c{i) - c{i + 1)) - {fP\ c{i + 1) - c{i + 2)) ' 

i/r > 3. 

(g) For any i G {1, 2, . . . , r — 1}, there exists x <E P — {z} with 

{f^\c{t + l)-c{i)) {fP\c{t + 2)-c{t + l)) 
ifr, c{i) - c{i + 1)) ifr, c{i + 1) - c{i + 2)) ' 

ifr > 3. 



NEW IDEAS FOR RESOLUTION OF SINGULARITIES 



79 



(h) For any i G {2, 3, . . . , r} and any x <E P — {z\ , we have 

ord(p,/r,'/''((/r,cW))) = 

ifr > 2. 

(i) For any i G {1,2, . . . ,r — 1}, any j G Z with 

{fr,cii+i))<j<{fr,c{i)) 

and any x G P — {z}, we have 
ord{P,f^\4>'{3))> 

ifr > 2. 

(14) For any non-zero element (p G A and any non-zero element G A, 

T+{p,ct>^) =r+(p,.^) + r+(p,v), 

D(r+(P, .^V)|map(P, M)) =D(r+(P, (f))\ma.p{P, R))nD(r+(P, V)|map(P, R)). 

11. Barycentric subdivisions 

We study barycentric subdivisions of simplicial cone decompositions. 

Let V be any finite dimensional vector space over R; let N be any lattice of V; 
let V be any simplicial cone decomposition over TV in F with dim I? > 1; and let 
F G V he any element with dimP > 1. For simplicity we denote the barycenter 
bp/N of F over TV by 6. bGF°nN. 

Lemma 11.1. Consider any element A gV satisfying A-\- F gV and F A. 

(1) A + Rob is a simplicial cone over N in V. R^b G J"(A + M.ob)i- A G 
J^{A + Roby. Mo^nA = {0}. Mo^ = A°P|(A + Mo6). A = (Mo6)°P|(A + Mo^)■ 
(2) A + Mo& C A + P e V/F. (A + Rob)° C (A + P)°. If dimP = 1, then 
Rob = P, and A + Mo^ = A + P. // dimP > 2, then A + Rgb ^ A + F. 

(3) dim(A + Mo^) = dimA + 1 < dim(A + P). A°p|(A + P) G P(P) C P(A + P). 
dim(A°P|(A+P)) > 1. dim(A°P|(A+P)) = 1^ dim(A+Rob) = dim(A+P). 

(4) For any A' G T{A), we have A' + F gV, and F A'. T{A) c [V/FY" - 
{V/F). 

(5) {A' + Ro6|A' G J^{A)} = 7-(A + Ro6)/Ro6 C 7"(A + Ro6). J"(A) = J^{A + 

Rob) - (P(A + Ro6)/Ro&) C J"(A + Rob). 

(6) For any A' GV - {V/F), we have (A + Ro6) D A' = A n A' G P(A'), and 
AnA' e J"(A) c J"(A + Ro6). 

Lemma 11.2. Consider any element A gV satisfying A-\- F gV and F A and 

any element A' G V satisfying A' + F G V and F A' . 

(1) (A n A') + P G x>. P A n A'. 

(2) (A + Ro'') n (A' + Ro6) = (A n A') + Ro& G P(A + Rob) /Rob. 

(3) (A + P) n (A' + P) = (A n A') + P. 

(4) A + Ro6 c A' + Ro6 ^ A c A'. 

(5) A + Ro6 = A' + Ro6<!^ A = A'. 

Lemma 11.3. Consider any element A G V/F . 
(1) PeJ'^(A). 7-(P)i cJ^(A)i. 
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(2) {E°p\A\Ee J'iF)!} c {A e J'(A)|F ^z; A, A + i^ = A} c {A e I'iA)\F <^ 
A} c {A e V\F (t A,A + Fe V}. 

(3) 

y ((E°P|A)+Mo&) = U (A+Ko6)= IJ (A+M06) = A 

EGJ^(F)i Ae^(A),F(z:A,A+F=A AeJ^(A),F?:A 

(4) 

U (A + Mo&)° = A° 

Ae^(A),F(Z:A,A+F=A 

Definition 11.4. We denote 

V*F = {V- {V/F)) U {A e 2^1 A = A + Mo?> for some A e D 

satisfying A + F e P and F ^ A} c 2^, 

and we call V * F the bary centric subdivision of V with center in F. 

Lemma 11.5. (1) V^eF is a simplicial cone decomposition over N inV. V^F 
is a full subdivision ofT). \'D ^ F\ — \D\. dimD * F = dimD. 

(2) Rob e (2? * F)i. \V * F/Rob\° = \V/F\°. 

(3) {V*F) -{V* F/Rob) =V - (V/F). V * F/Rob = {A e 2^|A = A + 
Rob for some AeV satisfying A + F eV and F <^ A}. 

(4) // dimF = 1, then Rob = F € Vi and V * F = V. If dimF > 2, then 
Rob^V,V*F y^V,lv* F)i = r»i U {Rob}, and 11(2? * F)i = pi + 1. 

(5) Consider any A € X> * F/Rob. We denote A = {Rob)°P\A € J"(A). 

(a) A = A + Mo&- AnMo& = {0}. Ko&G^(A)i. AG J"(A)i. 

(b) A + F = A + F gV. A° c (A + F)° = (A + F)°. 

(6) {V*F)'^''''-{V*F/Rob) =V'^''''-{V/F). (X>*F)'"^'=n (Ph^F/Rq^) = {A e 
2^|A = (F°P|A) + Rob for some E e F{F)i and some A e V'^'^^'/F}. 

Example 11.6. Assume dimF > 3. Consider any simplicial cone S over N in 
V with dim 5 = 3. Let F(l), F(2), F(3) denote the three edges of S. We denote 
b{i) = bE(i)/N e E{i)°r\N for any i e {1, 2, 3} for simplicity. E{i) = Rob{i) for any 
ie {1,2,3}. 
Put 

T(l) = Mo&(l) + Ro(&(l) + K2)) + Ro(Kl) + K3)), 

T(2) = Ko&(2) + Ko(6(2) + 6(3)) + Ro{b{2) + 6(1)), 

T(3) = MoK3) + Ro(6(3) + 6(1)) + Ko(6(3) + 6(2)), 

T(4) = Mo(6(l) + 6(2) + 6(3)) + Ro(6(l) + 6(2)) + Ro(6(l) + 6(3)), 

T(5) = Mo(6(l) + 6(2) + 6(3)) + Ro(6(2) + 6(3)) + Ro(6(2) + 6(1)), 

r(6) = Mo(6(l) + 6(2) + 6(3)) + Ro(6(3) + 6(1)) + Ro(6(3) + 6(2)). 

For any i € {1,2,..., 6}, T{i) is a simplicial cone over N \nV with dimT(i) = 3. 

Let £ = Uigji 2....,6}-^(^(^)) C 2^. f is a simplicial cone decomposition over 
iV in y. dim£ = 3 and \£\ = S. £ is a full subdivision of the simplicial cone 
decomposition J^{S). 

For any F € ^{8)2, Robp/jq G £, and £ is not a subdivision of T{S) * F. 

^obs/N € £, and £ is not a subdivision of T{S) * S. 
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12. Iterated barycentric subdivisions 

We study iterated barycentric subdivisions of simplicial cone decompositions. 
Let V be any finite dimensional vector space over R; let N be any lattice of V; 
and let V be any simplicial cone decomposition over iV in V with dim 2? > 1. 

Definition 12.1. Let to € Zq be any non- negative integer. We call a mapping 
F from {1,2,..., m} to the set 2^ of all subsets of V satisfying the following two 
conditions a center sequence of V of length m: 

(1) F{i) is a simplicial cone over N in V and dim F{i) > 2 for any i G 
{1,2,. ..,to}. 

(2) There exists uniquely a mapping T> from {0,1,..., to} to the set of all 
simplicial cone decompositions over N in V satisfying the following two 
conditions: 

(a) P(0) =V. 

(b) F{i) e V{i - 1) and V{i) = V{i - 1) * F{i) for any i e {1, 2, . . . , m}. 

Consider any m, G Zq and any center sequence of 2? of length to. There 
exists uniquely a mapping V from {0, 1, . . . ,m} to the set of all simplicial cone 
decompositions over N inV satisfying the above two conditions (a) and (6). Since 
simplicial cone decomposition T){m) is uniquely determined by T> and the center 
sequence F of P, we denote 2?(to) by the symbol 

X>*F(1)*F(2)*---*F(to), 

and we call V * F{1) * F{2) * • • • * F{rn) the iterated barycentric subdivision of V 
along the center sequence F oiT). 

Consider any simplicial cone decomposition £ over NinV. li £ = V * F{\) * 
F{2) * • • • * F{m) for some m £ Zq and some center sequence F of I? of length to, 
then we call £ an iterated barycentric subdivision of V. 

Lemma 12.2. Consider any to e Zq and any center sequence FofVof length to. 

(1) T) * F{1) * F{2) * • • • * F{m) is a simplicial cone decomposition over N in 
V. dimX'*F(l)*F(2)*---*F(TO) = dimP. I? * F(l) * F(2) * • • • * F(to) is 
a full subdivision of V. \V * F{1)* F{2)* ■ ■ ■ * F{m)\ = \V\. IfV'^'^ = V°, 
then {V * F{1) * F{2) * • • • * F(to))'^'*^ = (P * F(l) * F{2) * • • • * F(to))°. 

(2) V * F(l) * F{2) *■■■* F{m) = V, ifm = 0. 

If m = 1, then V * F{1) * F(2) * • • • * F{m) is equal to the barycentric 
subdivision F{1) ofV with center in F{1). 

(3) //dim 2? = 1, then to = a.nd V * F(l) * F{2) * • • • * F(to) = V. 

(4) For any i S {0, 1, . . . , to}, i/ie composition of the inclusion mapping 
{1,2, ... ,i} {1,2,..., to} and F : {1,2,..., to} 2^ is a center se- 
quence ofD of lemgth i. 

(5) Assume to > 1 and consider any i S {1,2,..., to}. dimF(i) > 2. F[i) € 

V * F{1) * F{2) * • ■ • * F(i - 1). F{i) c PI- (V * F(l) * F(2) * • • • * F(i - 
1)) * = * F{1) * F(2) * • • • * F(i). 

(6) Assume to > 2 and consider any i S {2,3, ...,to}. F/ie mapping G : 
{1, 2, . . . , TO — i + 1} — )• 2^ satisfying G{j) = F{i + j — 1) for any j e 
{1, 2, . . . , TO — i + 1} is a center sequence ofD* -^(1) * -^(2) * • • • * F{i — 1) of 
length m-i+l, and (I?*F(1)*F(2)*- • ■*F{i-l))*F{i)*F{i+l)*- ■ ■*F{m) = 

V * F{1) * F{2) * ■ ■ ■ * F{m). 
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(7) {V * F{1) * F(2) * • • • * F(m))i = Pi U {Ro5f^(,)/jv|» € {1, 2, ... , m}}. 2?i n 
{Mo^F(i)/ArN G {1, 2, . . . , m}} = 0. i^or a^j/ i e {l,2,...,m} anrf any 
j G {1, 2, . . . , to}, Ro&j^(i)/Ar = Ko6i?(j)/Ar, i/ and only if, i = j. 

jJ(X> * F{1) * i^(2) * • • • * F{m))i = ttX>i + TO. 

(8) For any £ € Zq anrf any center sequence G of V * F{1) * F(2) * ■ ■ ■ * F{m) of 
length i, the mapping i? : {1, 2, . . . , to + £} — >■ 2^ satisfying H{i) = F{i) for 
any i £ {1,2,..., to} and H{i) = G{i—m) for any i € {to+1, to+2, . . . , to+ 
£} is a center sequence ofD of length m + £ and 2?*_F(1) *i^(2) * • • ■*F{m) * 
G(1)*G(2)*- • -^Git) = (X>*F(l)*i^(2)*- • ■*F{rn))*G{l)*G(2)*-- •*G(£). 

Consider any non-empty subset EofD satisfying — £. £ is a simplicial cone 
decomposition over NinV. |f|c|r>|. 

(9) Let i = l{i e {1,2, ...,TO}|F(i) c \£\} € Zq and let ly : {1,2,- ■ ■ ,£} ^ 
{1,2,..., to} be the unique infective mapping preserving the order and sat- 
isfymg 2, •••,£}) = {« e {1, 2, ... , m}\F{i) C |£:|}. 

The composition Fv is a center sequence of £ of length £, and £ * Fv{l)* 
Fv{2) * • • • * Fv{£) = {V* F(l) * F{2) * • • • * i^(TO))\|£: | CV* F(l) * F{2) * 
• • • * F{m). 

(10) If F{i) C \£\ for any i G {1,2, ...,to}, then the sequence F is a center 
sequence of £ of length to, and £ * -F(l) * F{2) * • • • * F{m) = {V * F{1) * 
F(2) * • • • * i^(TO))\|£:| CV* F(l) * Fi2) * • • • * F(to). 

(11) For any n G Zo and any center sequence G of £ of length n, the sequence 
G is a center sequence ofV of length n, and £ * G(l) * G(2) * • • • * G(n) = 
{V * G(l) * G(2) * • • • * G{n))\\£\ CV* G(l) * G(2) * • • • * G(n). 

Example 12.3. Assume diml/ > 3. Consider any simplicial cone S over N in 

V with dim 5 = 3. Let £"(1). £(2), £"(3) denote the three edges of S. We denote 
b{i) = bE(i)/N S E{i)°nN for any i g {1, 2, 3} for simplicity. E{i) = Rob{i) for any 
ie {1,2,3}. 
Let 

F(l) = Ro&(l) + Ko&(3), F{2) = Mo6(2) + Ro6(3), 

G(l) = Ro(&(l) + K3)) + Rob{2), G(2) = Ro{b{2) + b{3)) + Rob{l). 

dim£(l) = dimF(2) = dimG(l) =_dimG(2) = 2. 

We consider two mappings H and H from {1, 2, 3} to 2^ satisfying {H{1), H{2), 
H{3)) = (F(1_),F(2),G(1)) and {H {1) , H (2) , H {3)) = (F(2), F(l), G(2)). Map- 
pings H and H are center sequences of the simplicial cone decomposition J^{S) of 
length 3. 

J^{S) * F{1) * F{2) * G(l) = T{S) * F{2) * F(l) * G(2). 

13. SiMPLENESS AND SEMISIMPLENESS 

Simpleness and semisimpleness are very important concepts. 

Let V be any finite dimensional vector space over M with dim!/ > 1; let A'' 
be any lattice of V; let T> be any convex polyhedral cone decomposition in the 
dual vector space V* of V such that the support I'D] of P is a simplicial cone over 
the dual lattice N* of N in V* and dim|D| > 1; let H e J^i\V\)i be any edge 
of the simplicial cone jPI; let S be any convex pseudo polyhedron in V such that 
\V{S\V)\ = stab(S')^|V is a simplicial cone over N* in V* and dim\V{S\V)\ > 1, 
and let G e J^{\V{S\V)\)i be any edge of the simplicial cone \V{S\V)\. 
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We denote L = stab(S') n {-si&h{S)) = vect(|X>(5|V^)|)''|y* C V and i = 
dimL G Zq. L is the maximum vector subspace over M in V contained in stab(S'). 

Note that for any E £ T{\V{S\V)\)i, any F € T{S)t, any a € F and any 
b € F, E (Z \V{S\V)\ c vect{\V{S\V)\), and we have {bE/N',a) = {bE/N-,b). 
(Proposition[inil7.) 

Definition 13.1. (1) We say that V is semisimple, if dim A > dimP — 1 for 
any A e P satisfying A° C \V\°. 

(2) We say that V is of H-Weierstrass type, if X>\(iJ°P||P|) ^ TiH°P\\V\). 

(3) We say that V is H-simple, if V is semisimple and 2? is of _ff-Weierstrass 
type. 

(4) We say that S is semisimple, if dim F < ^ + 1 for any face F of S satisfying 
stab(F) = L. 

(5) We say that S is of G- Weierstrass type, if there exists only one face F of S* 
satisfying stab(F) = A{G°p\\V{S\V)\, \V{S\V)\\V*). 

(6) We say that S is G-simple, if S is semisimple and S is of G- Weierstrass 
type. 

(7) Let F e J'{S)i be any minimal face of S. 

We say that F is G-top, if {bc/N'^o) — niax{(6G/Ar. , c) |c e V(S')} for 
some a G F. 

We say that F is G-bottom , if {bQ/N*,a) = mm{{bQ/j^,,c)\c G V{S)} 
for some a E F. 

(8) We define 

height(G, S) = max{(6G/jv*, c)|c e V{S)} - min{(6G/jv., c)|c € V{S)} € Mq, 
and we call height(G, S) G-height of S. 

Lemma 13.2. (1) S is semisimple, if and only if, 'D{S\V) is semisimple. 

(2) S is of G- Weierstrass type, if and only if, 'D{S\V) is of G- Weierstrass type. 

(3) Note that L C Yect{G°P\\V{S\V)\)'^ \V* C V and dimvect(G°P||2?(5|y)|)'^ 
\V* = £+1. Let W = V/vect(G°P||2)(5|y)|)^|y* denote the residue vector 
space, and let p : V ^ W denote the canonical surjective homomorphism 
of vector spaces over ^ to W . 

p{N) is a lattice in W , p{S) is a convex pseudo polyhedron in W , 
stab(p(S')) is a simplicial cone over p{N) in W, and dimstab(p(S')) — 
d\m.W = <iimV - i - 1. 

S is of G- Weierstrass type ^ c{p(S)) = 1 <^ there exists c E S satisfying 
ord{bE/N^,S\V) = {bE/N',c) for any E G F{\D{S\V)\)i - {G}. 

(4) Assume that S is of G- Weierstrass type. S has a unique G-top minimal 
face. c{S) = 1, if and only if, height(G, S) — 0. 

(5) S is G-simple, if and only if, V^SIV) is G-simple. 

(6) If dim \V\ = 1, then V = T{\V\). 

//dim|I?| < 2, then T) is H -simple. 

//dim|X>(5|V^)| = 1, then S = {a} + stab(S') for some ae S. 
If dim \V{S\V)\ < 2, then S is G-simple. 

(7) Let k be any field. Let A be any complete regular local ring such that 
dim^ > 1, A contains k as a subring, and the residue field A/M{A) is 
isomorphic to k as algebras over k. Let P be any parameter system of 
A. Let z € P be any element. Let <j) £ A be any non-zero element. 
We consider the Newton polyhedron r+(P, 0) over the lattice map(P, Z) 
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in the vector space map(P,K). (See Section\M) Let Gz = Rof^"^ E 
J"(map(P, Ro)'^ |map(P, R))i . 

r+(P, 0) is of z-Weierstrass type, if and only if it is of Gz-Weierstrass 
type. 

r+(P, 0) is z-simple, if and only if, it is Gz-simple. 
height(z,r+(P,0)) = height(G„r+(P,0)). 

(8) Let F e J'{S)e be any mimimal face of S. 

F IS G-bottom ^ F c A{bG/N* ,S\V)<=>G(l A(P, S\V). 
IfF isG-top, thendiYa{l\{F,S\V)r^{G°^\\V{S\V)\)) = dim - 1 

andl\{F,S\V) C {1\{F, S\V) r^ {G°^\\V{S\V)\)) + G. 

(9) IfV is semisimple, then = tJ{A e V^\/S° C \V\°} + 1. 

(10) Let A be any simplicial cone over N* in V* satisfying A C and dim A > 
1. If D is semisimple, then 'Dr\T [K) is also semisimple. 

(11) If T) is semisimple, then T>\A is also semisimple for any A £ J^(|I?|) with 
dim A > 1. 

(12) Assume that T> is of H-Weierstrass type. For any A G P", 

dim(A n (//"PHI?!)) = dim \V\ - 1, if and only if A D H°p\\V\, and there 
exists only one element A G 2?" satisfying these equivalent conditions. 

(13) IfT> is of H-Weierstrass type, then T>\A is also of H-Weierstrass type for 
any A G T{\V\)/H. 

(14) IfV is H -simple, then T>\A is also H -simple for any A G T{\T>\)/ H . 

(15) Assume that V is H -simple. We denote = {A € V^\A° C \V\°} U 
{H°^m}. 

(a) H°P\\V\ G V^. X>i C V^. = ttpi. 

(b) We denote A < A, ifA + H D A + H for any A G and any AeV". 
Then, the relation < is a total order on 2?°. 

(c) We denote A < A, if A + H D A + H for any A e and any A G . 
Then, the relation < is a total order on "D^ . 

Let r = tjpo = tjpi G Z+. 

We consider the total order on T>'^ described in (b). LetA:{l,2,...,r}— 
T>^ denote the unique bijective mapping preserving the order. 

We consider the total order on described in (c). Let A : {1, 2, . . . , r} — > 
T)^ denote the unique bijective mapping preserving the order. 

(d) Consider any i G {l,2,...,r} and any E G J^(|I?|)i — {H}- There 
exists a unique real number c(T>, i, F) G M depending on the pair (i, E) 
satisfying b^/N* + c{T>,i, E)bH/N' G vect(A(i)). 

Below we assume c(T>, i, F) G M and fe£/^.+c(I?, i, E)bjj/]^t G vect(A(i)) 
for any i G {1, 2, . . . , r} and any E G J^(|I?|)i — {H}. 

(e) For any i £ {1,2, ... , r}, A{i) — convcone({6£;/jv*+c(I?, i, E)bH/N* \E & 

Fim^~{H}}). 

(f) For anyV eV^,T ^ vect(r) n \V\. 

(g) For any E G J-(|P|)i - {H}, c{V, 1, E) = 0. 

(h) Ifr>2, then c{V, i, E) < c{V, i + l,E) for any i e {1,2, ... ,r - 1} 
and any E G F{\V\)i - {H}. 

(i) If r > 2 and i e {1,2, ... ,r - 1}, then c{V, i, E) < c{V, i + l,E) for 
some E G F{\V\)i - {H}. 

(j) T> is rational over N* , if and only if, c{T>,i,E) G Q for any i G 
{2,3,..., r} and any E G F{\V\)i - {H}. 
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(k) Ifr> 2,_then A(i) = A(i) + A(i + 1) for any i e {1,2, ... ,r - 1} . 
(1) A(r) = A{r)+H. 
(m) {A € V\K (t \J'{\V\)/H\} =V"(JV\ 
(n) A(l) = H°P\\V\ C d\V\. I?o/A(l) = {A(l)}. 

For any ie {2,5,..., r}, A(i)° C \V\° , A(i) (]L d\V\, and / A{i) = 

{A(z-1),A(*)}. 
(o) H C A(r). pi\A(r) = {A(r)}. 

For anyie{l,2,...,r-l},H(t A{i), pi\A(i) = {A(i), A(i + 1)}. 
(p) Ifr>2, then A(i) n A(j) = A(i + 1) n A(j) /or ant/ i e {1,2, . .., 

r — 1} and any j G {2,3, . . . , r} with i < j. 
(q) Consider any w G vect(iJ°P||I?|). 

Tafce the unique function Q : T{H°P\\'D\)i — > R satisfying lj = 

E£;e^(i/°p||i?|)i oj{E)bE/N' ■ For any i € {1, 2, ... , r}, put t{i) = 

EBe^(Hop|p|),a;(S)c(P,i,^)eIR. 

(i) t{l)=Q. 

(ii) For any i € {1,2, ... ,r}, the following claims hold: 

(A) {{lj} + RbH/N') r\vect{A{i)) = {u + t{i)bH/N'}- 

(B) uo + tii)bH/N* Mi) ^ ^ H°P\\V\. 

(c) uj + t{i:)bH/N' e A(i)°4^wG (ir°p||p|)°. 

(iii) The following claims hold for any i € {1,2,. ..,r — 1}, ifr> 2. 

(A) IfujeH°P\\V\, thent(i) <t{i + l). 

(B) {{u:} + RbH/N')nA(i) 

_ ({uj + tbH/N-lt e < t < t{i + l)} ifoj G H°P\\V\, 



(r) Lei tt : vect(|I?|) — >■ vect(if°P||I?|) denote the unique surjective homo- 
morphism of vector spaces over K satisfying 7r~^(0) = vect(if) and 
it{x) = X for any x G vect(iJ°P||r'|). 

7r(|D|) = W^WV]. For any AgV, 7r(A) G J^{H°p\\V\), tt-^{tt{A)) n 

\v\ e Hm/H. 

For any A G T> with vect{H) C vect(A), dim7r(A) = dim A — 1. 
For any A G V with vect(ff) ^ vect(A), dim7r(A) = dim A. 
For anyAeV with A ^ H°p\\V\, A° c (7r-i(7r(A)) n |D|)°. 




ifio ^ H°P\\V\. 



(C) //w G {H°P\\D\)°, then t{i) < t{i + l). 

(D) i{io}+RbH/N')nAiir 
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(s) // A e X>; A e T{\V\), A° C A° and A ^ H°p\\V\, then H C A,, and 
dim A = dim A or dim A = dim A — 1 . 

IfAeV,A€ A° c A° and A c H°p\\V\, then A = A and 

dim A = dim A. 

(16) Assume that V is H-simple. Consider any A € TdVl)/ H . 

We use the same notations ,r, A and A as above. We denote V\K^ = 
{T e V\K\T° c A°} U {i?°P|A}. 

(a) r e {i e {1,2,. . .,r}|dim(A(i) n A) = dim A} ^ 0. 

Put f = G {l,2,...,r}|dim(A(i) n A) = dim A} € Z+. Let v : 
{1, 2, . . . , f} — > {1, 2, . . . , r} he the unique injective mapping preserving the 
order and satisfying ^{{1, 2, . . . , f}) = {i G {1, 2, . . . , r}| dim(A(i) n A) = 
dim A}. 

(b) 1 < f < r. i/(f) = r. 

(c) tt(2?\A)0 = tt^i - f. 

(d) (I?\A)0 = {Au{i) n AH e {1, 2, . . . , f }}. 

VFe consider the total order on (2?\A)° described in 15.(6). 

T/ie bijective mapping {1, 2, . . . , f} — >■ (2?\A)° sending i G {1, 2, . . . , f} 

to Av{i) n A G (I?\A)° preserves the order. 

(e) P\Ai = {Av{i) n A|i G {1,2, . . .,f} }. 

VFe consider the total order on T^h} described, in 15. (c). T/ie bijective 
mapping {1, 2, . . . , f} X>\A^ sending i G {1, 2, . . . ,f} io Ai/(«) n A G 
I'\A^ preserves the order. 

(f) For ant/ j eZ with l<j< A(j) n A = Ai^(l) n A. 

For any i G {2,3, ...,f} and any j G 1, with v{i — 1) < j < v{i), 
A{j) n A = Au{i) n A. 

(g) For any j eZ with l<j< vil), A{j) n A = Az^(l) n A. 

For any i G {2,3, ... ,f} and any j & Z with v{i — 1) < j < i^(i), 

A(j) n A = Au{i) n A. 
Consider any A G T{S)i and any E G J-"(|2?(S'| V)|)i . For any a G A, the real 
number {bs /n* > does not depend on the choice of a € A and it depends only on 
A and E. We take any a € A and we define {bE/N',^) = (^b/jv*)")- 

(17) S is G -simple, if and only if the following three conditions are satisfied: 

(a) For any A e I'iS'k and any A G T{S)e, {bG/N*,A) = {bG/N',A), if 
and only if, A = A. 

We assume that the first condition is satisfied. Let r = c{S). Let A : 
{1, 2, . . . , r} — > F{S)i he the unique bijective mapping satisfying {hc/N' > A[i— 
1)) > {hc/N- , A{i)) for anyi&{2,i,...,r},ifr>2. 

(b) {bE/N',A{2)) > {bE/N',A{l)) for any E G F{\D{S\V)\)y - {G}, if 
r > 2. 

(c) 

{bE/N',A{i)) - {bE/N^,A{i-l)) ^ jbE/N' , A{i + 1)) - jbE/N' , A{i)) 

{bc/N- ,A{i-l))- {bc/N" , - {bc/N- , A{i)) - {bc/N* ,A{i + l)y 

for any i G {2, 3, . . . , r- 1} and any E G T{\V{S\V)\)i - {G}, ifr>3. 

(18) Assume that S is G-simple. Let r = c{S) G Z+. Let A : {l,2,...,r} — > 
J^{S)i be the unique bijective mapping satisfying {bG/N*iA{i—l)) > {bG/N*^A{ 
for any i G {2, 3, . . . , r}, ifr> 2. 
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We denote V{S\Vf {A G V{S\Vf\lS.° c \D{S\V)\°}\J{G°'^\\V{S\V)\} C 
V{S\Vf, and l:\G = ^{G°'P\\'D{S\V)l\V{S\V)\\V*) F{stah{S))e+i. The 
following claims hold: 

(a) There exists E G F[\D{S\V)\)i - {G} with {bE/N- , M'2')) > {bE/N-, 
A{1)), ifr>2. 

(b) For an?/ i e {2,3, ... ,r - 1} there exists E G J"(stab(S')^ |y)i - {G} 
with 

{bE/N',A{i)) - (bg/jv.,A(z- 1)) {bE/N',A{i + l)) - {bE/N',Aii)) 

{bc/N' , A{i - 1)) - {bc/N' , A{i)) ^ {ba/N' , A{{)) - {bc/N- , A{i + 1)) ' 
ifr > 3. 

(c) v4(1) + AgG stab(A(l) + AG) = Ag. A(A(1) + Ag, = 
G°P||2?(S'|F)| e I?(5|V^)i. 

//i G J^(S')£+i and stab(i) ^ Ac, t/ien i = + Ag- 

(d) conv(A(i - 1) U A{i)) G 7^(5)^+1, stab(conv(A(i - 1) U A{i))) = i, 
A(conv(A(i-l)UA(i)),S'|y) gX'(5|\/)\ anrf A(conv(yl(i- 1)U 
5|V;)° C /or any z G {2, 3, . . . , r}, r > 2. 

If Ae T{S)i+i and stab(A) = L, then r >2 and A = conv(A(i - 1) U 
A(i)) for some i G {2, 3, . . . , r}. 

(e) = {A(A(1) + Ag, S\V)} U {A(conv(A(i - 1) U A{i)),S\V)\i G 
{2,3,. ..,r}}. 

(f) We define a bijective mapping A : {1, 2, . . . , r} ^ 2?(5|t^)^ by putting 
A(l) = A(A(1) + Ag, S\V) and A{i) = A(conv(A(i - 1) U 

/or any i G {2, 3, . . . , r}. For any i G {1, 2, . . . , r} and any E G 

J^(|2?(S'|V^)|)i — {G}, we take a unique real number c{'D{S\V), i, E') G K 

satisfying bE/N* + ciT){S\V),i, E)bG/N' G_vect(A(i)). 

For any i G {2,3,...,r}, A(i - 1) + G D A{i) +_G, ifr>2. 

If we define a total order described in 15. (c) on T>{S\V)^ , the mapping 

A preserves the order. 

For any i G {2, 3, . . . , r} and any E G T{\V{S\V)\)i - {G}, 
c{V{S\V),i,E) = — ^ — ' -r— , 

(&G/Ar« , A{l - 1)) - (6G/Ar* , A{l)) 

ifr>2. 

Definition 13.3. Assume that V is iZ-simple. We denote = {A G V^\A° C 
\V\°}U{H°P\\V\}. 

(1) We call the H-skeleton of V. 

(2) We call the total order on P'^ described in Lemma [13. 21 15. fb) the H-order. 

(3) We call the total order on I?^ described in Lemma [13. 21 15. fc) the H-order. 

(4) We consider the H-order on . Let r = ftP^ G 1+. Let A : {1, 2, . . . , r} ^ 
2?i be the unique bijective mapping preserving the order. Consider any 
i G {1, 2, . . . , r} and any E G J'{\D\)i - {H). By Lemma[T32115.(d) there 
exists uniquely a real number c{V,i,E) G M depending on the pair {i,E) 
satisfying bE/N' + c{'D,i, E)bH/N* & vect(A(i)). 

We call c{'D,i,E) the structure constant of 2? corresponding to the pair 
iz,E). 
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14. Basic subdivisions 
We define the concept of basic subdivisions. 

Let V be any finite dimensional vcictor space over R with, dim V > 2; let N be 
any lattice of V;letH be any one-dimensional simplicial cone over A'' in V; let C be 
any simplicial cone decomposition over A'' in y satisfying dimC = dimvect(|C|) > 2, 
^max ^(^O jj^ g^nd C = {C/HY'^. 

Example 14.1. Let A be any simplicial cone over N in V such that dim A > 2 

and H € J^{A)i. Let C = -7^(A). C is a simplicial cone decomposition over A'' in 
V, and it satisfies dimC = dimvect(|C|) = dimA > 2, C™''^ = C°, H G Ci and 
C = {C/Hy-^. Furthermore, we know C - (C/H) = J^{H°p\A). 

Lemma 14.2. (1) {0} e C - (C/H) c C. C - {C/H) is a simplicial cone 

decomposition over N in V . (C — {C/H))i ^ 0. 

(2) For any A G C/H, H G J"(A)i and H°p\A G C - {C/H). For any A G 
C-{C/H), A + HgC/H. 

The mapping from C/H to C - {C/H) sending A e C/H to H°p\A G 
C-{C/H) and the mapping from C - {C / H) to C/H sending A G C - {C / H) 
to A + H G C/H are bijective mappings preserving the inclusion relation 
between C/H and C — {C/H), and they are the inverse mappings of each 
other. 

Furthermore, if A G C/H and A G C — {C/H) correspond to each other 

by them, then dim A = dim A + 1. 

(3) \C\ = \C- {C/H)\ U \C/H\°. \C - {C/H)\ n \C/H\° = 0. 

(4) C"*^ C C/H. For any A G C^'^'', vect(A) = vect(|C|). 

Let tth ■ V V/vcct{H) denote the canonical surjective homomorphism of 
vector spaces over K. to the residue vector space V/vect{H). 

(5) tth{N) is a lattice of V/vect{H). 

(6) TrH*C = 'Kh*{C — {C/H)). i:h*C is a simplicial cone decomposition over 
-kh{N) inV/vect{H). dimTr^^C = dim vect(|7rii-*C|) = dimC— 1. vect(|7rii-*C|) = 
nH{yect{\C\)). (tth^C)-- = {tthX)". 

(7) For any AgC- {C/H), ith{A) G ttrX- 

For any A G t:h*C, Tr^^A) C^\C - {C / H)\ e C - {C/H). 

The mapping from C—{C / H) to tth*C sending A G C—{C/H) to 7ri/(A) G 
tth*C and the mapping from -KHtC to C — {C/H) sending A G 'Kh*C to 
'K^{A) n |C — {C / H)\ G C — {C/H) are bijective mappings preserving the 
inclusion relation and the dimension between C — {C/H) and 'Kh*C, and 
they are the inverse mappings of each other. 

(8) tth{\C\) = tih{\C - {C/H)\) = \nHX\. The mapping tt^ : |C - {C/H)\ ^ 
|7rH*C| induced by tth is a continuous bijective mapping whose inverse map- 
ping is also continuous. 

In addition, we consider any non-negative integer m G Zq and any mapping 

E:{l,2,...,m}^{C-{C/H))i. 

For anyiG {l,2,...,m}, E{i) G {C-_{C/H))i. 

For any i G {0, 1, . . . , m} and any E G {C — {C/H))i, putting 

s{i,E) = i{{l,2,...,i}nE-\E))GZo, 
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we define a mapping 



s:{0,l,...,m}x (C-(C/i/))i^Zo. 



The mapping s is uniquely determined depending on the mapping E. 
For any i G {1,2, . . . , m}, we put 



(2) For any ie{l,2,..., m}, E(i),F{i), G(i),H(i),G{i) + H(i) and E{i) + H 
are simplicial cones over N in V, dim E{i) = dimG(i) = dim H{i) = 1, 
dim F{i) = dim(G(i) + H{i)) = dim(£(i) + H) = 2, and G(i) + H{i) c 
F{i) c E{i) + Hg C2/H. 

(3) For any i e {1,2,..., m}, + -ff W)i = {G{i),H{i)}, = 
{G{i),H}. T{E{i) + H),={E{i),H}, hG(^/N = hE(^)/N + •<i-l,E)hH/N , 
bH{i}/N = bE(i)/N + s{i,E)bH/N = i>G{i)/N + ^H/N = bp^ij/N, and H{i) = 
Ro&F(0/w C F{i). 

(4) F is a center sequence of C of length m such that dim_F(i) = 2 and F{i) <f_ 
\C — (C/-ff)| for any i G {1, 2, . . . , m}, and it is determined by the sextuplet 
{y, N,H,C, m, E) uniquely. 

C * F{1)* F{2)* ■ ■ ■*F{m) is an iterated barycentric subdivision ofC, and 
it is a simplicial cone decomposition, and it is determined by the sextuplet 
{V, N, H, C, m, E) uniquely. 

Below, for simplicity we denote 

B = C * F(l) * ^^(2) * • • • * F{m) C 2^. 
For any i & {1,2, ... , m}, we put 

B{i) = {B/{G{i) + H{i))y- c B C 2^. 

For m + 1, we put 



F{t) =Mo(&E(i)/iv + s{i - 1, E{t))bH/N) + HCV, 

G{i) ^^^{bE(^/N + S{i - l,E{i))bH/N) C V, 
H{i) =Ro(&B(i)/JV + 8{i, E(l))bH/N) C V. 




F,G:{l,2,...,m}^2^. 
H ■.{l,2,...,m,m + l} ^2"^ . 



They are uniquely determined depending on the mapping E. 

Lemma 14.3. (1) For any E e {C - {C/H))i, s(0, E) = 0. 

For any i & {1,2, ... , m} and any E € {C — {C/H))i, 




B{m + 1) = {B/H{m + 1)^ C B C 2^. 



We obtain a mapping 



B:{l,2,...,m+1}^2 
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Lemma 14.4. (1) B is a simplicial cone decomposition over N in V . dimB = 
dimvectd^l) = dimC. vect(|i3|) = vect(|C|). B'^'^ = B is an iterated 
barycentric subdivision ofC. \B\ = \C\. 

(2) For any i € {l,2,...,m}, G(i) G Bi, G{i) + H{i) e B2, and F{i)° c 
\C/H\°. For any i e {1,2, . . . ,m + 1}, H(i) G Bi. 

(3) For any AeC/H, \B\A\ = A and B\A is H -simple. 

(4) B\\C-{C/H)\=C-iC/H). 

(5) For any i G {1, 2, . . . ,m + 1}, B{i) is a simplicial cone decomposition over 
N in V, diniS(i) dinivect(|;B(i)|) = dimC, vcct(|S(i)|) = vect(|C|), 

^(^)max ^ ^(-^0^ g ^ {Bii)/H{i)y'=. 

(6) For any i G {l,2,...,m}, Gii) + H{i) = n + i7) G B{i)2, 

Gil) = \B{z) {B{i)/Hm n {G{i) + G {B{t) - m)/Hmi C 

B{i)i, Bit) = (i3(i)/(G(z) + = (i3(z)/G(z))^^ and = - 

{B{i)IGm n (G(.) + Hii)) G - (B(z)/G(.)))i C B{i)r 

(7) For any z G {1, 2, . . . , m} any j G {2, 3, . . . , to + 1} with i < j, B{i)nB{j) = 
(Biz) - {Biz)/Gm n (Bij) - iBU)/Hm- 

(8) 

\C-{C/H)\U{ U \B{i)/H{i)n = \C\ 

ie{l,2,...,m+l} 

(9) For any i G {0, 1, . . . , m + 1}, |C - iC/H)\ n \B(i)/Hii)\° = 0. 

For any i G {0, 1, . . . , m + 1} and any j G {0, 1, . . . , m + 1} with i 7^ 

is(z)/if(i)rn|B(i)/if(j)r = 0. 

(10) 

{C-{C/H))yj{ y (fi(z)/iJ(i)))=B 

je{l,2,...,m+l} 

(11) For anyi€{0,l,...,m + 1}, (C - [C/H)) n {B{i)/H{i)) = 0. 

For any z G {0, 1, . . . , m + 1} and any j G {0, 1, . . . , m + 1} with i 7^ j, 
{B{i)/H(i))n{B{j)/H{j))=ID. 

(12) 

ie{l,2,...,m+l} 

(13) For any i G {0, 1, . . . , m + 1} anrf any j G {0, 1, . . . , m + 1} i ^ j, 

For any z G {0, 1, . . . ,m + 1}, we denote 

X{i) = \C- {C/H)\ U ( y \B{3)/H{j)\°) c |C|. 
ie{i,2,...,i} 

(14) X(0) = |C - (C/if)|. X(to + 1) = \C\. 

For any i G {1, 2, . . . , m + 1}, X{i - 1) C X{i), X{i- 1) 7^ X(i), and 
|S(z)|nX(z-l) = |S(z)-(S(z)/i?(z))|. 

(15) For any i G {0, 1, . . . , m + 1}, 

X(z) = |C-(C/if)|U( y |S(j)|), 
je{i,2,.-,i} 

|B\X(i)|=X(i), 
and X(i) is a closed subset of \C\. 
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For any i e {1, 2, . . . , m}, we put 

B°{i) = B{i)/G{i)cB{i) c 2^. 

For m + 1, we put 

B°(m+l)=B(m + l)c2^. 

We obtain a mapping 

B° : {l,2,...,m+ 1} ^ 2^''. 
Lemma 14.5. (1) For any i € {1, 2, . . . , m + 1}, the following claims hold: 

\B°iz)\ = m)\D\B°{zr. 

(b) = = \B{i)\ ^ i = m + 1. 

(c) //i 7^ m+ 1, t/ien B{i) = B°{i) U - {B{i)/G{i))), B°{i) n (^(i) - 
(BW/GW))=0, |^W| = |B°(i)|°U|B(i)-(B(i)/G(i))|, and |B°(i)|°n 
|S«-(SW/GW)| = 0. 

(d) For any 6 € B°{i)/H(i), H{i)°P\e G - {B° (i) / H (i)) . For any 
A e - iB°ii)/H{i)), A + (^) e B°{i)/H{i). 

The mapping from B°{i)/H(i) to B°(i) - {B°{i)/H{i)) sending 
e e B°{i)/H{i) to H{i)°P\& e - {B°{i)/H{i)) and the map- 

ping from B°{i) - {B°{i)/H{i)) to B°{i)/H{i) sending A e B°(i) - 
(B°{i)/ H{i)) to A-\- H{i) e B°{i)/H{i) are bijective mapping preserv- 
ing the inclusion relation between B° (i) / H {i) andB°{i) — {B°{i)/H{i)), 
a,nd they are the inverse mappings of each other. 
FuHhermore, if & € B°{i)/H{i) and A € B°{i) - {B°{i)/H{i)) corre- 
spond to each other by them, then dimO = dim A + 1. 

(2) 

U = ici 

ie{l,2,...,m+l} 

(3) For any i G {0, 1, . . . , m + 1} and any j G {0, 1, . . . , m + 1} with i ^ 

j,\B°{irn\B°{jr = <D. 

(4) 

U B°{i)=B 

i6{l,2,...,m+l} 

(5) For any i G {0, 1, . . . , m + 1} and any j e {0, 1, . . . , m + 1} with i ^ j, 
B°(i)f{B'^{j) = %. 

For any i e {0, 1, . . . , m + 1}, we denote 

Y{i) = U \B°ij)\° c \C\. 

je{i+l,i+2,...,m+l} 

(6) y(o) = \C\. y(m + 1) = 0. 

For any i € {1, 2, . . . , m + 1}, Y{i-1) D Y{i), Y{i-1) ^ Y{i). For any 
i e {1, 2, . . . , m}, \B{t)\ n Y{i) = \B{i) - (B(i)/C?(i))|. 

(7) For any ie {0, 1, . . . , m + 1}, 

Yii) = U 

je{i+l,i+2,...,m+l} 

\B\Y{i)\=Y(i), 
and Y{i) is a closed subset of \C\ . 
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Definition 14.6. We denote B — £ * F{1) * F(2) * • • • * F(m) above by the symbol 

B{V,N,H,C,m,E) C 2^, 

and we call it the basic subdivision associated with the sextuplet (F, A'', H, C, m, E), 
because B is uniquely determined depending on the sextuplet (F, A'^, H, C, m, E). 

B{V, N, H,C,m, E) is an iterated barycentric subdivision of C, it is a simplicial 
cone decomposition over N in V, and for any A G C/H, B{V,N,H,C,m,E)\A is 
iJ-simplc. \B{V,N,HX,m,E) \ = \C\. 

Note that depending on the sextuplet {V, N,H,C, m, E), six mappings 

s:{0,l,...,m}x (C- (C/iJ))i ^Zo, 
F,G:{l,2,...,m}->2^, 
H : {1,2,. ..,m,m + 1} ^ 2^, 
B : {1,2,. . .,m,m+ 1} -J> 2^'', 
B° : {1,2, ...,rn,rn+ 1} -s> 2"^^, 

are defined. 

We denote these six mappings by s{V, TV, H,C, m, E), F{V, N, H,C, m, E), 
G{V,N,H,C,m,E), H{V, N, H,C,m, E), B{V, N, H,C,m, E) and 
B°{V, N, H,C,m, E) respectively, and we express the dependence explicitly. 

Remark . We denote two different objects by the same symbol B{V, N, H, C, m, E). 
One satisfies B{V, N, H, C, m, E) e 2^'' and the other B{V, N, H, C, m, E) is a map- 
ping from {1, 2, . . . , TO + 1} to 2^ . It is easy to distinguish them. 

Lemma 14.7. Consider any subset C of C satisfying dimC = dimvect(|C|) > 2, 
Qvaa^ = C°, H e Ci and C = {C/HY'^. 

We know that % ^ C = C^'^ and C is a simplicial cone decomposition over N in 

V. 

Note that%^ {C-{C/H))i C (C-(C/ff))i and E-^{{C-{C/H))i) C {1,2,...,to}. 

Let to = j^E-^iiC - {C/H))i) e Zq. Let f : {1,2,..., to} {1,2, ...,to} be 
the unique injective m,apping preserving the order and satisfying f({l, 2, . . . , to}) = 
E~^{{C — {C/ H))i). Putting f(0) = and f(m + 1) = to + 1, we define an ex- 
tension T : {0, 1, 2, . . . , m, m + 1} {0, 1, 2, . . . , to, to + 1} of t : {1,2,..., to} — )• 
{1,2,..., to}. Let E : {1,2, ...,to} — )■ (C — {C/H))i be the unique mapping sat- 
isfying lE = Et, where l : {C — {C / H))i — ^ [C — {C / H))i denotes the inclusion 
mapping. 

(1) B{V,N,H,C,m,E)\\C\=B{V,N,H,C,rh,E). 

(2) Let s = s{V,N,H,C,m,E) and s ^ s{V,NH,C,m,E). 

For any E G {C—{C/H))i, any i e {0, 1, . . . , m} a,nd a,ny j €{0,1,..., to} 
with T{i) < j < T{i + I), s{i,E) = s{j,E), s(i,E) = s{f{i),E), and 
s{i,E) = s{f{i + l) ~1,E). 

(3) Let F = fIv, N, H, C,m,E),G = G{V, iV, H, C, to, E), 
F = F{V, N, H, C, TO, E), and G = G{V, N, H, C, rh, E). 

F = Ft, and G = Gf. 

(4) Let H = H{V, N, H, C, to, E), B = B{V., N, H, C, to, E), 

B° = B°{V,N,H,C,m,E), H = H{V,N,H,C,m,E), B = B{V,N,H,C,m,E), 
and B° = B° {V, N,H,C,rh,E). 
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(a) H = Ht. 

(b) B{m + 1) = 6f(m + 1)\|C| = 6(m + 1)\|C|. 

(c) For any i (z {1,2, ... ,m}, 

B{i) C BT{i)\\C\, and 
{BTi^)\\C\)~Bi^) 

c {BT{i) - {BT{i)/Gf{i)) n (6f (i) - {BT{i)/HT{i)). 

(d) For any j G {1, 2, . . . , m} - f({l, 2, . . . , m}), 

BmC\ c {B{j) - {B{j)/G{j)) n (60-)) - iBU)/H{j)). 

(e) i^or any i e {1, 2, . . . , m, m + 1}, = 6°f(i)\|C|, and \B°{i)\° ^ 
\B°Tit)\°n\C\. 

(5) For any j G {1, 2, . . . , m}, j G f({l, 2, . . . , m}) ^ G (C - (C7if))i ^ 
FO') C \C\ ^ G{j) C \C\ ^ H{j) C |C| ^ GO') + C \C\. 

{Fit)\t e {1, 2, . . . , m}} = {FT{i)\i €{1,2,..., to}} = 
{F(j)|j€{1,2,...,to},F0-)c |C|}. 

{G{i)\i e {1, 2, . . . , m}} = {Gf W|i e {1, 2, . . . , to}} = 
{G(j)b-e{l,2,...,TO},G0-)c |C|}. 

{H{i)\i e {1, 2, . . . , m, m + 1}} = {HT{i)\i G {1, 2, . . . , m, m + 1}} = 
e {1, 2, . . . , m, m + 1}, H{j) C |C|}. 

(6) For any j G {1, 2, . . . , m + 1}, j G f({l, 2, . . . , to+ 1}) ^ n \C\ ^ 0. 

for any i G {1, 2, . . . , to + 1} anc? any @ G B°T{i)/HT{i), Q C \C\, if and 
only if, HT{i)°P\e C \C\. 

(7) If i e {1,2, ... , to}, j e {1, 2, . . . , to} and f{i) < j < T{i + 1), then 

xij)n\c\ = \c-ic/H)\ui u mm, 

fce{l,2,...,i} 

Yij)n\c\^ U l^(fc)l), 

fcG{i+l,i+2,...,rfi+l} 

where X{j) and Y{j) are subsets of \C\ defined in Lemma ] 14 .4] ^4 '"^'^ ^'T' 
Lemma ] 14.5] 6 respectively. 

Lemma 14.8. Consider any A e C/H with dimA > 2. 

Note that J-^(A) is a simplicial cone decomposition over N in V, -^(A) C C, 
|J"(A)| = A, dimJ"(A) = dimvect(|J"(A)|) = diniA > 2, J-(A)"^^'^ = J'i^)", 
H e J^(A)i, and J-(A) = {T{A)/Hy'. 

Note that =^ (J-(A) - (J-(A)/i?))i C (C - (C/i7))i and 
i?-i((J-(A)-(.F(A)/if))i)c{l,2,...,m}. 

Lei TO = tJi;-i((J"(A)-(J'(A)/i/))i) e Zq. Lei f : {1, 2, . . . , to} ^ {1,2,..., to} 
be the unique injective mapping preserving the order and satisfying f ({1, 2, . . . , 
to}) = E-^{{T{A) - {T{A)/H))i). Putting f(0) = and T{rn + 1) = to + 1, 
we define an extension f : {0, 1, 2, . . . , m, m + 1} — > {0, 1, 2, . . . , m, m + 1} of t : 
{1,2,...,to} ^ {1,2, ...,to}. LetE: {1, 2, . . . , to} (J"(A) - (J"(A)/i7))i be the 
unique mapping satisfying lE = Ef, where t : {J-{A) — {J-{A)/H))i — > (C — (C/-ff))i 
denotes the inclusion mapping. 

Let H°P = H°P\A e J"(A)\ B = B{V,N,H,J^{A),m,E), 
s = s{V,N,H,J^iA),m,E), F = F{V,N ,H,F{A),rh,E), 
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G = G{V, N, H, J-(A), m, E), H = H{V, N, H, T{A),m, E), 
and B = B{V, N, H, J^{A), m, E). 

For any i & {1,2, ... ,rh -\- 1} , we denote 

Q{i) = \B{i)\ c A, and 

e{i) = \B{i) - {B{i)IH{i))\ c Q{i). 

(1) //dim A = 2, then tJJ"(i/°P)i = 1, and for the unique element E e J'(i/°P)i 

and any i € {0, 1, • . • , m}, s{i, E) = i. 

(2) For any i G {1, 2, . . . ,rh,m + 1}, + H and are simplicial 
cones over N in V, dim6(i) = dim A — 1, dim(9(i) + H) = dim9(«) = 

dim A, c e(i) C e(i) + H c A, e{i) + H = e{i) + H, Hii) G 

^(e(i))i, = Hii)°p\eii) € J"(e(i))i, e(i) = e(i) + H{i) c a, 

vect(e(i))_= vect(A), vect(iJ) n vect(e(i)) = {0}, vect{H) + vect(e(i)) = 
vcct(A), e{i) = vcct(e(i)) n A, e(i) + vcct(i7) = + vect(i7) = 

A + vect(iJ), B{i) = T{e{i)), B{i) - (B{i}/H{i)) = = 
convcone({&£;/Ar. + s{i - l,E)bH/N'\E G C A, and (J"(A) * 

^(1) * ^(2) * . . . * F(i - 1))-- = {e(j)| j e {1, 2, . . . , i - 1}} U {Q{i) + H). 

(3) Consider any i G {1, 2, . . . , rh, m + 1}. 

For any E G J"(/r°P)i, E + He ^{A)2/H, e(z)_n (E + H) e J'(e(i))i. 
The mapping from J"(ff°P)i to J^{@(i))i sending E e J"(i/°P)i to e(i) n 
{E + H) G J"(0(i))i is a bijective mapping. 

H cQ{i)<^i = m+l. 

e{i)° ^ 0(0 C aA <^ e(i) = iJ°P <^ i = 1. 

(4) For any i G {1, 2, . . . , to} and any 7 G {2, 3, . . . , m + 1} mi/i i < j, fl 

90') = e{t) n (e(j) + h) = q{i n e(j). 

(5) Consider any i& {1,2,..., fh). F{i) = {e{i) + H)r\{E{i) + H) € T{Q{i) + 

H)2/H. eii + 1) = G(i)°p|e(i) G J^(e(i))^ ^(i) = e(i + 1) n (g(«) + 
G J^(e(i))i. e(i)ne(i + i) = (g(z) + if(i))°p|e(i)._{A g J"(e(z))| 

A° c A° U {H°P)°} = {e{i),e{i),e{i + l)}. For any E G J"(i?°P)i - 

{E{i)}. e{i) n{E + H) ^ e{i) n e(i + i) n (i^ + f) g J"(e(i) n e(i + 

= J'(e(i))i - {G(i),F(7;)}. m,apping from J"(i7°P)i - {£"(?:)} to 

J^{e{i))i-{G{i),H{i)} sending E e J'iH°P)i~{E{i)} to Q{i)r\{E + H) G 
J'(e(i))i - {G{i), H{i)} is a bijective mapping. Q{i) n {E{i) + H) = G{i) + 

H{i) € T{e{i))2. 

(6) H = H{m+1) G J"(e(TO+l))i. e(TO+l) = H°P\e{m+l) G J"(e(TO+l))i. 
(A G J"(e(m + 1))|A° C A°_U {H°P)°} = {e(m + 1), e(m + 1)}. For any 
E G T{H°P)i, e{m + l)niE + H) G J^(e(m + l))2/ff . T/ie mapping from 
J"(iJ°P)i to J"(e(TO+l))2/i/ sending Eg J"(i?°P)i to e(TO+l)n(i;+iJ) G 
J^(6(m + 1))2/H is a bijective mapping. 

(7) B is the iterated bary centric subdivision of J^{A), it is a simplicial cone 
decomposition, and it is determined by the sextuplet {V, N, H,T{A),7h,E) 
uniquely. \B\ = A. 

B is H -simple. Let = {A G B^IA" c A°} U {H°p} denote the H- 
skeleton ofB. 

0° = =m+l. B° = {e{i)\i G {1, 2, . . . , TO, m+l}}. B^ = {e{i)\i G 
{l,2,...,m,TO + l}}. 
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We consider the H-order on B". The bijective mapping from {1, 2, . . . , m, 

m + 1} to S° sending i e {1, 2, . . . , rn, m + 1} to Q{i) £ B° preserves 
the H-order. 

We consider the H-order onB^. The bijective mapping from {1,2, ... ,rh, 

m + 1} to sending i e {1, 2, . . . , m, m + 1} to Q{i) e B^ preserves 
the H-order. 

Consider any E G T{H°^)i and any i € {1,2, ... ,rh,rh + 1}. The 
structure constant of B corresponding to the pair {i,E) is equal to s{i — 
l,E)eZo. 

15. Upper boundaries and lower boundaries 

Let V be any finite dimensional vector space over R with dimF > 1; let A'' 
be any lattice of V; let H be any simplicial cone; over A'' in ^ with dimH = 1; 
let tth '■ V ^ V/vect{H) denote the canonical surjcctive homomorphism of vector 
spaces over K to the residue vector space V/vect{H); and let A be any convex 
polyhedral cone in V such that vect(if) C vect(A). 

Definition 15.1. Let X be any subset of V. We denote 

d^X = {aG X\{{a} + vect(iJ)) n X c {a} + {-H)}, 

d^X = {ae X\{{a}-\-vect{H))nX c {a}-\-H}, 

and wc call dfX and d^X the H-upper boundary of X and the H-lower boundary 

of X respectively. 

Lemma 15.2. (1) 



a^A = |{Ae J-(A) 

= \{AeHA) 
a5A = |{Ae J^(A) 

= |{Ae.F(A) 
5^Aua?A = |{Ae J"(A) 

= |{Ae.F(A) 

C dA. 



H (/: A + vcct(A)}| 

H (/_ A + vect(A),dimA = dim A - 1}|, 

-iJ ^z: A + vect(A)}| 

-H (t A + vect(A),dimA = dim A - 1}|, 
vect(i?) t vect(A)}| 
vect(if) (fi vect(A),dimA = dim A - 1}| 



(2) 9f A = ^ F c A. 9^A = <^ c A. 

(3) // d^A ^ 0, then TTnid^A) = 7r//(A) and the mapping tth ■ 

TTH (A) induced by tth is a continuous bijective mapping whose inverse map- 
ping is also continous. 

If d^A ^ 0, then -Kuid^A.) = ith{A) and the mapping tth ■ A -)> 
7r_fj-(A) induced by tth is a continuous bijective mapping whose inverse map- 
ping is also continous. 

(4) 

9f A n d^A = |{A e J"(A)|A c d'^A n 9^A,dim A < dim A - 2}|. 

(5) Consider any a G V. Note that TTuia) S V/veci{H) and TT^^{-KH{a)) = 
{a} + m)H/N- 
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(a) If TTH{a) G tth{^) and A ^ 0, then there exists uniquely a real 
number G M satisfying a + t^b[{/N G A. 

In the case where 7r/f(a) G 7r/f(A) and A ^ 0, we take the unique 
t+ G K. satisfying a + t+bfj/N G 

(b) // TT/f (a) G TT/f (A) and 9;'^ A 7^ 0, f/ien t/iere exists uniquely a real 
number f_ G M satisfying a + t^bjj/fq G A. 

In the case where 7r/f(a) G 7rjj(A) and 9:^A 7^ 0, we iafce f/ie unique 
t_ G M satisfying a + t-bn/N € d^A. 

(c) //7rH(a) G 7rH(A), 9:f A 7^ and c»^A 7^ 0, f/ien t_ < <+. 

(d) ({a} + M&H/Ar)n A 

'0 i/7rH(a) ^7rH(A), 

{a + tbH/N\t eR,t^<t< t+} ifTTnia) G nniA), d^A ^ and d":A ^ 0, 

{a + t6jy/A,|i G K,t < <+} ifTTHia) G 7rH(A), A 7^ and a:^A = 0, 

{a + tbH/N\t G < <} ifnHia) G 7rH(A), A = and d" A ^ 0, 

_{a + t6H/w|i G K} ifTTnia) G tt^IA), A = and a:?^A = 0. 

(e) //7rH(a) G 7rH(A)°. af A 7^ and 9? A 7^ 0, t/ien i- < t+. 

(f) {{a} + RbH/N)nA° 

'0 2/7rH(a) ^7rH(A)°, 

{a + t6H/7v|i G R,t_ < t < i+} ifTTH(a) G 7rH(A)°, A 7^ and 9:^A ^ 0, 

= < {a + <6H/jvl^ G M,t < t+} i/ TTH (a) G 7r/f(A)°, 9:^ A 7^ and 9:^ A = 0, 

{a + t6H/7v|i G R,t_ <t} i/7rH(a) G 7rH(A)°, 9:fA = andd"A^%, 

{a + t6ff/Ar|i G M} «/7r/f(a) G 7rjf(A)°, 9f A = and 95 A = 0. 



16. Height, characteristic functions and compatible mappings 

In this section we consider the following objects: Let V be any finite dimensional 
vector space over M with dimT^ > 2; let A'' be any lattice of V; let H be any one- 
dimensional simplicial cone over the dual lattice TV* of TV in the dual vector space V* 
of V\ let C be any simplicial cone decomposition over N* in V* satisfying dimC = 
dim vect(|C|) > 2, C™'*'' = C°,H e Ci and C = (C/HY''; let S be any rational convex 
pseudo polyhedron over N in V satisfying dim(|2?(S'|y)|) > 2 and |C| C \V{S\V)\; 
and let T be any convex pseudo polyhedron in V satisfying dim(|I?(r|y)|) > 1 and 
H C vect(|I?(r|y)|). 

Lemma 16.1. (1) {(6///jv*j o)|a G V{T)} is a non-empty finite subset o/M. 

(2) < mbH/N',a)\a eV{T)} < c{T). 

(3) // T is rational over N , then the subset 

{m G Z\ma G (N + {vcct{\V{T\V)\y \V*)) for any a G V(r)} 
of TL is an ideal of the ring Z containing a positite integer. 
Proof. It follows from Proposition 110.81 7. □ 



Note that H c\C\c \V{S\V)\ c vect(|X>(S'|y)|). 

We denote £ = dimvect(|I?(S'|y)|)^|y* = dim(stab(S') n (-stab(S'))) G Z, 
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Definition 16.2. (1) We define functions 

LJ, n :R->Z, 

by putting 

[rj = min{i G Z|r < i}, \r] = max{z G Z|r > i}, 

for any r € M. 

(2) We define 

H{H,T) = {{bH/N',a)\a G V{T)} c ffi, 

height{H,T) = maxH{H,T) - mmH{H,T) e Ro, 

and wc call n{H,T) and height(iJ, T), the H-height set of T and the H- 
height of T respectively. 

(3) Assume that T is rational over A''. By den{T/N) we denote the minimum 
positive integer in the ideal 

{m e Z|ma e {N + {vect{\V{T\V)\y \V*)) for any a € V(T)}, 

and wc call den(T/A'') e Z+ the denominator of T over A''. 

(4) Wc define 

{C,J^{S)e) = {FG J^{S)i\ dim{A{F,S\V) n A) = dim A for some A G C'"'*''.} 

C JP(5),, 

V(C,5)= IJ i^cV(5), 
Fe(c,j^(S)<) 

U{H,C,S) = {{bH/N',a)\a e V{C,S)} c M, 
height(i?,C,S') = maxHiH,C,S) - m.\nU{H,C,S) G Mo, 

and we call {C,F{S)i), V{C,S), n{H,C,S) and hcight(i7,C, 5), the set of 
minimal faces of the pair {C,S), the skeleton of the pair {C,S), the H-height 
set of the pair (C, S') and the H-height of the pair (C, S") respectively. 

(5) For any h G ^(il, C, S) we denote 

= {A{F, S\V) n A|F G (C, A G C'"'^, dim(A(F, S\V) n A) = dim A, 

(6H/Ar* ,a) = h for some o G FY'^ C r'(5'| V)nC, 
= {A{F,S\V) n A|F G (C, A G C'"'''', dim(A(F, ,S|y) n A) = dim A, 

{hH/N',a) > h for some a G F}''" c D(5|l^)hC. 

Consider any A G C/H. S + {A'^\V*) is a rational conex pseudo polyhedron 
over in V. stab(S' + (A^|y*)) = A^|y*. H c \V{S + {A''\V*)\V)\ = stah{S + 
{A'^\V*)Y\V = A c |C| c \V{S\V)\ c Yect{\V{S\V)\). V{S + {A''\V*)\V) = 

v{S\v)nJ^{A). 

Lemma 16.3. (1) The set H{H,T) is a non-empty finite subset o/R. < 
miH,T)<c{T). 

IfT is rational over N, then 'H{H,T) c (l/den(T/7V))Z c Q and 
height(ff,T) G (l/den(r/iV))Zo C Qo- 

IfT is rational over N and V(T) C N + {vect{\V{T\V)\y\V*), then 
den{T/N) = 1, n{H,T) c Z and height(iI,T) G Zq. 
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(2) ^^{C,T{S)f)(zT{S),. 

^ V(C,5) c V{S). The set V{C,S) is the union of some connected 
components ofV{S). 

n{H,C,S) c n{H,S) c (l/den(5'/A^))Z c Q. The set U{H,C,S) 
is a non-empty finite subset ofQ. 

min'H{H,C, S) = YmnU{H, S). height (iJ,C, S) < height (iJ, S). 

height(F,S') e (l/den(S'/iV))Zo C Qo- 

hcight{H, C,S) e {l/den{S/N))Zo C Qo- 

IfV{S) C N + {vcct{\V{S\V)\y\V*), then dcn{S/N) = 1, H{H,C,S) C 
U{H, S) C Z, hcight(i/, S) e Zo and height(i7,C, 5) G Zq. 

(3) Consider any Is. C / H . 

n{H,s + {A'^\v*)) c n{H,c,s) c q. 

min (7? , 5 + ( I T^* ) ) = min -H (H, C , 5) . 
height(ff,S'+(A^|y*)) < height(i7,C, S*). 
deii(S'/7V) is a multiple of den{S + {A'^\V*)/N). 

'HiH,S+{A'^\V*)) c (l/den(5+(A^|y*)/7V))Z c (l/den(S'/7V))Z c Q. 
height(iI,S'+(AV|y*)) e (l/deii(5+(A^|F*)/7V))Zo C (l/deii(5/7V))Zo 
cQo- 

IfV{S) C + (vect(|I?(S'|y)|)^|y*), i/ien den(S'+ (AV|y*)/Af) = 1, 
n{H,S +{A''\V*)) C Z andheight(i/,S'+ (A^|y*)) € Zq. 

(4) max-H(i/,C,S') = max{inax'H(iJ,5+(A^|V*))|A eC"^} =max{max'H(if, 
S+{A'^\V*))\A€C/H}. 

height(F,C, 5) = max{ height (il, S+{A'^\V*))\A e C"""*^} = niax{height( 
H,S + {A'^\V*))\A€C/H}. 

(5) Consider any subsetC ofC satisfying dimC = dimvect(|C|) > 2, C™*^ = C°, 
HgCi andC = {C/HY''. 

Note thatC is a simplicial cone decomposition over N* in V*, and \C\ C 
\C\ C \V{S\V)\. 

V(C,5) C V(C,5). n{H,C,S) C n{H,C,S). mmn{H,C,S)=mmn{H, 

C,S). height(i?,C,5) < height(i?,C, S). 

(6) T>{S\V)r\C is a rational convex polyhedral cone decomposition over N* in 
V*. dim{V{S\V)nC) = dim(vect(|7?(S'|y)nC|)) = dimC. vect(|P(5|y)nC|) = 

vect(|C|). (p(5|y)nc)'"^^ = {v{s\v)r]C)° . 

(7) Consider any h G ^.{11,6, S). £{h) andT>{h) are rational convex polyhedral 
cone decompositions over N* in V* . dmi£{h) = dim vcct(|5(ft,)|) = dimC. 
Yect{\£{h)\) =vect(|C|). £{h)'^'''' = £{h)° . diin2?(/i) = diinvect(|I?(/i)|) = 
dimC. vect(|X»(/i)|) = vect(|C|). V{h)'^'-'' = V{hf . £{h) C V{h) C 

v{s\v)nc. 

(8) Consider any g G 'H{H,C, S) and any h € 'H{H,C, S). g < h 4^ ^(5) ^ 
V{h) ^ \V{g)\ D \V{h)\. g = h^ V{g) = V{h) ^ \V{g)\ = \V{h)\. 

(9) We consider any F G ■F{S)i and any G € J^{S)e such that {bn/N-iO) = 
{bn/N'-i^) for some a € F and some b € G. 



d^{A{F, S\V) U A{G, S\V)) = d^A{F, S\V) U d^A{G, S\V), and 
d^{A{F, S\V) U A(G, S\V)) = d^A{F, S\V) U d^A{G, S\V). 
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Below in this section, we assume moreover that T){S\V)r\J^{A) is if-simple for 
any A e C™^. We denote 

max = max^(if,C,6') e {l/den{S/N))Z, mm = mmH{H,C, S) e {l/den{S/N))Z. 

By tth ■ V* — > V* /vcct{H) we denote the canonical surjective homomorphism of 
vector spaces over M to the residue vector space y*/vect(-ff). 

Lemma 16.4. Consider any h E H(H,C, S). 

(1) max > min. heigh.t{H,C, S) = max — min. height(-ff,C, 5) = <^ max = 
min -^C is a subdivision of'D{S\V). 

(2) d^\£{h)\ ^%^h^ min. d"\E{h)\ ^ 0. 

(3) If min, then 'KH{d^\E{h)\) = 7r^f(|£(/i)|) and the mapping wh '■ 
d^\£{h)\ TrH{\S{h)\) induced by tth is a continuous bijective mapping 
whose inverse mapping is also continuous. 

nH{d^\£{h)\) = 7TH{\£{h)\) and the mapping tth : d^\£{h)\ H> 7r//(|£:(/i)|) 
induced by tth is a continuous bijective mapping whose inverse mapping is 
also continuous. 

(4) Consider any a e V* . Note that WHia) € V* /vect{H) and 7r^^(7ri/(a)) = 
{a} + Rbn/N' . 

(a) If TTHia) € 7rH(|5(/i)|) and h ^ mm, then there exists uniquely a real 
number t+ e M satisfying a + t+bn/N' G d^\^{h)\- 

In the case where irnia) € Tr^df (/i)|) and h ^ min, we take the unique 
t+ G R satisfying a + t+b}j/N* € d^\£{h)\. 

(b) IfiTHia.) <= TTH{\£{h)\), then there exists uniquely a real number t- £ M 
satisfying a + t^bu/f^* G d^\£{h)\. 

In the case where 'Kh{o) € 7r_f/(|f (/i)|), we take the unique t_ e M sate- 
fying a + t^bu/N* ^d^\£{h)\. 

(c) If TTHia) G TTH{\£{h)\) and h ^ min, then t- <t+. 

(d) {{a} + mH/N')n\£{h)\ 

'0 ifTrH{a)^TrH{\£{h)\), 

{a + tb[j/N' |i G M, <t< t+} if TTnia) € ■KH{\£{h)\) and h ^ min, 

{a + t6^/jv*|t € M, f_ < t} if TTHia) € TTH {\£ih)\) andh = mm. 

(5) d'^pih)] min. d"\V{h)\ = \V{h)\ n |C - {C/H)\ ^ 0. 

(6) If h min, then TTH{d^\'D{h)\) = 7ri/(|I?(/i)|) and the mapping tth '■ 
9:^|'D(/i)| 7r/j-(|'D(/i)|) induced by tth is a continuous bijective mapping 
whose inverse mapping is also continuous. 

TTH{d^\V{h)\) = 7r//(|P(/i)|) and the mapping tth ■.d^!\V{h)\ ^ 7r//(|P(/i)|) 
induced by tth is a continuous bijective mapping whose inverse mapping is 
also continuous. 

(7) Consider any a G V* . Note that TTnia) £ F*/vect(ff) and tt]^^ {tt h (a)) = 
{a}+mH/N^. 

(a) If TTnia) G 7r//(|X'(/i)|) and h ^ min, then there exists uniquely a real 
number f+ G M satisfying a + t+bn/N* & d^\T>{h)\. 

In the case where TTnia) G 7rH(|r>(/i)|) and h ^ min, we take the unique 

t+ gM. satisfying a + t+bn/N* G 1^(^)1- 

(b) IfTTnia) G 7ri/(|I?(/i.)|), then there exists uniquely a real numbert- G M 
satisfying a + t-bn/N* 
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In the case inhere tth (a) G tth we take the unique t_ S R satis- 
fymg a + t-bn/N' ^ d"\V{h)\. 

(c) If iTH{a) e 7r//(|2?(/i)|) and h ^ min, then t- < t+. 

(d) {{a}+RbH/N')n\V{h)\ 

'0 2/7rH(a)^7rH(|I?(/i)|), 
= < {a + tbH/N'\t &'R,t- <t <t+} if TTHia) &nH{\T>{h)\) and min, 
{a + tbH/N'\t &^,t- < t} if T^H{a) & T^H{\'D{h)\) and h = mm. 

(8) Ifh = max, i/ien = £{h). 

(9) Assume /i ^ max. Pwi £r = miii{/ e H(i?,C, 5)1/ > /i} e ^(7?, C, 5). 

V{h)=V{g)US{h). \V{h)\ = |I)(g)|U|£:(/i)|. 9f |I)(.g)| 7^0. d"\m\ ^ 
0. n \£{h)\ = df\V{g)\nd^!\£{h)\. d^\£{h)\ C df\V{g)\ U |C - 

(10) ///i = min, then V{h) = V{S\V)r\C and \D{h)\ = \C\. 
(11) 

T:H{\Vih)\) C ItthXI 
nHmh)\) = |{A e (7rH*C)-^-|A C tt^ (|P(/i)|)}|. 

clos(|7rH*C| - 7rH(P(/i)|)) = |{A e (7rH*C)'"^|A c clos(|7rH*C| - 7rH(P(/i)|))}|. 

(12) Consider any e (C - {C/H))i. If height{H,C, S) > and 7r/f(E) c 
7r//(I?(max)), i/ien t/iere exists uniquely a real number ^{E) e M satisfying 

bs/N' +liE)bH/N' e 2?(max). 

Below we assume moreover that height(iJ, C, S) > 0. 

Definition 16.5. We define a function 7 : (C - {C/H))i K. 

Consider any E ^ {C - {C/II))i. If ith{E) C 7ri/(I?(max)), then we take the 
unique real number ^{E) € M satisfying bg^jj^, 

+ j{E)bH/N' e afP(max). If 

7rij(£:) ^ 7rH(r'(max)), then we put j{E) = G M. 

We call 7 the characteristic function of the triplet {II,C, S). 

Lemma 16.6. Let 7 : (C — {C/H))i — >• M denote the characteristic function of 
iH,C,S). 

(1) For any E G [C - {C/H))^, -f{E) e Qo- 

(2) Consider any A e C™'*''. There exists E G J"(F°P|A)i satisfying -/(E) > 
<^ tth{A) C 7r//(r'(max)) <^ 7r//(A) <;t clos(|7ri/,C| - ttj? (|2?(max)|)). 

(3) Consider any A e C"*^ satisfying 7rH(A) c 7rjj(D(max)). TVote that H e 
J-(A)i and J-(F°P|A)i C (C - {C/H))i. 

V{S+{A''\V*)\V) =V{S\V)nJ'{A) isH-simple, and c(5 + (A^|l/*)) > 
2. _ _ 

i^or any E G J"(F°p|A)i, 7(5:) = c{V{S + {A'''\V*)\V),2, E), where 
c{V{S+{A'^\V*)\V),2,E) denotes the structure constant ofV{S+{A'^\V*)\V) 
corresponding to (2, E) . 

(4) There exists E € {C - {C/H))i with -i{E)>0. 

(5) For any E € {C-{C/H))i satisfying tth{E) C clos(|7ri/*C| -7r//(|r'(max)|)), 
7{E) = 0. 
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(6) Consider any E ^ (C — {C/H))i satisfying j{E) ^ Z. Then, there exists 
uniquely h{E) e 'hL{H,C,S) satisfying 

{h e H{H,C,S)\hEiN' + \n{E)\bH/N' e V{h) - d'lvih)} 
={hGH{H,C,S)\h<h{E)}, 

and if h{E) e 'H{H,C,S) satisfies this equality, then h{E) ^ max. 

Definition 16.7. Let 7 : (C — {C/H))i R denote the characteristic function 
of iH,C, S). For any E e (C - {C/H))i satisfying ^{E) Z, we take the unique 
element h{E) e 1-L{H,C, S) satisfying 

{heH{H,C,S)\bE,N' + [i{E)\hH/N' ev{h)~d'lv{h)} 
={h en{H,C,S)\h < h{E)}. 

Let 

m= E L7(^)J, 

Ee(C-{C/H))i 

'fn= ^ [7(^^)1, and 

Be(C-(C/H))i 

n={E&{C-{C/H))r\^{E)^Z}. 

Note that m G Z^, to G Zq, m < m, and m — m = PZ. 
Consider any mapping E : {1,2, . . . , to} — >■ (C — {C/H))i. 

We say that the mapping E is compatible with S, if the following three conditions 
are satisfied: 

(1) Forany^G (C-(C/i?))i, 2, . . . , m} n iS-i(E)) = [7(^)1 . 

(2) E{{fh + 1, TO + 2, . . . , to}) = TZ. 

(3) lim-ffi > 2, then h{E{i)) > /i(£'(i+l)) for any i e {to+1, m+2, . . . , m-l}. 

Lemma 16.8. -Let 7 : (C — {C/H))i M denote the characteristic function of 

{H,C,S). Letm = Y,^^^^_^^^ijjy^^[-i{E)\ G Z+, ^ = X;Ee(c-(c/H))i r7(-^)l e Zq, 
andn = {Ee (C - (C/i/))i|7(^) ^ Z} C {C~{C/H))i. 

(1) There exists a compatible mapping E : {1,2, .. . ,m} — )■ (C — {C/H))i with 
S. 

(2) Assume that a mapping E : {1,2, ...,to} — )• (C — {C/H))\ is compatible 
with S. 

(a) For any E^ (C-{C/H))x, 'i^E-^{E) = [-i{E)\, and '^{{1,2, ... ,m} r\ 
E-\E)) = ME)-]. 

(b) E{{m + 1, TO + 2, ... , to}) — TZ, and the mapping E : {to + 1, to + 
2, . . . , to} — >■ 7?, induced by E is bijective. 

(c) £({1, 2, . . . , to}) = {-B G (C - iC/H))i\j{E) > 0}. 

(d) For any i G {1,2,..., to}, iTH{E{i)) C 7ri/(I?(max)) and 'KH{E{i)) ^ 
clos(|7rjf*C| - 7rH(|X'(max)|)). 

Consider any subset C of C satisfying dimC = dimvect(|C|) > 2, C™'^^ = C^, 
H eCi, and C ^ {C / HY'^ . 

Note thatC is a simplicial cone decomposition over N* in V* , ^ {C—{C/H))i C 
(C- (C/ff))i and iC| C |C| C |I>(5|y)|. 
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(3) height(i/,C,5) < height (i/,C, 5). 

height(if, C, S) = height(-ff, C, 5), if and only if, ^{E) > for some 
Ee{C-{C/H)), 

(4) Ifj{E) > for some E e (C - {C/H))i, then height(iJ, C, 5*) > and the 
composition (C — {C/ H))i R of the inclusion mapping {C — {C/H))i — 
(C — {C / H))i and 7 : (C — (C/H))i — > M coincides with the characteristic 
function of {H,C, S). 

(5) Consider any compatible mapping: E : {1, 2, . . . , m} — > (C — {C / H))i with 
S. 

Let m = ^E-^{{C - {C/H))i) G Zq and m = jj({l, 2, . . . , m} n - 
{C I H))i)) e Zq. Lei f : {1, 2, . . . , rh} — >■ {1, 2, . . . , m} 6e t/ie unique injec- 
tive mapping preserving the order and satisfying f({l, 2, . . . , rh}) — 
£:~i((C- {C/H))i). Let : {1,2, ...,m} ^ (C - {C/H))i be the unique 
mapping satisfying lE — Et, where l : (C — {C/H))i — > (C — {C/H))i 
denotes the inclusion mapping. 

Lfj{E) > OforsomeEG{C-{C/H))i, t/ien m = EBe(c-(c7H))i L7(^)J , 
fh = J2Ee{c~(c/H))i '^'^'^ ^ compatible with S. 

Lfj{E) = for any E e {C - {C/H))i, then m = 0. 

Lemma 16.9. Assume jiC'"^'' = 1. 

Let A G (jniax ggjiQfg iiiQ unique element. A is a simplicial cone over N* in V* , 
H G J"(A)i and dimA = dimC > 2, C = T{A), C - [C / H) = T{H°p\A), and 
height S+{A'^\V*))= height (i/,C, S) > 0. 

Note thatvls+{A'''\V*)\V) =V{S\V)nTiA) isH-simple andc{S+{A'^\V*)) > 

2. 

Let ^,m,rh and TZ be the same as in above Lemma [16.8[ 

For any i G {1, 2, . . . , c(S' + {A'^\V*))} and any E G T{H°p\A)i, we can con- 
sider the structure constant c{V{S + {A'^\V*)\V),i, E) G Qo of ViS + {A'' \V*)\V) 
corresponding to the pair {i,E). 

Denote 

m= [c{V{S+{A''\V*)\V),2,E)\e'L+, 
7fi= ^ \c{V{S+{A''\V*)\V),2,E)'] eZo, and 

n^{Ee T{H°P\A)i\c(V{S + (A^|y*)|y), 2, E) ^ Z} a J-(i/°P|A)i. 

For any E € TZ, denote 

c{E) = max{j G {2, 3, . . . , c{S + (A^|y*))}| 

c(V{S + (A^|l/*)|1/), J, E) < [c{V{S + (A^|V*)|V), 2, ^)J} 
G{2,3,...,c(5+(A^|y*))}. 

(1) j{E) = c{V{S + {A'^\V*)\V),2, E) for any E G T{H°p\A)i. 

(2) m ^ m. fh — rh. TZ ^ TZ. 

(3) A mapping E : {1,2, . . . ,m} {C - {C/H))i = T{H°p\A)i is compatible 
with S, if and only if, the following three conditions are satisfied: 
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(a) For any E e T(H°P\A)i. ^,{{1,2, . . . ,fh} D E-\E)) = 
\c{V{S +{A''\V*)\V),2,E)]. 

(b) E{{m. + 1, TO + 2, . . . , to}) = n. 

(c) If m — rh > 2, then c{E{i)) < c{E{i + 1)) for any i G {to + l,m + 
2,....rn-l}. 

(4) Assume that a mapping E : {1,2,..., to} A)i is compatible with 

S. 

(a) For any E e .F(F°p|A)i, ^-^{E) = [c{V{S + {A'^\V*)\V),2,E)\, 
and tt({l, 2, . . . , m} n E-\E)) = \c{V{S + {/\''\V*)\V), 2, . 

(b) i?({TO + 1, TO + 2, ... , m}) = 7?., anc? the mapping E : {to + 1, to + 
2, . . . , to} — >■ 7?. induced by E is bijective. 

(c) E{{1, 2,...,m}) = {E€ T{H°P\A)^\c{V{S + {A''\V*)\V), 2, ^) > 0}. 

17. The height inequalities 
We show the height inequalities. 

In this section we consider the following objects: Let V be any finite dimensional 
vector space over R with dimF > 2; let iV be any lattice of V; let H be any one- 
dimensional simplicial cone over the dual lattice A''* of A'' in the dual vector space 
V* of V; let C be any simplicial cone decomposition over N* in V* satisfying 
dimC = dimvect(|C|) > 2, C'"'^'^ = C°, H G Ci and C = {C/HY'^; and let S be any 
rational convex pseudo polyhedron over A'' in y satisfying dim(|r>(5|y)|) > 2 and 
\C\ c \V{S\V)\. 

In this section we assume that T>{S\V)r\J^{A) is i?-simple for any A e C'nax 
height(F,C,S') > 0. 

Let 7 : {C—{C/H))i R denote the characteristic function of (if, C, 5). Denote 

TO = L7(^)J e z+, 

Ee(C-(C/H))i 

fh= e Zo, and 

EeiC-(C/H))i 

n = {Ee{C- {C/H))i\j(E) ^ Z} c (C - (C/i/))i. 

@ We know height(i?, S*) G (l/den(S'/7V))Z+, height(i?,C, 5*) € (l/den(5/iV))Z+ 
and height(iJ,C,S') < hcight(iJ, S). 

We denote £ dim(vect(|C|)^|y*) € Zq. 

Consider any simplicial cone O over N* in V* satisfying C |C| and any G € 
J^(e)i. dime < dimvcct(|C|) = dimV - £. S + {e'^\V*) is a rational conex 
pseudo polyhedron over N in V. stah{S + (6^1^*)) = 6^1^*. G C \ViS + 

{e'^\v*)\v)\ = stab(5 + (e^|y*))^|y = e c |c| c \v{s\v)\ c vect(|i?(5|i/)|). 
v{s+ie''\v*)\v) = v{s\v)nj'{e). stab(S'+(e^|y*))n(-stab(S'+(e^|F*))) = 

vect(p(5+(e^|V*)|V)|)^|y* = vect(e)^|y* D vect(|C|)^|y*. 

If dime = dimvect(|C|), then vect(|I?(S' + {e''\V*)\V)\y\V* = vect(|C|)^|F* 
and dim(vect(|D(S'+(e^|y*)|F)|)^|y*) =1 

Theorem 17.1. Consider any compatible mapping 

E:{l,2,...,m}^{C-{C/H))i 

with S. 
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Let 

B = B{V*,N*,H,C,m,E) 

be the basic subdivision associated with the sextuplet (V* , N* , H,C,m, E). 

Let s = s{V*,N*,H,C,m,E), H = H{V* , N* , H,C,m, E), 
and B = B{V* , N* ,H,C,m,E). We have three mappings 

s:{0,l,...,m}x {C-{C/H))i^Zo, 

H ■.{l,2,...,m + l}^2^', 

B: {l,2,...,m+l}-^22''*. 

(1) fh G Zq. m e Z+. m < m. m — rfi = pZ. 

(2) For any E e (C - (C/i?))i, s(m, E) = \-f{Ey\ and s(m, E) = [-i(E)\ . 

(3) B is an iterated bary centric subdivision of C , and it is a simplicial cone 
d6com.position over N* in V* . \B\ = \C\ C stab(S')^|F = \V{S\V)\. 
dimS = dimvcct(lBI) = dimC. vect(|S|) = vcct(|C|). B"^^^ = B". 

(4) Consider any i € {1, 2, . . . , m + 1}. 

(a) B{i) is a simplicial cone decomposition over N* in V* . B{i) C B. 
\B{i)\ C \B\. dimB(i) = dim vcct(|S(i)|) ^ dimC. vect(|6(?;)|) = 
vcct(|C|). S(i)'"^^ = B{if. H{i) e B{i)i. B(i) ^ {B{i)/ H{i)y'' . 

(b) For any Q g B{i), is a rational polyhedral cone over N in V , 
dimG^jy* = dimy, S + {Q^\V*) is a rational convex pseudo polyhe- 
dron over N in V, stab(S'+ (9^1^*)) = 6^1^*, V{S+{Q'^\V*)\V) = 
V{S\V)f\T{Q), andV{S\V)f]F{Q) is semisimple. 

(c) [The height inequahty] height{H (i), B{i), S) < height(i?,C, S'). 

(5) Consider any i & {1,2,..., fh}. 

For any 6 € Bii), I?(S'|y)nJ"(e) = J"(e) and S + (e^|F*) = {a} + 
(ev|v*) for any a G V(C,S') satisfying {bn/N'^a) = max'HiH,C, S). 
height{H {i),B{i),S) = 0. 

(6) For any 9 G S(m + 1)"'''^, V{S\V)r\J^ie) is Him + l)-simple. 

(7) Consider any A G C™'^'^. height(i?, S + (A^IF*)) = height(7?,C, S), if and 
only if -f{E) > for some E G T{H°p\A)i 

(8) Consider any A G C""''' such that -f{E) = for any E G J"(if°P|A)i. 

height(iJ,5 + (A^|y*)) < height C, S*). 
A c |B(m + 1)|. B\A = B{m + 1)\A = J-(A). 

For anyie {l,2,...,m}, n A G J"(iJ°P| A), \B{i)\n A ^ H°p\A, 

andB{i)\A = T{\B{i)\r\A). 

Below we consider any A G C™''^'^ such that ^{E) > for some E G J'(i?°P|A)i. 
By 7 we know height(ff, S' + (A^ = height(i?, C, S*) > 0. 

Note thatV{S+{A'^\V*)\V) = V{S\V)nJ'{A) is H-simple and the characteristic 
number c{S + (A^jV*)) of S + (A^|V*) satisfies c(S' + {A'^\V*)) > 2. Let V{S + 
{A'^\V*)\Vf = {A G V{S + {A''\V*)\Vf\K° C A°} U {7J°p|A} denote the H- 
skeleton of V{S + [A"" \V*)\V). ^V{S + {A''\V*)\Vf = \p{S + {A''\V*)\Vf = 
c(5+(A^|y*)) > 2. 

We consider the H-order on V{S + {A'^\V*)\Vf. Let 

A : {1, 2, . . . ,c(5 + (A^|y*))} ^ V{S + (A^|y*)|y)°, 

denote the unique bijective mapping preserving the H-order. 
We consider the H-order on :D(S' + (A^|l/*)|1/)^ Let 

A : {1, 2, . . . , c(5 + (A^|F*))} ViS + {A'^\V*)\V)\ 
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denote the unique bijective mapping preserving the H-order. 

There exists uniquely a bijective mapping A : {1, 2, . . . , c{S+{A'^\V*))} — )■ T{S+ 
{A''\V*)\V)e satisfying A{i) = A{A{i), S + iA'-'\V*)\V) for any i € {1,2, ... ,c{S + 
(A^jy*))}. We take the bijective mapping A : {1, 2, . . . , c(5'+ (A^|y*))} J"(5' + 
{A'^\V*)\V)i satisfying A{i) = A{A(i), S + {A'^\V*)\V) for any i e {1,2, ... ,c{S + 
(AV|y*))}. 

For any i € {1,2, . . . ,ciS + (A^|y*))} and any E e J"(iJ°P|A)i, we can con- 
sider the structure constant c{p{S + {A'^\V*)\V), i, E) e Qo ofV{S + (A^|F*)|F) 
corresponding to the pair {i,E). 

Denote 

m= E [c{V{S + {A''\V*)\V),2,E)\(.Z+, 
Be^(if°p|A)i 

,fi= \c{V{S + {A''\V*)\V),2,E)'\&'Lq, and 

-Ee:F(ff°p|A)i 

n={E€ J'{H°P\A)i\c{V{S + {A''\V*)\V),2,E) ^ Z} c J-(i7°P|A)i. 

(10) meZ+. meZo. m<m. m = iE-^{I'{H°P\A)i), ?fi = tt({l, 2, . . . , m} n 
E-\J^{H°P\A)i)), and'R = nr\ J"(iJ°P|A)i. 

Let f : {1, 2, . . . , m} — )• {1,2,..., m} be the unique injective mapping preserving 
the order and satisfying f ({1, 2,..., m}) = £'-i(J"(iJ°P|A)i). Let E : {1,2, . . . ,m} ^ 
J^(J?°P|A)i be the unique mapping satisfying uE = Ef where l : J-"(-ff°P| A)i) — > 
(C — {C/H))i denotes the inclusion mapping. 

LetB = B{V*,N*,H,T{A),rh,E) c 2^*, G = G{V* ,N* ,H,F{A),rh,E), 
H = H{V*, N*, H, J-(A), m, E), and B = B{V*, N*,H, T{A),m, E). 

G:{l,2,...,m}^2^*, 
fl":{l,2,...,m + l}^2^*, 

B: {l,2,....m + l}H^22''*. 
For any i e {1, 2, . . . , m + 1}, we denote 

e(i) = \B{i)\ C A, and 

m = \B{z) - im/Hm c e^. 

Denote 

c{i) = max{j e {2, 3, . . . , c{S + (A^ 

c{V{S + {A''\V*)\V),j,m) < lc{V{S + {A''\V*)\V),2,Em} 
e{2,3,...,c(S + (A^|F*))} 

for any i G {m + 1, m + 2, . . . , m}. 

(11) E is compatible with S. 

(12) If m-m> 1, then c{i) G {2, 3, . . . , c(S' + (A^|F*))} for any i € {m + 
1, m + 2, . . . , m}. If rh^fh > 2, then c{i) < c{i + l) for any i G {m + l,fh + 
2,...,m~l}. 

(13) (i?°p|A)nA(2) e J"(i?°P|A). J"((iJ°P|A)nA(2))i ={Ee J"(i?°P|A)i|c(X>(5+ 
(A^|F*)|y),2,^) =0}. J-((ff°P|A)nA(2))iU^({l,2,...,m}) = J-(if°P|A)i. 
7-((/f°P| A) n A(2))i n £({1, 2, . . . , m}) = 0. 
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(14) For any i e {l,2,...,m + 1}, H{i) e J'(e(i))i, e(i) = H(i)°P\e{i) G 
7"(e(i))i, dinie(i) = dimvcct(|C|), and 

dimvect{\V{S + ie{iy\V*)\V)\y\V* = e. 

(15) Consider ant/ z G {1, 2, . . . , V{S\V)nT{Q{i)) = J"(e(z)). S + (e(i)^ 
|F*) = A{l)+{e{iy\V*). height{H{i),S+ieiiy\V*)) = < hcight(i?,5+ 
(A^|y*)). For any j e {2, 3, . . . , c(5+ (A^|y*))}, A(i)n(e(i)°ue(i)°) = 
0. 

(16) V{S\V)r\J^{Q{fh + 1)) is H{m + l)-simple. 

(17) Assume rh ^ fh. Consider any i € {fh + 1, m + 2, . . . , m}. 

'D(S\V)f]J^(Q{i)) is semisimple. 

7-(5 + (eariV*)), = {A{j)\j e {1, 2,..., cii)}}. 

Take any point a(j) G A{j) for any j G {1, 2, . . . , c(i)}. For any j G 
{2,3,. . .,c(i)}, < {bHi^,yj^,,a{j - 1) - a{j)) < {hH/N',a{j - 1) - a{j)). 

< height(F(/-),5+ (e(7;)^|y*)) < height(F,S' + (A^|F*)). 
For anyj G {2, 3, . . . , c(5 + (A^jF*))}, j G {2, 3, . . . , c(«)} 4^ c(7?(5 + 
(AV|y*)|y),j,^(i)) < Lc(P(5+(AV|y*)|y),2,^(i))J ^ [c(P(5+(AV|l/*) 

\V),2,Em < cmS+{A^\V*)\V),j,m) < lc{V{S+{A^\V*)\V),2,E{i))\ 

^ A{j)n{G{t)+H{t)y ^ A(j)ne(i)° ^ ^ A(j)n(e(i)°ue(i)°) ^ 0. 

(18) V{S\V)r\I'{Q{m, + l)) is semisimple. 

J^iS + ie{m + iy\V*))e = {A{j)\j e {fc, + 1, . . . ,m + 1}} for some 
k e {2,3,...,m+ 1}. 

Ifm = m, then T{S + {Q{m+lY\V*))t = {A{j)\j G {2, 3, . . . , m+ 1}}. 
height(i?(m + 1), S* + (e(TO + iy\V*)) < height(iJ, S + (A^|y*)). 

(19) The following three conditions are equivalent: 
(a) B is a subdivision ofV{S + {A'^\V*)\V). 
{h) c{S+{A''\V*)\V) = 2 andm = m. 

(c) c{S + {A'^\V*)\V) = 2 and c{V{S + {A'^\V*)\V),2,E) G Z for any 
E G J"(iJ°P|A)i. 

Below we assum,e that B is a subdivision ofV{S + (A^|V^*)|V^). 

(20) m = fh^l. c{S+ (A^|y*)) = 2. A(l) = 9(1) = H°p\A. A(1) n A(2) = 
A(2) = e(TO + 1). A(l) = Uie{i,2,...,A}e(i). A(2) = Q{m + 1). 

(21) {9 G B\e° C A°} 

= {e{i)\i G {1, 2, . . . , m + 1}} U {e{i)\i G {2, 3, . . . , m}} U {9(m + 1)}. 
{9 G B|9° C A°, The unique element A G I>(5 + (A^|F*)|F) satisfying 
9° C A° satisfies dim A = dim A - 1} = {9(m + 1)}. 

(22) H = H{m + 1) G J"(9(to + l))i. H G J"(A)i. 9(to + 1) g J"(9(to + l))i. 
9(m + 1) + = 9(m + 1) G B™^^. 9(m + 1) n if = {0}. 

9(m+l) C A(l). 9(m + l) C A(2). 9(7n + l) A(l). 9(m+l) C A(2). 

Let a(l) G ^(1) and a(2) G A(2) 6e any points. Let F = A{2) + (vect(9(m + 

W\v*)- 

(23) 9(to + 1) C 9(rn + 1) c A c |E'(5'|V^)|, and S + (9(m + iy\V*) D 
5 + (9(m + 1)^\V*) D S + (A^IF*) D S. 

5+(9(m+l)V|T/*) = A(2) + (9(m + l)^|F*) = {a(2)} + (9(m + l)^|T/*). 
5+ (9(m+ 1)^|F*) = A(2) + (9(m+ 1)^|F*) = {a(2)} + (9(to+ 1)^|F*). 
5+(AV|y*) = conv(yl(l)UA(2))+(A^|y*) = conv({a(l), a(2)})+(A^|y*). 
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(24) FeJ'{S+ (e(m + 1)^1 V*)). Fn{S + (e(m + l)^|y*)) e J"(5 + {Qim + 

iy\v*)). Fn(5 + (AV|y*)) e j-(5 + (AV|y*)). 

A{F,S+{e{m + iy\V*)\V) = A{Fnis+ie{m + iy\v*)),s+{eim + 
iy\V*)\V) = A(i^n (5 + (A^|y*)),S' + (A^|V*)|V) = A(2). 

= {a(2)} + (vect(e(m+l))^|y*) =_ affi({a(l), a(2)}) + (vect(A)^|y*). 
Fn(S'+(e(TO+l)^|y*)) = A(2) + A(e(m+l),e(m+l)|l/*) = {a(2)} + 
Mo(a(l)-a(2)) + (vect(A)^|F*). Fn{S+{A'^\V*)) = conv(A(l)U A(2)) = 
conv({a(l),a(2)}) + (vect(A)^|V^*). 

(25) {bH/N',a{l)) > {hH/N',ci{2)). 
{{hH/N-^,a)\aeF}=R. 

{{bH/N'.a)\a (^Ff^{S + {Q{m + lY\V*))} = {< G MK&^/jv. , a(2)) < t}. 
{{hH/N',a)\a eFC^{S + {A'^\V*))} = {t e M|(fea/jv. , a(2)) < t < {bH/N-, 

am- 

(26) 

max{{bH/N',a}\a e F n {S + {A^\V*))} 

- mm{{bH/N',CL)\a e F n (S + {A"" \V*))} 
= {bH/N*,a{l)) - {bH/N',a{2)) 
= height(i7,5 + (A^|V^*)) 

Below we consider any rational convex pseudo polyhedrons T and U over N in 
V satisfying T + U = S. 

(27) V{T\V)nV{U\V) = V{S\V). V{T + {A^\V*)\V) = V{T\V)r\F{A) is H- 
simple. V{U + {A'^\V*)\V) =V{U\V)r]T{A) is H- simple. height(iJ,T + 
(A^|y*)) + height(i7, U + (A^IV^*)) = height(i?, S + (A^|F*)). 

Let'D{T + {A'^\V*)\Vy and'D{U + {A'^\V*)\Vy denote the H -skeleton of V{T+ 
{A'^\V*)\V) andV{U + {A''\V*)\V) respectively. 

(28) P(T + {A''\V*)\Vy U ViU + iA'^\V*)\Vy = V{S + (A^|t/*)|F)i. 

(29) For any i e {1, 2, . . . , ?7i}, height(i?(i), T + (e(i)^|T/*)) = 0. 

(30) Assume rh ^ m. Consider any i G {fh + + 2,...,m}. If < 
height(i?(i), 

T+{e{iY\V*)), thenheight{H{i),T+{e{iy\V*)) < height(iJ, T+(A^|y*)). 

(31) height(ij(TO + i),r + (e(TO + i)^|y*)) < hcight(ff,r + (a^iv^*)). 

(32) Let rjj = c{U + (A^|V^*)) G Z+. Assume that the structure constant of 
'D{U + (A^|y*)|y) corresponding to the pair {i,E) is an integer for any 
i G {l,2,...,ru} and any E G J"(iJ°P|A)i. Then, height(iJ(m + 1), T + 
(e(m + 1)^|V^*)) =height(iJ,T + (A^|V^*)), if and only if A(2) ^ I?(T + 
{A''\V*)\V)\ 

Proof. We show only claim 17. This is the most important. Claim 4.(c) follows 
from claims 7, 8, 15, 17 and 18. 

Assume rh ^ m. in — in > 1. Consider any i G {m + 1, m + 2, . . . , in}. Since 
e(i) C A and V{S\V)r)T{A) is i7-simple, V{S\V)nT{A) is semisimple and we 
knowV{S\V)nT{e{i)) ^V{S\V)r\T{A)r)Tie{i)) is semisimple by LemmalH^llO. 

Let s = s{V\N*,H,F{A),rh,E). s : J"(i?°P|A)i x {0, 1, . . . , to} ^ Zq. 

Note that V{S + (e(i)^|F*)|F)° = {V{S\V)nF{eii))f ^ {A(j) n e{i)\j G 
{1,2,..., c{S + (A^IF*))}, A(jr n e(z)° ^ 0}, 
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a5e(i) = e(i)= ^ MbE/N' +s{i-i,E)bH/N') 

XI I^o(&B/JV. + S{i - l,E)bH/N') 

Be:F(H°p|A)i-{E(i)} 

+ MbE(i-,/N* + Hi - h E{^))hH/N*), 
d^Q{i) = e{i + l)= MbE/N' + s{hE)hH/N') 

BeJ='(H°p|A)i 

Be:F(Hop|A)i-{£;(i)} 

+ Ro(&£;(i)/Ar. + s{i,E{i))hH/N*), and 

= rc(P(5+ (A^|1/*)|F*),2,^«)1 

< c{V{S + (A^|l/*)|y*), 2, ^(0) < c{V{S + (A^|F*)|y*), c(0, J^W) 

< \_c{V{S + {/^''\V*)\V*),2,E(i))\=Ki,E(i)). 

Consider any j e {1, 2, • • • , c(i)} with j 7^ 0(5 + (A^|y*)). There exists a real 
number Vj satisfying s{i - l,E{i)) < rj < s{i,E(i)) and c(V{S + (A^|F*)|F*), j, 
-B(i)) < rj < c{V{S + (A^|V*)|V*), j + l,E{i)), and there exist a mapping tj : 
J^(if°P|A)i M+ and a real number Uj satisfying 

X tj{E)s{i-l,E) <Uj < X fj(i!;)s(i,^) and 
-Ee^(i?op|A)i Be^(i?op|A)i 

X i,(E)c(©(S + (A^|F*)|F*),j,^)<u,- 
Be^(Hop|A)i 

< X t,(^)c(P(5 + (A^|y*)|y*),i + l,^). 

Be:'='(-f/°p|A)i 

We take a mapping tj : J^{H°p\ A)i — >• R+ and a real number uj satisfying 
the above conditions. We know {J2 Eej^{H°p\ a)i ^j{E)bE/N*) + UjbH/N* € ri 

e(i)V0- 

We know that if c(i) 9^ c(S'+ (A^|y*)), then for any j e {1,2,--- ,c(«)}, A(j)°n 

Consider the case c(i) = c(5+ (A^|F*)). We denote j = c{i) = c(5+ (A^|F*)). 
There exists a real number rj satisfying s(i— 1, E{i)) < rj < s{i, E{i)) and c{V{S + 
{l^^\V*)\V*),j,E{i)) < rj, and there exist a mapping : I'{H°p\A)i R+ and a 
real number uj satisfying 

X tj{E)s{i -1,E) < Uj < X tj{E)s{i,E) and 

EeJ^{H°T\A)i EeJ^{H°P\A)i 

X tj{E)c{V{S + {A^\V*)\V*),j,E)<Uj. 

EeT{H"P\A)i 

We take a mapping tj : A)i — )• M+ and a real number Uj satisfying the above 

conditions. We know (EBe:r(Hop|A)i tj{E)bE/N') + Ujbn/N' e A{j)° n e(i)° ^ 0. 
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We know that if c(i) = c(5 + (A^|F*)), then for any j e {1,2, - •• ,c(i)}, A{j)° n 

We know that for any j e {1, 2, • • • , c{i)}, A{j)° D e(i)° 7^ 0. 

Consider any j G {1,2,--- ,c{S + {A'^\V*))} satisfying A(j)° n e(i)° 7^ 0._ We 
know that there exists E e T{H°p\A)i satisfying c{V{S + {A'^\V*)\y*),j, E)_ < 
s{i,E). We take E € T{H°p\A)i satisfying c{V{S + (A'' \V*)\V*), j, E) < s{i,E). 

If^^7^,thenc(I?(S'+(A^|F*)|F*),j,^) < s{i,E) = c{V{S^A^\V*)\V*),2,E) 
and j = 1 < c{i). 

If E Git, then there exists k G {m + 1, m + 2, . . . , m} satisfying E — E{k). We 
take k G {m + 1, ?7i + 2, . . . , m} satisfying = 

Consider the case k < i. We have c{V{S + (AV|F*)|F*), j, i^(fc)) = c{V{S + 
(A^|l-*)|^*),j,^) < = = Lc(2?(^ + (A^|^*)|V^*),2,^(fc))J and 

1 < j < c(A;) < c(i). 

Consider the case k > i. We have c{V{S + (AV|F*)|F*), j, i^(fc)) = c(X>(5 + 
(A^|T/*)|T/*),j,^) < = s{hE{k)) = rc(2?(5+(A^|F*)|F*),2,^(fc))l < 

c(2?(5 + (A^|t/*)|T/*),2,i?(fc)) and j = 1 < c(i). 

Weknowthat for anyj G {1,2, - •• ,c{S+{A''\V*))} satisfying A(j)°ne(i)° 7^ 0, 
JG{1,2,... ,cW}. 

Therefore, V{S + {Q{iy\V*)\Vf = {A(j) n e(i)|i G {1, 2, . . . , cCS* + (A^|F*))}, 
A(j)° n 7^ 0} = {A(j) n e(i)|j g {l, 2, . . . , c{i)}}. Since dinie(i) = dim A = 
dimC, we know^(5 + (eW^|V^*)), = G {1, 2, . . . , c(z)}}. 

For any j G {1, 2, . . . , c{S + (A^|F*))} we take any point a{j) G 

Consider any j G {2, 3, . . . , c(i)}. 

(6i//iv.,a(j - 1) - a(j)) > and c{S + (A^jV^*), 2, ^W)) < c(5 + (AV|^*),j, 
^W)) < c(5+ (AV|T/*),c(z),^(i))) < \_c{S +{A^\V*),2,Em- < + 
(AV|F*), 2, ^W)J - c(5 + (A^|l/*), 2, ^(*)) < 1. 

By Lemma [13.21 18. (f) we have 



{hfiii) /N' > «(J - 1)> - {bH{^)/N' ' = (^ff (,)/JV* > a(j - 1) - a(j)) 

= (^E(i)/N' + E{i))bH/N',a{j - 1) - a(j)) 

= (^BW/AT-'OO'- 1) -a(j)) + sihE{i),i){bH/N',a{j - 1) - a(j)) 

= - c(5 + (A^|F*), ^(*))(6H/Ar. , a{j - 1) - 

+ Lc(5 + (A^|F*), 2, E{t))\ {bn/N- , aU - 1) - a^)) 
= (Lc(5 + (A^|F*), 2, Em - c{S + (A^|F*), J, mmbH/N' , a(j - 1) - a(j)) 
> 0, and 



= (Lc(5 + (A^|V^*),2,^(*))J - c(5 + (A^|F*),j- ^W))(6H/Ar.,«(j - 1) - a{j)) 

< {[ciS + {A^\V*), 2, ^(*))J - c{S + (A^|F*), 2, Em{bH/N' , a(j ~ 1) - a{j)) 

< {bH/N',a{j - 1) - a{j)). 
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We know 

max{(^ff(z)/w«(j))|j e {l,2,...,c(i)}} = {bjj^^y^,,a{l)), 

e {l,2,...,c(i)}} = (6^(i)/Ar.,a(c(i))), 
height{H{i),S + {e(ir\V*)) = (6^(,)/^.,a(l)) - 

c(^) 

= (^H(i)/jv..a(l) - a(c(j))) = Y.^bij^.y^,,a{j - 1) - a(j)) 
> 0, and 

height{H{i),S+{e{ir\V*)) = ^{bfj^^yj^^aU - 1) - a{j)) 

c(i) c(S+(A^|y)) 

< Xl^^-f^/-^* ' "-^^ - 1) - '^O')) ^ X] {bH/N- , a{j - 1) - a(j)) 

j=2 i=2 

= (6H/;v.,a(l) - a{c{S + (A^l^*)))) = {bH/N'.a{l)) - (&^/^. , a(c(5 + (A^|y*)))) 
= height(if,5+(A^|F*)). 

Consider any j e {2, 3, . . . , c(S' + (A^jV'*))}. 

By definition of c{i), we know j € {2, 3, . . . ,c(i)} ^ c{V{S + (A^|y*)|y), j, 
^(i)) < [c{V{S + iA''\V*)\V),2,Eii))\. Since ^(^) G 7^, rc(2?(5 + (A^|y*)|y), 2, 
^(0)1 < c(P(5+ (AV|y*)|V^),2,^(z)) < c{V{S + {A''\V*)\V),j,E{t)). There- 
fore, c(©(S + (AV|y*)|y),j,^(i)) < [c{V{S + {A''\V*)\V),2,E{i))\ ^ \c{V{S + 
(A^|V*)|V),2,^«)1 <c{V{S + {A''\V*)\V).j,E{^)) < [cmS + {A''\V*)\V),2, 
Eit))\. SmccG{i) + H{i)^Ro{bE^,yj,. + \c{V{S+iA^\V*)\V),2,EmbH/N') + 
+ Lc(2? (5+ ( A^ I y * ) I , 2 , ^(i) ) J 6j^/^rO , we know rc(2?(5+ ( A V I ) I , 
2,E{i))-] < c{V{S +iA''\V*)\V),j,Eii)) < Lc(P(5 + (AV|y*)|y),2,^(i))J ^ 
A(j)n(G(i) + F(i))° 7^0- Note tliat {fc e {1,2,..., c(5'+(A^|F*))}|A(fc)ne(i)° 7^ 
0} = {1, 2, . . . , c(i)}, since ^(5+ (e(*)^|T/*)), = {A{j)\j € {1, 2, ... , c(i)}}. There- 
fore, j e {2, 3, . . . , c{i)} A(j - 1) n ^ and A(j) n e{i)° 7^_0. Since A(j) = 
A(j-l)nA(j), wcknowA(j-l)ne(i)° 7^ and A(j)ne(i)_° ^ A(j)ne(i)° 7^ 0- 

Assume A{j) n e(i)° 7^ 0. Take any point uj G A(j) n Let x = b^^^yj^, + 

c{V{S+{A'^\V*)\V),j,E{i))bH/N' S A(j)- We know that there exists a real number 
e with < e < 1 such that (1 — t)u) + tx & A(j) fl 9(i)° for any real number t with 

< t < e, since \c{V{S + {A'^ \V*)\V),2, E{i))'] < c{V{S + {A'^ \V*)\V), j, E{i)). It 
follows A{j) n e(i)° 7^ 0. Therefore, A(j) n e(i)° 7^ 44> A(j) n (e(i)° U e(i)°) 7^ 
0. □ 



18. Upward subdivisions and the hard height inequalities 

Let V be any finite dimensional vector space over R with dimF > 2; let A'' be 
any lattice of V; and let S be any rational convex pseudo polyhedron over A^ in y 
such that dim\V{S\V)\ > 2. 

By HC{V,N,S) we denote the set of all pairs {H,C) of a onc-dimensional sim- 
plicial cone H over the dual lattice A^* of A^ in the dual vector space V* of V and a 
simplicial cone decomposition C over N* in V* such that dimC = dim vect(|C|) > 2, 
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(-max = c°, H e Ci, C = {C/HY", \C\ c \V{S\V)\ and V{S\V)nT{A) is i?-siniple 
for any A e C'"'^'^. 

In this section we consider the case HC{V, N, S) 7^ 0. We assume HC{V, N, S) 7^ 

befow. 

Note that height(ff,C,S') e (l/den(5/iV))Zo for any {H,C) G HC{V,N,S). 
Therefore, for any infinite sequence {H (i) , C (i)) , i G Zq of elements oiHC{V,N,S) 
such that height(i7(i),C(i),S') > height(i7(i + l),C(i + l),S) for any i e Zq, 
there exists iq G Zq such that height {H {i), C (i), S) — height{H{io),C{io), S) for 
any i G Zq with i > iq. 

Consider any {H,C) G HC{V, N, S). 

By S'D{H,C, S) we denote the set of ah pairs (M, F) of a non-negative integer 
M G Zo and a center sequence F of C of length M such that dimF(i) = 2 for any 

1 G {1,2,...,M}, |C - (C/iJ)| for any i G {1,2,...,M}, and C * F(l) * 
i^(2) * • • • * F{M) is a subdivision of V{S\V)nC. 

Below, we use induction on height(i/, C, S), we will show that S'D{H,C, S) 7^ 0, 
and we will define a non-empty subset US'D{H,C, S) of S'D{H,C, S). 

Consider any {H,C) G HC{V,N,S) satisfying height(if,C, S') = 0. By Oc we 
denote the unique center sequence of C of length 0. By Lemma ll6.4l l we know that 
C is a subdivision of V{S\V)nC and therefore (0, Oc) G SV{H,C, S) ^ 0. We define 
{(0,0c)} =Z^5X>(i/,C,5). Obviously % t^USV{H,C,S) c SV{H,C,S). 

Consider any {H, C) G nC{V, N, S) satisfying height{H,C, S) > 0. 

By induction hypothesis we can assume that a non-empty subset hiS'D{H ,C , S) 
of SV{H, C, S) is defined for any [H, C) G N, S) satisfying height(i/, C, S) < 

height(i7, C, S). Below we assume this claim. 

The characteristic function 7 : (C — {C/H))i — ^ Qo of {H,C,S) is defined. Let 

™ = EBe(c-(c/H))i G Z+ and m = J2Ee{C-{c/H))^ ^ Zq. Obviously 

fh < m. 

Let f denote the set of all compatible mappings E : {1,2,...,™} {C — {C/H))i 
with S. By Lemma FlG.SI l we know £ 7^ 0. Consider any E £ £. 

Let F = F{V*,N*,H,C,m,E) and S = iV*, i/, C, m, i;). We have a 

mapping 

F:{l,2,...,m}^2^*. 

By Lemma [14.31 4 and 2 we know that F is a center sequence of C of length m such 
that dimF(i) = 2, F(i) C E{i)+H and F{i) ^ |C-(C/iJ)| for any i G {1,2, . . .,m}. 
By definition S = C * F(l) * F(2) * ... * F(m). By Lemma [lA4l l we know that 
;B is a simplicial cone decomposition over N in V ^ dim;B — dimvect(|S|) — dimC, 
vect(|S|) = vect(|C|), B^'^^ = S", ,B is an iterated barycentric subdivision of C, and 
\B\^\C\. 

We have mappings 

H = H{V*,N*,H,C,m,E) : {1, 2, . . . , m + 1} ^ 2^* , and 

B = B{V*,N*,H,C,m,E) : {1, 2, . . . , m + 1} ^ 2^''* . 

By Lemma [14.31 2. Lemma [14. 41 4 and Theorem ll7.1l 4.(c) we know that H{i) is a 
one-dimensional simplicial cone over N* in V* , B{i) is a simplicial cone decompo- 
sition over N* in V* , dimS(i) = dim vect(|6(i)|) = dimC, vect(|S(i)|) = vect(|C|), 
g(-)max ^ g(-)o^ Hii) G B(i)i, B{i) = {B{i)/H{i)y\ B{i) c B, \B{{)\ c \B\ = \C\ c 
\D{S\V% and height{H{i),B{i), S) < height(i/,C, S") for any i G {1, 2, . . . , m -I- 1}. 
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By Theorem [17315 we know that B\\B{i) \ = B{i) = V{S\V)nB{i) and B\\B{i)\ 
is a subdivision of 'D{S\V)r\B{i) for any i e {1, 2, . . . , m}. 
Consider any element /i e {m, to + 1, . . . , m + 1}. 
By induction we will show that there exist mappings 

M : {rri, TO + 1, . . . , /i} ^ Z+, and 

F:{l,2,...,M{p)}^2'" 
satisfying the following conditions: 

(1) M(to) = TO and M{i - 1) < M{i) for any i e {m + 1, to + 2, . . . , /^}. 

(2) F_{j) = F{j) for any j e {1, 2, . . . , to} 

(3) F{j) is a simplicial cone over N* in V* and dim = 2 for and any 
j e {1, 2, . . . , M(^)}, and F is a center sequence of C of length M(^). 

(4) F{j) C and F{j) (/L \B{i) - for any i G {to + 1,to + 
2, . and any j e {M(i - 1) + \,M{i- 1) + 2, . . . , M(i)}. 

(5) C * F(l) * i^(2) * • • • * F(M(^))\|S(i)| is a subdivision of ^(Sl V^)nS(i) for 
any i e {1,2,...,^}. 

(6) Consider any i e {to + 1, m + 2, . . . , /i}. 

Denote C(i) = C* F{1) * F{2) F{M{i - l))\\B{i)\. 

Let : {1, 2, . . . , M{i) - M{i~ 1)} ^ 2^* denote the mapping satis- 
fying F{i){j) = F(M(z - 1) + j) for any j g {1, 2, . . . , M(^) - M{i - 1)}. 
|C(^)| = |S(^)|, iH{i),C{i)) G nC{V,N, S),height{H{i),Cii), S) < height( 

i7,C,5) and (M(i) - Af(i - 1), e USV{H{i),C{i), S). 

Consider the case jj. — fh. We define M{fh) — m and -F'(j) = ^"0) for any 
J G {1,2,..., to}. We know that mappings 

M : {fh, m + 1, . . . , /i} = {ffi} 2+, 

F = F : {1, 2, . . . , M(Ai)} = {1, 2, . . . , to} ^ 2^' 

satisfy the above conditions. 

Assume that ii > fh and there exist mappings 

M : {to, to + 1, . . . , /i — 1} — > Z-|_, 

F:{l,2,...,A/(Ai-l)}->2^* 

satisfying the above conditions in which /x is replaced by /i — 1. We take mappings 
M : {to, m + 1, . . . , - 1} Z+, F : {1, 2, . . . , M(/x - 1)} ^ 2^* satisfying the 
above conditions in which /i is replaced by — 1. 

Let Cip) = C* F(l) * F(2) * • • • * F(M(/i - 1))\|S(^)|. _We know that C{n) = 
B * F{M (m) + 1) * F(M (m) + 2) * • • F{M - l))\\B_{^i) \,C{^J■)^sa simplicjal cone 
decomposition over N* in V*, dimC(/i) — dimvect(|C(/x)|) = dimC, vect(|C(/x)|) = 
vect(|C|), C(/i)'°^'^ C{fi)°, C(/i) is a subdivision of and \C{fi)\ = \B{ii)\. Since 
2?(5|\/)nJ"(e) is semisimple for any 9 G we know that V{S\V)nT{Q) is 

semisimple for any Q G C(/i)™^'' 

Note that 

F(j)c|C-(C/i/)|U( U 

ie{l,2,...,M-l} 
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for any j £ {M{m) + 1, M(m) + 2, . . . , M (/i - 1)}, 

(|C - iC/H)\ U ( U \Bm) n = - {B{„)/H{„))\, 

ie{i,2,...,/n-i} 

and B * F{M{fh) + 1) * J'(M(m) + 2) * • • • * F{M{i^ - 1))\(|C - (C/if)|U 
(U6{i,2,...,^»i} 1^(01)) is a subdivision oiV{S\V). 

Let £ = € {M(m) + 1, M(m)+2, . . . , M(/z-l)}|FO-) C \B{n)-{B{^i)/ H{i^))\} 
and let r : {1, 2, . . . , ^} -)■ {M(m) + 1, M{fh) + 2,..., M{n - 1)} denote the 
unique injective mapping preserving the order and satisfying t({1, 2, . . . , f\) — {j G 
{M{m)-\-l,M{m) + 2, ... ,M{^i-l)}\F{j) c |S(At)- (B(At)/i?(At))|}. We know that 
C(/i) = B(At) * Ft{1) * Ft(2) * • • • * i^'rC^). Since Fr(j) C |B(At) - {B{n) / H for 
any j G {1, 2,..., I}, we know that G C(Ai)i, C(m) - {C{^i) / H{^i)Y\ |C(/z)| = 

|C» - (C»/iJ(M))| = - {B{^i)/H{^i))\ and height(i?(/z),C»,S) = 
height(fl'(At),B(/i), S) < height(iJ",C, S). 

Consider any 9 G_C(/i)'"''^. V{S\V)f]F{Q) is semisimple. _e G C (fi) / H (fi) , and 
i?(At)°P|0 e C(At)-(C(At)/i?(At)). On the other hand we know C(/i)-(C (At) /.ff (At)) = 
C(Ai)\|B(At) - {B{fi)/H{ij,))\ = B_* F{M{m) + 1) * F(M(m) + 2)_* • • • * F(M(/i - 
l))\\B{^i)-{B{|x)|H{,l))\ = (S*iJ^(A/r(m) + l)*i^(M(m)+2)*- • •*F(M(Ai-l))\(|C- 
{C/H)\ U (Ue{i,2,...,M-i} l^(»)l)))\|e(M) - {B{p:)/H{p:)% and C(//) - {C{n)/H{p)) 
is a subdivision of I>(5|T/). Therefore V{S\V)f^F{H{^l)°'P\Q) = T{H{^i)°'P\Q), and 
we know that 'D{S\V)nJ^{Q) is iJ(/i)-simplc. 

We know that {H{n),C{n)) G -HC(t/, TV^S*), height(i7(Ai),C(/x)_, S') < height(iJ,C, 
5), and a non-empty subset US'D{H{fi),C{fi), S) of S'D{H{^),C{^), S) is defined. 

Ta_ke any clement (L,G) eUSV{H{^i),C{^i), S). V\it M{p) = M(/i - 1) + L, and 
put F(j) = G(i - M(/z - 1)) for any j G {M(m - 1) + 1, M(m - 1) + 2, . . . , M(m)}. 
We obtain extended mappings 

M : {m, m + 1, . . . , A*} ^ Z+, 

i^:{l,2,...,M(M)}^2^* 

satisfying the above conditions. 

By induction on fj, we know that there exist mappings 

M : {m, m + 1, . . . , m + 1} ^ Z+, 

F:{l,2,...,M(m + l)}^2^* 

satisfying the following conditions: 

(1) M (m) = m and Af (i - 1) < M (i) for any i G {m + 1, m + 2, . . . , m + 1}. 

(2) F_{j) = ^^(j) for any J G {1, 2, . . . , m} 

(3) F{j) is a simplicial cone over N* in V* and dimF(j) = 2 for and any 
j G {1, 2, . . . , M(m+1)}, and F is a center sequence of C of length M(m+1). 

(4) F{j) C |S(i)| and F{j) (f_ \B(i) - {B{i)/H{i))\ for any i G {m + l,m + 
2, . .^,m+_l} and any_j G {M{i - 1) + l,M(i - 1) + 2, . . . ,M(i)}. 

(5) C * i^(l) * F(2) * • • • * i^(M(rn + l))\|S(i)| is a subdivision of r'(S'| V)hS(i) 
for any i G {1, 2, . . . , m + 1}. 

(6) Consider any i G {to + 1, m + 2, . . . , m + 1}. 

Denote C{i) = C * F(l) * F(2) * • • • * F(M(i - l))\\B{i)\. 
Let F{i) : {1, 2, . . . , M{i) - M{i - 1)} 2^' denote the mapping satis- 
fying F{i){S) = F{M{i - 1) + j) for any j G {1, 2, . . . , M(i) - M{i - 1)}. 
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\C{i)\ = \B{i)l {H{i),C{ij) e nC{V,N,S), height{H{i),S,C{ij) < 
height{H, C,S) and {M(i) - M{i-1),F{{)) €USV{H{i),C{i),S). 

Put 

USV{E, H,C,S) = {(M(to + 1),F)| 

M : {fh, m + 1, . . . , TO + 1} ^ 

F:{1,2,...,M(to+1)}^2^*, 

M and F satisfy the above conditions.}. 

We know that ^ USV{E, H,C,S)c SV{H, C,S). 
Recall that S S f is an arbitrary element. Define 

USV{H,C,S) = [j USV{E,H,C,S). 

Ee£ 

We know that ^ USV{H, C, S) c SV{H,C, S). 

Consider any {H,C) e nCiV,N,S) and any (M,F) e USV{H,C,S). We call F 
an upward center sequence of (H,C, S), and we call C * F{1) * -^(2) * • • • * F(M) an 
upward subdivision of {H,C,S). 

Theorem 18.1. Assume'HC{V,N,S) ^ 0, and consider any {H,C) e 'HC{V,N,S). 

(1) USV{H,C,S)^<D. 

(2) For any {M,F) G hlS'D{H,C,S), F is a center sequence of C of length 
M, dimi^(i) = 2 and F{i) ';t \C - {C/H)\ for any i G {1,2, ...,M}, and 
C * * F{2) * • • • * F{M) is a subdivision ofV{S\V)nC. 

(3) By Oc we denote the unique center sequence ofC of length 0. The following 
three conditions are equivalent: 

(a) height(fl',C,S') = 0. 

(b) {0,0c) eUSV{H,C,S). 

(c) {{0,Oc)}^USV{H,C,S). 

Consider any {M,F) eUSV{H,C,S). We denoteC = C*F{1)*F{2)*- ■ -^FiM) 
for simplicity. 

(4) For any A G Co U Ci, C\A = 'D{S\V)nF{A) = F(A). 

(5) C\\C - {C/H)\ = {V{S\V)r^C)\\C - {C/H)\ =C- (C/H). 

(6) Consider any subsetC ofC satisfying dimC = dimvect(|C|) > 2, C™**^ = 
HgCi andC = {C/HY''. 

Let M = tl{i e {l,2,...,M}\F{i) C \C\}, and t : {1,2,...,M} 
{1,2,..., M} denote the unique injective mapping preserving the order and 
satisfying r({l, 2, . . . , M}) = {^ e {1, 2, . . . , M}\F(i) c |C|}. 

Then, {H,C) G nC{V,N,S), {M,Ft) G USV{H,C,S), and C\\C\ = 
C * Ft(1) * Ft{2) * • • • * Ft{M). 

(7) Consider any A G C2/-ff. 

IC'XAI = l2?(5|y)n.F(A)| = A. 

C\A is the mimimum simplicial cone subdivision ofT>{S\V)r\T{A) over 
N* in V* , in other words, the following three conditions hold: 

(a) C\A is a simplicial cone decomposition over N* in V* . 

(b) C\A IS a subdivision of V{S\V)nF{A). 

(c) If £ is a simplicial cone decomposition over N* in V* and £ is a 
subdivision ofV{S\V)r\J^{A), then £ is a subdivision ofC\A. 
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Below, we consider the case height (i?, C, 5) > 0. Assume height (i/, C, S*) > 0. 

The characteristic function 7 : (C — {C/H))i — >■ Qo of (H,C,S) is defined. Let 
™ = J2eg{c-{c/h))i L7(^)J e Z+ and m = T,Ee{C-{c/H)), [7(^)1 e Zq. Obviously 
m <m. 

(8) m < M. 

(9) There exists uniquely a pair {E, M) of a compatible mapping E : {1, 2, . . . , 
m} — >■ (C — {C/H))i with S and a mapping M : {m,m+l, . . . ,m + l} — > Z+ 
satisfying the following three conditions. We denote 

Fe = F{V*, N*,H, C, m, E) : {1,2, . . . ,m} ^ 2^' 
He = H{V*,N*,H,C,m,E) : {1, 2, . . . , to + 1} ^ 2^' , and 

BE=B{V*,N*,H,C,m,E) : {1, 2, . . . , to + 1} -> 2^"^' : 

(a) F{j) = FE{j) for any j S {1, 2, . . . , to}. 

(b) M(to) = m, M{m + 1) = M and M{i - 1) < M{i) for any i e 
{to +1,to + 2,...,to + 1}. 

(c) F{j) C \BE{i)\ and F{j) ^ \BE{i) - {BeH)/ HeU))] for any i&{fh + 
l,m+2,...,m + l} andanyj e {M{i-1) + 1, M{i-l) + 2, . . . , M{i)}. 

We take the unique pair (E,M) of a compatible mapping E : {1. 2, . . . . rn} 
(C — {C/H))i with S and a mapping M : {to, to + 1, . . . , to + 1} — >■ Z+ satisfying 
the above three conditions, and we denote 

Fe = F{V\N*,H,C,m,E) : {1, 2, . . . , to} 2^* 

He = H{V*,N*,H,C,m,E) : {1, 2, . . . , to + 1} ^ 2^' , and 

Be = B{V*,N*,H,C,m,,E) : {1, 2, . . . , to + 1} ^ 2^""' . 

We put M{i) = TO for any i e {0, 1, . . . ,to — 1}. We obtain an extension M : 
{0,1,...,TO+1} ^ Z+ ofM : {fh,fh+l,...,m+l} 1+. M(0) = to, M(to+1) = 
M, M{i - 1) < M{i) for any i G {1, 2, . . . , to + 1}. 

Consider any i e {1, 2, . . . , m + 1}. We denote C{i) = C * F{1) * F{2) * • • • * 
F{M{i - l))\\BE{i)\. Let F{i) : {1,2, M(i) - M(i - 1)} -s- 2^* denote the 
mapping satisfying F{i){j) = F{M{i—l)+j) for any j e {1, 2, . . . , M{i)—M{i-1)}. 

(10) Foranyi£{l,2,...,m+l}, \C{i)\ = \BE{i)\, {HE{i),C{i)) eHC{V,N,S), 
\ieig\A{HE{i),C{i),S) < height(fr,C, 5) and {M{i) - M{i - l),F{i)) e 
USViHEii),C{i),S). 

(11) For any iG {1,2,. _..,m+l}, C\\BE{i)\ = {C * F{1) * F{2) * ■ ■ ■ * F{M{i})) 
\\BEii)\ = C(i) * F(l) * F{2) * • • • * F{M{i) - M(i - 1)). 

(12) For anyiG {l,2,...,m}, height{HE{i),C{i), S) = 0, M(i)-M{i-1) = 0, 
andC\\BE{i)\ = (C * F(l) * i^_(2) * • • • * F(TO))\|BE(i)| = C(i) *F(1) * F(2) * 
• • • * F{M{i) - M{i - 1)) = C{i) = BEii). 

(13) 

C = (C - (C/H)) U ( U {{C\\BEm - iC\\BE{i) - iBE{i)/HEm))). 

ie{l,2,...,TO+l} 

(c - ic/H)) n ((Aie^WI) - {C\\BEii) - {BE{i)lHEm)) = 0, 
for any i G {1, 2, . . . , to + 1}. 
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{{C\\BEm - {C\\BE{t) {BE{i)lHEm)) 

n {{e\\BE{j)\) - {CWBeU) - {BE{j)/HEm)) = 0, 

for any i € {1,2, . . . ,m + 1} and any j G {1,2, . . . ,m + 1} with i ^ j. 
(14) IfT eCi andT (f_ |C-(C/H)|, thenthere exists uniquely i G {1, 2, . . . , m+1} 
satisfying T C \BEii)\ and T ^ \Be{i) - {BE{i) / HE{i))\. 

IfT &Ci,i(,{l,2,...,m+l},T (l\BE(i)\ andT \BE{i)-{BE{i) I He{i))\, 
thenT(t \C-{C/H)\. 

For any i € {1,2, ... , fh}, 

{T e Cilr c \BE{i)\,T<^ \BEii) - {BE{i)/HEm} = {HE{i)}. 
For any i G {fh + 1, m + 2, . . . , m + 1}, 

{TGCi\Tc\BE{t)\,T(^\BE{t)-{BE{i)/HEm} = 

{HEm U {RobFU)/N' \j e Z, Mil -1)<J< M{i)}, 

H{r e Ci|r c \Be{i)\,t - {BE(t)/HEm} = m{{) - M{i - i) + 1. 

_ Consider any {H,C) e 'HC{V,N,S)anA any {M,F) e USV{H,C,S). We denote 
C = C* F{1) * F(2) * • • • * F{M) and C^" = {F e Ci|r ^ |C - {e/H)\} for simplicity. 
We know tJCJ = M + 1. 

By induction on height (ffjC, S') we define three mappings 

I{y,N,H,C,S,M,F):Cl^ {1,2,. ..,M + 1}, 

A{V, N, H, C, S, M, F):Cl^ 2^"'" , and 

A° [V, N,H,C, S, M, F):C°^ 2^''* 
such that A{V, N, H,C, S, M, F){T) is a simphcial cone decomposition over N* in 
V* and A°{V,N,H,C,S,M,F){T) cA{V,N,H,C,S,M,F){T) c C for any T e CJ. 
Consider the case hcight(_ff, C, S") = 0. 
We know M = 0,C=C, and C° = {H}. We define 

/(y,7V,i/,C,^,M,^^)(H) = l, 
A{V, N, H, C, S, M, F){H) = C, 
A°{y,N,H,C,S,M,F){H)=e. 
Consider the case height (i?,C, 5) > 0. 

The characteristic function 7 : (C — (C/ff))i ^ Qo of {H,C,S) is defined. Let 
= Eb£(c-(c/h))i L7(^)J e Z+ and m = EBe(c-(c/H))i bi^)] e Zq. We know 
fh <m< M. 

Wo take the unique pair [E, M) of a compatible mapping : {1, 2, . . . , m} — ^ 
(C — {C/H))i with 5 and a mapping M : {m, m + 1, . . . , m + 1} — >■ Z+ satisfying 
the following three conditions. We denote 

Fe = F{V*, N*,H, C, m, E) : {1,2, . . . ,m} ^ 2^' 

He = H(y*,N*,H,C,m,E) : {1, 2, . . . , m + 1} ^ 2^* , and 

Be = B{V*,N*,H,C,m,E) : {1, 2, . . . , m + 1} ^ 2^'" . 
(1) F{j) = FeU) for any j e {1, 2, . . . , m}. 
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(2) M{m) = m, M(m + 1) = M and M{i - 1) < M{i) for any i e {m + I, fh + 
2,...,m + l}. 

(3) F{j) C andF(j) IBeii)- {Be{i)/He{i))\ for any ^ G 1, m + 
2, . . . , m + 1} and any j € {M{i - 1) + 1, M(i - 1) + 2, ... , M{i)}. 

For any i G {0, 1, . . . , m — 1}, we put M{i) = m. We obtain an extension 
M : {0, 1, . . . ,m + 1} Z+ of M : {m,77i + 1, . . . , m + 1} ^ Z+. For any 
i G {l,2,...,m + l}, we denote C{i) = {C * F{1) * F{2) * ■ ■ ■ * F{M{i- l)))\\BEii)\, 
and we take the mapping F{i) : {1,2, M{i) — M{i — 1)} 2^ satisfying 
F{i){j) = F{M{i - 1) + j) for_ any j G {1, 2,..., M{i) - M{i - 1)}. We know 
{HE{i),C{i)) G m{V,N,S), \C(i)\ = \Be{i)1 \C{i)-{C{i)IHE{i))\ = \BEii)- 
{BE(i)/HE(i)% \ieig\A{HE(i),C(i),S) < height(F,C, 5), (M(i)-M(i-l),F(i)) e 
USV{HE{i),C{i), S), and C(i) * * F{2) * • • • * i?^(M(i) - M(i - 1)) = C\\BE{i)\ 
for any i G {1, 2, . . . , m + 1}. We denote 

GE=G{V*,N*,H,C,m,E) : {1,2,. ..,to} ^ 2^*. 

Consider any F G C°. Take the unique i G {1, 2, . . . , m + 1} satisfying F C 
andF ^ \BE{i)-{BE{i)/HE{i))\. We know F G {C{i)* F{1)* F{2)* ■ ■ ■ * F{M(i) - 
M{i — l)))i and F ^ \C{i) — {C{i)/HE{i))\- By induction hypothesis we know that 

IiV,N,HE{i),C,S,M{i) - M(i - l),F(i))(F), A{V,N,HE{i),C,S,M{i) - M{i - 
l),F(i))(F) and A°{V, N, HEii),C, S, M{i) - M{i - 1), F(i)){r) are defined. 
We define 

I{V,N,H,C,S,M,F){T) = 

i-l + M{i-l)-m + I{V, N, HE{i),C{i),S, M{i) - M{i - 1), F{i))(T), 
A{V, N, H,C, S, M, F){T) = A{V, N, HE{i),C{i), S, M{i) - M{i - 1), F(i))(F). 

In case i ^ m + 1 , we define 

A°{V,N,H,C,S,M,F){r) = 

{9 G A°{V,N,HEit),C{i),S,M{t) - M{i - 1), F(»))(F)|e° C |SB/GB(i)|°}. 
In case i = to + 1 , we define 

A°{V, N, H,C, S, M, F){r) = A°{V, N, HE{i),C{i), S, M{i) - M{i - 1), F{i)){r). 

We call the mapping I{V,N,H,C,S,M,F) the H -ordered enumeration of C°. 
Let F G CI- We call the simplicial cone decomposition A{V,N,H,C,S,M,F){T) 
the H -lower part of C below F, and we call the subset A°{V,N,H,C,S,M,F){T) 
the H-lower main part of C below F. 

Lemma 18.2. Assume nC{V,N,S) ^ 0. Consider any {H,C) € UC{V,N,S) 
mid any {M, F) G USV{H,C, S). We denote C =C* F{1) * ^^(2) * • • • * F{M), 

C°,={TGC,\r^\C-{C/H)\}, 

I = I{V,N,H,C,S,M,F):Cl ^ {1, 2, . . . , M + 1}, 
A = A{V, N, H, C, S, M, F):Cl^ 2^''* , and 

A° = A° {V, N,H,C, S, M, F):Cl^ 2^^" . 
(1) The mapping I is bijective. H gC^. I{H) = M + 1. 
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(2) Consider any F € CJ. 

^(r) is a simplicial cone decomposition over N* in V* . A{T) c C. 
dim^(r) = dinivect(|yl(r)|) = dimC > 2. vect(|^(r)|) = vect(|C|). T e 

A{r)i. Air) = {A{T)/ry'. ^(r)'"^'' c a°{t) c A{r). 
r e A°{T) 4^ A°{T) = A{r) 4^r = H. 



(3) 



(4) 



(5) 



(6) 



(7) 



\c\ = \c-{c/H)\ui\J \A{r)/rn. 

rec° 

For any F G C^, \C - {C/H)\ n \A{T)/T\° = 0. 

For any T e CI and any f e with T ^ f, \A{T)/T\° n \A{f)/f\° = 0. 
C = {C-iC/H))U{\J{A{T)/T)). 

For any T G Cf, (C - (C/i7)) n (^(r)/r) 0. 

For ant/ T e and ant/ f e wii/i T ^ f , (^(r)/r) n (^(f)/f) = 0. 

^max ^ y ^(r)max_ 

rec° 

For any T e anrf any f e wii/i T ^ f , >l(r)'"^ n >t(f = 0. 

\c\ = U K(r)r. 

reC" 

For any T e anrf any f e wii/i T ^ f , |^°(r)|° n |^°(f)|° = 0. 

c= U ^°(r). 

rec° 



For any T e anrf any T e Cf with T ^ T, >l°(r) n >l°(r) = 0. 
For any i G {0,1, . . . , M + 1}, we denote 

x(z)=\c-{c/H)\ui U \Air)/r)ncv*, 

recj,/(r)<i 

= IJ |^°(r)|° c V*. 

rec°,i(r)>i 

(8) X{0) = \C-{C/H)\. X{M+1) = \C\. Y{0) = \C\. y(M + 1) = 0. 

For any i G {1, 2, . . . , M + 1}, X(i - 1) C X(i), X{i - 1) 5^ 
Y{i - 1) D F(i), and F(i - 1) 7^ 

(9) For any i G {1, 2, . . . , M + 1}, 

x{i - 1) n = \Ar^{i)\ - \Ar^{i)/r^{i)\°, 

Y{i) n \Ar\i)\ = \Ai-\i)\ - \A°r\i)\°. 
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(10) For any i £ {0,1, . . . , M + 1}, 

Xi^)^\C-iC/H)\Ui U l^(r)l), 
rec°,/(r)<'i 

= U |^(r)|, 

PGC" j(r)>i 

and X{i) and Y{i) are closed subsets ofV*. 

(11) Consider any subsetC ofC satisfying dimC — dim vect(|C|) > 2, C"^^^ — C'^ ^ 
H €Ci andC = (C/HY". 

Let M = tt{i e {1, 2, . . . , M}\F{i) C \C\}, and t : {1,2, . . . , M} ^ {i e 
{1,2,..., M} denote the unique injective mapping preserving the order and 
satisfying t({1, 2, . . . , M}) = {i G {1, 2, . . . , M}|F(i) C \C\}. 

By Theorem[MJi6 we know that {H,C) E HC{V, N, S), [M , Ft) £ 
USV{H,C, S), and C\\C\ = C * Ft{1) * Fr(2) * • • • * Ft{M). 

(a) {r G {c\\c\w t \C-{CIH)W=CI\\C\. 
We denote 

i = I{V, N, H,C, S, M, Ft) : C°,\\C\ {1,2, . . . , M + 1}, 
A = A{V,N,H,C, S,M,Ft) :C?\|C| ^ 2^''* , 

A° = A°{v,N,H,c, s,m,Ft) :CA|C| ^ a^"" . 

(b) Let K : {1, 2, . . . , M + 1} — > {1, 2, . . . , M + 1} denote the composition 
mapping where t : CJ'\|C| — > denotes the inclusion mapping. 
The mapping k is injective and preserves the order. k{M + 1) = M + 1. 

(c) For anyV e C^\\C\, AiT)/T = {A(X)/T)\\C\ and\AIX)/T\° = \A{T)/T\°n 

For any T € CJ - iC^\\C\), (y^(r)/r)\|C| = and \AiT)/T\° n \C\ = 

(d) For anyV eCJ\\C\,^A°iT) ^A°{T)\\C\ and\A°{T)\° = |y^°(r)|° n |C| . 
For any T G - iC^\\C\), -4°(r)\|C| = and \A°{r)\° n \C\ = 

(12) Consider any F G CJ. 

// e G ^(r) /r, A G C and e C A, then H C A, andT C A. 
IfOe A°{T), A G C/H and 6 C A, then T C A. 

IfOe A°{r) and e C |C - {C/H)\, then T (t O, + H e C/H and 
br/N* - bH/N- e N*n vect(e). 

//e G A°ir) and r (;te, theno + r e A°{r)/r. 

Below, we consider the case height (H, C, S) > 0. Assume height(_ff, C, 5) > 0. 

The characteristic function 7 : (C — {C/H))i Qo of {H,C,S) is defined. Let 
™ = EBe(c-(c/ff))i L7(-^)J e Z+ and fh = T>Ee{C-ic/H)), ^ ^o- We know 

fh < m < M . 

We take the unique pair (E,M) of a compatible mapping E : {l,2,...,m} — >■ 
(C — {C/H))i with S and a mapping M : {fii, m + 1, . . . , m + 1} — >■ Z^. satisfying 
the following three conditions. We denote 

Fe = F{V*,N*,H,C,m,E) : {l,2,...,m} ^ 2^* 

He = H{V*,N*,H,C,m,E) : {1, 2, . . . , rn + 1} ^ 2^', and 

Be = B(y*,N*,H,C,m,E) : {1, 2, . . . , m + 1} ^ 2^""' . 
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(a) PU) = PeU) for any j e {1,2, . . . ,m} . 

(b) M(m) = m, M{m + 1) = M and M{i - 1) < M{i) for any i e {fh + 
1, m + 2, . . . , m + 1}. 

(c) F{j) c \BE{i)\ and F{j) ^ {Bsii) - {BE{i)/HE{i))\ for any i € {ffi + 
l,m + 2, ...,m + 1} and any j e {M{i- 1) + l,M{i- 1) + 2, . . . , M(j)}. 

For any i € {0,1,..., to — 1}, we put M{i) = m. We obtain an extension 
M : {0, 1,...,TO + 1} Z+ of M : {to, to + 1, . . . , to + 1} -)> Z+. For any 
iG {l,2,...,m + l}, we denote C{i) = (C*F(1) * F(2) * • • •* F(M(i - 
and we take the mapping F{i) : {1, 2, . . . , M(i) — M{i — 1)} — >■ 2^ satisfying 
F(i){j) = F{M{i - 1) + j) for_ any j € {1, 2,..., M{i) - M{i - 1)}. We know 
{HE{i),C{i)) e nC{V,N,S), \Cii)\ = \BEii)\, \Cii) - {C(i)/HEm = \BE(i) - 
{BEii)IHE{i))\, height(i^i^(^),C(^),5) < height C, 5), (M(^)-M(^-1),F(^)) G 
USV{HE{i),C{i), S), and C(i) * F(l) * F(2) * • • • * F(M(i) - M{i - 1)) = C\|Si5(i)| 
for any i G {1,2, . . . ,m + 1}. We denote 

Ge = G{V* ,N* ,H,C,m,E) : {1,2,...,to} ^ 2^*. 

For any i e {0, 1, . . . ,to + 1}, we put = i + M{i) — to. VFe obtain a mapping 
L: {0,1,...,to + 1}^Zo. 

(13) L(0) = 0. L{m + 1) = M + 1. L(i - 1) < L(i) and L{i) - L{i - 1) = 
M{i) - M{i - 1) + 1 for any i G {1,2,...,to + 1}. L{i) = i for any 
i G {0, 1, . . . , to}. 

(14) For any i e {1, 2, . . . , m + 1}, 7J£;(i) G and I {He {i)) = L{i). 

For any i G {1,2,..., rfi}, I{HE{i)) = i- 

(15) Consider any F G and any i G {l,2,...,m + 1}. F C |,B£;(i)| and 
F ^ \BEit) - {BE(i)lHE(i))\ ^ L{i - 1) < /(F) < L{i) ^ \A{r)\ c 
\BE{i)l^\A°{T)\°c\BE{i:)\. 

(16) //FGCi°,iG{l,2,...,TO+l},rc |^£(i)| andV ^ \BEii)-iBE{i)/HEm, 
thenI{T) = L{i-l) + I{y,N,HE{i),C{i),S,M{i)-M{i-l),F{i)){V), and 
A{T) =^A{V, N, HE{i),C{i),S, M{i) - M{i - 1), F{i)){T). 

(17) IfTeCl,ie{l,2,...,m},T^\BE{i)\ andT t\BE{i) - {BE{i)IHE{i))\, 
thenA°{T) = {9 e A°{V,N,HE{i),e{i),S,M{i)-M{i-l),F{i)){V)\Q° C 
\BE/GE{m. 

IfT e CI, V c \BE{m+l)\ andVt \BE{m+l)-{BE{m+l)/ HE{m+l))\, 
then A°{T) = A°{V, N, HE{m + l),C{m + 1),S, M{m + 1) - M{m), F{m + 

i))(r). 

(18) For anyi G {1, 2, . . . , to}, A°iHE{i)) = {6 6 A{HEii))\e° C \BE/GE{i)\°}. 

A°{HE{m + 1)) = A{HE{m + 1)). 

(19) Consider any F e CJ" and any i G {1, 2, . . . , to + 1} satisfying F C |'BE(i)| 

andV ^ IBEif) - {BE{^)/HEm■ 
Ifee A{T)/T, A e C and e C A, then HE{i) C A. 
//e G A°{T), A G C/H and 9 C A, then HE{i) C A. 

Theorem 18.3. Assume HC{V,N,S) ^ 0. Consider any {H,C) G 'HC{V,N,S) 
and any {M,F) G USV{H,C,S). We denote C = C* F{1) * F(2) * ••• * F{M), 
C° = {F e Ci\T (]L\C- (C/iJ)|} and 

A° = A° iy, N,H,C, S, M, F):C^^ 2^""' . 
Consider any 9 G C satisfying 9 ^ \C — {C/H)\. 
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(1) There exists uniquely an element A G T>{S\V)C]C satisfying Q° <Z K° . 

(2) There exists uniquely an element A G C satisfying Q° C A°. 

(3) There exists uniquely an element A e T{S + (Q^\V*)) satisfying A(A, S + 
{Qy\V*)\V) = Q. 

(4) There exists uniquely an element F e C° satisfying Q €: A° (F) . 

We take the unique element A G T>{S\V)C]C satisfying 0° C A°, the unique 
element A G C satisfying 9° C A°, the unique element A G J^{S + 
satisfying /S.{A,S + {&'^\V*)\V) = 6 and the unique element F e satisfying 

(5) 9° C A° C A°. A G C/H. dim A = dim A or dim A = dim A - 1. F C A. 

(6) dimA = dimF-dim9. 5+ (A^|F*) C 5+ (9^|y*). yln (5+ (A^|F*)) G 
J^{S + (A^|F*)). A{A n{S + (A^|F*)), S + {A'^\V*)\V) = A. 

(7) // dimA = dim A, then (cj,a) = {uj,b) for any uj G vect(A), any a S 
An{S+iA''\V*)), andanybeAniS+{A''\V*)). 

(8) //dimA = dimA- 1, i/ien height(i/, 5+(AV|F*)) >0 andFeCi satisfies 
the following five conditions: 

(a) F c A. F ^Z^ vect(A). F^Z^A. F^z:9. 9 + Fg A°{r)/r c C. 

(b) vect(A) + F = vect(A) + H. 

(c) The subset {{br/N*,a)\a G An{S + (A^|y*))} of R is a non-empty 
bounded closed interval. 

(d) [The hard height inequahty] 

max{(6r/jv, e A n (S + (A^|F*))} 

- min{(6r/jv.,a)|a €An{S + (A^|V^*))} 
<height(ff,S' + (A^|y*)). 

(e) The equality 

max{(6r/iv ,a)\a e An {S + {A'^\V*))} 

- mm{{br/N',a)\a GAn{S + (A^IV^*))} 
= height(fl',S + (A^|y*)), 

holds, if and only if c(S + {A'^\V*)) = 2 and the structure constant of 
T>{S\V)f)J^(A) corresponding to the pair (2,-E) is an integer for any 
EgJ^{A)i-{H}. 

(9) i/dimA = dimA — 1 and the equivalent conditions in 8.(e) are satisfied, 
then 9 = A and T = H. 

Below we consider any rational convex pseudo polyhedrons T and U over N in 
V satisfying T + U = S. 

(10) T>{T\V)r\V{U\V) =T){S\V). {H,C) eHC{V,N,T). {H,C) £nC{V,N,U). 

(11) // dimA = dimA - 1, then A G V{T + {A'^\V*)\V)^ or A G V{U + 
(AV|F*)|F)i. 

(12) Assume dimA = dimA - 1 and A € V{T + (A^| V"*)| V^)^ 

height(-ff, T + (A^|y*)) > 0. There exists uniquely an element At G 
J-(r+ (A^|y*)) satisfying A{At,T + {A'' \V*)\V) = A. 

We take the unique element At G T{T + (A^|t^*)) satisfying A{At, T + 
{A"^ \ V*)\V) = A. The element F G satisfies the following three condi- 
tions: 
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(a) The subset {(6r/Af* , G At} of M. is a non-empty bounded closed 
interval. 

(b) [The hard height inequahty] 

max{(6r/Af*,a)|a G At} 

- miii{(6r/A",a)|a e At} 
<hcight{H,T + {A''\V*)). 

(c) Let ru = c{U + (A^|y*)) g Z+. // max{(6r/Ar. , a) |a e At} - 
min{(6r/jv*, 

a)\a € At} = Ht{H,T + {A'^\V*)) and the structure constant of 
'D(U+{A'^\V*)\V) corresponding to the pair {i,E) is an integer for any 
ie {l,2,...,rc/} and any E e T{H°P\A)i, then c(T+ (A^|y*)) = 2, 
the structure constant of'D{T+ {A'^\V*)\V) corresponding to the pair 
(2, E) is an integer for any E G J^{H°P\A)i and 9 = A. 

Proof. We show only claim 8 and 9. 

Assume HCiV, N, S) ^ 0.^Consider any {H, C) G HC{V, N, S)_and any (M, F) e 
USV{H,C, S). We denote C = C * * F{2) * • • • * F{M), = {r e Ci|r 
\C-{C/H)\} and A° ^ A°{V, N, H,C, S, M, F) : C° ^ 2'^'" . 

Consider any 6 G C satisfying Q \C ~ {C / H)\. 

We take the unique element A G 'D{S\V)r\C satisfying 0° C A°, the unique 
element A G C satisfying 6° C A°, the unique element A e J^{S + (Q'^IV*)) 
satisfying A{A,S + {Q'^\V*)\V) = 9 and the unique element T <E satisfying 
e e A°(T). 

By 5 and 6 we know that 9° C A° C A°, A e C/H, dimA = dimA or dimA = 
dimA-1, rc A, dimA = dim dim 9, S'+(A^|y*) c 5+(9^|y*), An{S + 
(A^|y*)) e ^-(5+ (A^|y*)), and A{An {S + {A'' \V*)), S + {A'' \V*)\V) = A. 

Furthermore, assume dimA = dimA — 1. 
_ Note that H e J"(A)i_and V{S + {A''\V*)\V) i_s iJ-simple, since A e C/H. Let 
■D{S + (A^|l/*)|F)i = {A e V{S + (AV|F*)|t/)i|A° c A°} U {iJ°P|A} denote the 
i/-skeleton of 2?(S' +_{A'^ \V*)\V). We know A e V{S + {A'' \V*)\V)\ A =^ H°p\A, 
c{S +{A'^\V*)) = IViS +{A''\V*)\V)^ > 2, and height(i7, + (A^|y*)) > 0. 

We consider the i7-order on V{S + {A'^\V*)\Vf. Let A : {1, 2, . . . , c(S' + 
(A^|T/*))} -J> T>{S + (A^|y*)|y)° denote the unique bijective mapping preserv- 
ing the i?-order. Let t = dimvect(A)^|y* S Zq and let A : {1,2, ... ,c{S + 
(A^|y*))} — > J^{S+{A^))i denote the unique bijective mapping satisfying A{A{i), 
S + {A''\V*)\V) = A{i) for any i e {1,2, c{S + {A'^\V*))}. For any i € 
{l,2,...,c(5 + (A'^|F*))}, we take any point a{i) e A{i). 

We consider _the i7-order on V{S + (A^|y*)|F)i. Let A : {1, 2, . . . , c(S' + 
(A^|F*))} 'D[S + {A^\V*)\VY denote the unique bijective mapping preserv- 
ing the i?-order. We take the unique element ia G {2,'i, . . . ,c{S + {A'^\V*))} 
satisfying A(iA) = A. 

Now, by 5 we know F C A. 

If F C 9, then 9 = 9 + F e A°(F)/F. If F ^Z^ 9, then 9 + F G A°(F)/F by 
Lemma[T8Jll2. We know 9 + F e A°(F)/F C A°{T) C C. 

Since A(A n (5 + {A'^\V*)), S + {A'^\V*)\V) = A = A(u) = A(u) n A(^A - 1) 
and A° C A°, we know that Af^ {S + {A^\V*)) = conv(i(u) U i(u - 1)) = 
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conv({a(iA),a(iA - 1)}) + (vect(A)^ Therefore, if vect(A) + r = vect(A) 
then (6r/jv*,a(«A)) < {br/N*,a{iA - 1)), {{br/N*,a)\a e A n (5 + (A^|F*))} = 
{t G ]R|(5r/Ar* , a(iA)) < t < (6r/Ar*,a(iA — 1))}, and the subset {{br/N',a)\a e 
An {S + {A'^\V*)) of R is a non-empty bounded closed interval. If T C vect(A), 
then (6r/jv,a(«A)) = (6r/JV*,a(*A - 1)), {{br/N*,a)\a e An [S + (A^'lV*))} = 
{(6r/Ar*,a(«A))}, and the subset {{br/N*,a)\a € An{S + (A^|V^*)) of M is a non- 
empty bounded closed interval. If F ^ vect(A) and vect(A) -I- F ^ vect(A) -I- H, 
then {br/N*,a{iA)) > {br/N* , a{iA ~ 1)) , {{br/N*,a)\a e A n {S + {A^'lV*))} = 
{t e R\{br/N',(i{iA)) > t > {br/N'iaiiA — 1))}, and the subset {(bp/Ar* , a) |a G 
An {S + (A^|y*)) of M is a non-empty bounded closed interval. 

We know that the subset {{br/N* , a.)\a e An (S* + (A^|V"*)) of M is a non-empty 
bounded closed interval. 

Let M = e {1,2, ... ,M}\F{i) C A} e Zq. We take the unique injective 
mapping r : {1,2,..., A/} — ^ {1, 2, . . . , M} preserving the order and satisfying 
t({1,2, . . . ,M}) ^ {i e {l,2,...,M}\F{i) C A}. By Therem [lMl6 we know 
that (7?, J"(A)) g nC(y,N,S), {M,Ft) e USV{H,T{A), S), and C\A = T{A) * 
i^r(l)*FT(2)^---*FT(M). 

We denote J"(A) = J"(A)*i^r(l)*i^r(2)*- • •*i^r(Af ), J"(A)? = {f e J"(A)i|f 
H°P\A} and i° = TV, i/, J"(A), S", Af, Ft) : j'(A)? -> 22"' . 

Since F C A, F e J"(A)J and yi°(F) = yl°(F)\A. Since 9 C A, 6 G A°(T). 

For any j G {1, 2, . . . , 0(5 -f (A^ly*))} and any E e J-(iyop|A)i, we denote 
the structure constant of 2?(S' + (A^|y*)|y) corresponding to the pair {j,E) by 
c{ViS+{A''\V*)\V),j,E). 

Letm = E£e^(ifop|A)Jc(P(5-K(A^|y*)|y),2,i?)J eZ+ and 

jfi = ^^^^^^„p|_^^Jc(2?(S'-f-(A^|y*)|y),2,F)] e Zq. We know that ?fi < m < A^. 

We take the unique pair {E, M) of a compatible mapping E : {1,2,..., m} — >■ 
J^(i/°P| A)i with 5' and a mapping Af : {to, to -|- 1, . . . , to -|- 1} — >■ Z_(. satisfying the 
following three conditions. We denote 

= F{V*,N*,H, T{A), TO, E):{l,2,...,m}~> 2^* 
= H{V*,N*,H,T{A),7h,E) : {1, 2, . . . , to + 1} ^ 2^' , and 

= B(y*,N*,H,T{A),m,E) : {1, 2, . . . , to + 1} ^ 2'^'^' . 

(a) Fr(j) F^(j) for any j G {1, 2, . . . , to}. 

(b) M{rh) = to, A4"(to + 1) = M and A4"(i- 1) < A/(i) for any i e {m+l,m + 

2,...,TO+1}. 

(c) Ft{j) C and Ft(j) ^ - (f?^(z)/i/^(z))| for any z G {#7,+ 
1, 771 -f 2, . . . , TO + 1} and any j e {Ad{i - 1) + l,A!{i - 1) + 2, ... , Mii)}. 

For any i e {1, 2, . . . , to -t- 1}, we denote A(i) = C A and A(z) = 

H^{i)°P\A{i) C A{i). For any 7 e {0, 1, . . . , ?fi - 1} we put M{i) = rri. For any 
ie{l,2,.. . ,771+1}, let Cii) = J"(A)*Ft(1)*Ft(2)*- • • *Fr(Af(i- l))\A(i) and let 
F{i) : {1, 2, . . . , M{i) - M(i - 1)} 2^* denote the mapping satisfying F{i){j) = 
Fr(Al(i-l)+j) for any j G {1, 2, . . . , A4"(i) - Af(i- 1)}. Note that we have |C(7)| = 
A(z), (i7^(i), C(i)) G HC(y, N, S), {M{i) - Mii - 1), ^(z)) e Z^5I?(i?^(i),C{z), 5), 
height{H^ii),C{i),S) = height{H^{i), S + iA{i)'^\V*)) < height(i?, -h (A^|y*)) 
for any i e {1, 2, . . . ,rh + 1} by Theorem llS.ll lO. 
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There exists uniquely ir G {1, 2, . . . , to + 1} satisfying F C A(ir) and F ^ A(ir). 
We take the unique ir G {1, 2, . . . , m + 1} satisfying F C A(ir) and F ^ A(jr). 

By Lemma [IH21 17 we know 6 e A°{T) C A°{V, N, H^{ir),C{ir), S, M{ir) - 
M(ir-i),n*r))(F),andec |i°(F)| c iV, ff^(zr),C(zr), 5, M(zr)"Af(zr- 

i),F{ir)){r)\ c \C{ir)\ = A(ir). Consider the case ir = m + 1. 6° c A(ir)nA° = 
A(ir)° U A(ir)°. Consider the case ir ^ rh + 1. We denote 

= G{V*,N*,H,T{A),m,E) : {1,2,. ..,m} ^ 2^*. 

By LemmaHH^ll? 6° C \T{A{ir))/G^{ir)\° = Mir) - {G^{ir)°'P\Mir))- There- 
fore, e° C (A(zr) - (G^(zr)°P|A(zr))) n A° = A(^^)° U A(zr)°. 
We know 6° c A{ir)° U A(ir)°. 

Since 9 G -F(A), {A(ir), A(ir)} C J"(A)*Ft(1)*Ft(2)*- • •*Ft(to), and j'(A) 
is a subdivision of J^(A) * Ft{1) * Ft{2) * • • • * FT{rh), we know that 9° C A(ir)° 
or 9° C A(ir)°- 

We take the unique element Aq G C{ir)/H^{ir) satisfying 9° C Ag U {H^{ir)°P 

\Ao)°. 9° C A(ir)°, if and only if, 9° C A°. 9° C A(ir)°, if and only if, 
9° c (i/^(*r)°P|Ao)°. 

Since 9 G A° {V, N, H^{ir),C{ir), S, M{ir) - M{ir - i), F{ir)){T) and 9 C Aq, 
we know F c Aq. height{H ^{ir) , S + {A'/^\V*)) < height{H^{ir),C{ir), S) < 
height(iJ,S'+ (A^IF*)). An Ao G V{S\V)riCriC{ir) = V{S\V)nC{ir). 7^ 9° c 
A n (A(ir)° U A(ir)°). 9 c A n Ap. 

Let s = s{V*,N*,H,F{A),m,E) : {0,1,...,™} x J-(iJ°P|A)i ^ Zq. 

Assume that ir ^ rh + 1. By Theorem 117.11 15 we know m ~ rh > 1, ir G 
{m + 1, m + 2, . . . , m}, since A n (A(ir)° U A(jr)°) ^ 0. Since A = A(u) and 
An (A(ir)° U A(ir)°) 7^ 0, we know c{V{S + {A''\V*)\V),iA, E{ir)) < [c{V{S + 
{A'^\V*)\V),2,E{ir))\ = s{ir,E{ir)) by Theorem [1731 17. 

It follows that if ir 7^ rh + 1, then Hj^{ir) (^t vect(A) and vect(A) + iJ^(ir) — 
vect(A) + H. Obviously, if ir = m + 1, then H^{ir) = H, H^{ir) vect(A) 
and vect(A) + H^{ir) = vect(A) + H. We know that H^{ir) <t vect(A) and 
vect(A) + Hj^{ir) = vect(A) + H. Furthermore, it follows that dim A n Ao < 
dim Aq — 1. 

We have two cases. 

(1) 9° c A(zr)°. 

(2) 9° c A(ir)°. 

We consider the case 9° C A(ir)°- 9° c A°. A n Aq G 2?(S'|F)nJ"(Ao). 
9° c A° n Ag = (A n Ao)°, 7^ 9° c (A n Ao)° n Ag. Since V{S\V)nT{Ao) is 
iJ^(ir)-simple, we know dim(A n Aq) > dim Aq — 1, dim(A n Aq) — dim Aq — 1 
and vect(A n Ao) vect(A) n vect(Ao). 

Since height(iJ^(ir), 5* + (A^|F*)) < height (iJ, S* + (A^|F*), by induction on 
height we know that the following claims hold: 

(a) F c Ao. F vect(A n Aq). 

(b) vect(A n Ao) + F = vect(A n Ao) + H^{ir). 

(c) Thesubset {(5r/Ar.,a)|a G An(S'+(A^|F*))} of R is a non-empty bounded 
closed interval. 
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(d) 

max{(fer/jv*,a)|a ^ AC^ (5 + (Ao^ |y*))} 

- min{(6r/Ar. , a) |a e A n (5 + (A^ |y*))} 
<height(i7^(zr),^ + (A^|^*)) 

Since T C Aq C vect(Ao) and T (f_ vect(A n Aq) = vect(A) n vect(Ao), we know 
r ^ vect(A). Since 9 C A C vect(A), we know T ^ A and T ^ 0. 

Note that A = vect(A) n A. Since Hj^{ir) (fi A and H^{ir) C A, we know 
H^{ir) ^ vect(A). Since vect(A n Aq) + T = vect(A n Ao) + H^{ir) and vect(A n 
Ao) C vcct(A), we know vect(A) + T = vcct(A) + -ff^(ir) = vect(A) + H. 

Since Ao C A, we know that A n (5 + (A^|y*) c An {S + {A'^\V*), 
max{(6r/jv*,a)|a £ An (5 + (A^ |F*))} < max{(6r/jv* , a)|a S AniS + {A'^\V*))}, 
minUbr /N',a)\a G A n (5 + (A^ > niin{(6r/Ar. , a) |a G An (S + {A^o\V*))}, 
max{{br/N',a)\a G An (S* + (A^IF*))} - min{(6r/jv* , a) |a £ An (S* + (A^ < 
max{(6r/7v*,a>|a G AniS + {A^\V*))} - mm{{br/N' ,a)\a G An (5 + (A^|y*))} < 
height(i7^(2r),5+(A^|l/*)) <height(i/,5+(AV|y*)), and 

max{(6r/jv*,a)|a G An (5+ (A^|y*))} 

-min{(6r/Ar.,a)|a G A n (5 + (A^ 
<height(i7,S'+ (A'^ly*)) 

We consider the case 6° C A(ir)°. 

e G C\A(zr) = (C\A(zr))\A(ir) = (C(ir)*^(*r)(2)*F(ir)(l)*- • •*F(zr)(M(ir)- 
M{ir - l)))\A(ir) = C{ir) - {C{ir)/H^{ir)) and we know 6 + H^{ir) G C{ir). 

Since 9 = H^{ir)°P\{e + H^{ir)), we know Aq = 9 + H^iir) and dim9 = 
dim Ao — 1. 

Since 9 C An Aq, dimAo - 1 = dim 9 < dim An Aq < dimAo - 1, dim 9 = 
dimAnAo = dim Aq-I, vect(9) = vect(AnAo) and AnAo C vect(An Ao)n Aq = 
vect(9) n Ao = vect(9) n (9 + H^^ir)) = 9. We know 9 = A n Ao. 

Since T ^ A(ir) and 9 C A(ir), we know T ^ 9. Since T ^ 9 = A n Ao 
and r C Ao, we know T ^ A. Since T ^ A = vect(A) n A and T C A, we know 
r vect(A). 

Since r° U H^{ir)° C Ao - {H^{iT)°P \Ao), we know vect(A) + T = vcct(A) + 
H^{ir) = vect(A) + 

We know vect(A) + T = vcct(A) + H, (^r/w , a(iA)) < {bv / n ' , ".{i A — 1)), 
{{bT/N',a)\a G An(^ + (A^|y*))} = {i G R| (6r/iv* , < t < (6r/iv,a(u - 
1))}, and ma.x{{br/N',a)\a G A n (S* + {A"^\V*))} - min{(6r/Ar. , a) |a G A n (S" + 
(AV|y*))} = {br/N',aiiA - 1)) - (&r/jv*,a(u)>. 

By Lemma [TH?2l 12 we know bH^{ir)/N* - br/N' G iV* n vect(9) C vect(A) = 

vect(A(u)). Since {a(u-l),a(u)} C conv(A(u-l)UA(u)) G TiS+iA"^ \V*))e+i 
and A(conv(A(u - 1) U A(u)),5 + (A^|F*)|y) ^ A(2a), we know {bH^{^r)/N' - 
br/N',a{iA - 1)) = {bH^i2r)/N' - &r/w* , a(iA)). We know (6r/w,a(u - 1)) - 
(6r/Ar*,a(u)) = {bHj^(ir)/N',a{iA - 1)> - (6H^(jr)/Ar. , a(u))- 
We have two cases. 

(1) A^ A(*r). 

(2) A = A(ir). 
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Consider the case A 7^ A(ir). 

Since A(iA) A 7^ A(ir) = H^{ir)°P\A{ir), we know A(iA)nA(ir)° ^ 0, A(u- 
l)nA(ir)° ^ 0, {A{tr),A{ir-l)} C ^(5+ (A(*r)^|^*))^, and {bH^(^r)/N' ,a{iA- 
1)> - (^'H^(.r)/iv-«(*A)> < hcight(i7^(zr),5 + (A(zr)^|y*)) < height(i/, 5 + (A^| 

We know that max{(6r/Ar* , a) |a e A n (5" + {A'^\V*))} - mm{{br/N',a)\a e 
An (5-+ (A^|y*))} < height(i?,S'+ (A^|y*)). 
Consider the case A = A(ir)- 

If ir = m+1, thenH^{ir) = H and (^^^(.ir)/^. , a(iA-l))-(5if^(ij,)/jv. , a(iA)) = 
{bH/N*,a,{iA - 1)) - (6ff/Ar-,a(u)). 

We consider the case ir ^ m + 1. bH^(i^)/N' - bn/N* = bGj^{tr}/N- S A{ir) = 
A = A(iA)- Therefore, {bH^(ir)/N* -bn/N* ,a{iA-l)) = {bHji.{ir)/N' -bn/N- ,a{^A)), 
and {bH^(iT)/N' , a(«A-l))-(&ff^(ir)/Ar* , = (&ff/A" , a{iA-l))-{bH/N' , 

We know that (6h^(j^)/jv. - &///Ar. , a(iA - 1)> = {bHj^{zr)/N' -bH/N',a{iA)), and 
{bHj^{ir)/N-,a{iA- 1)) - (fc//^(ir)/Af*7a(u)) = {bH/N-',a{iA - 1)) - {bH/N',a{iA))- 

Note that (6h/a" , a(iA - 1)) - (&i//Ar* , a(u)) < (^h/at- , a(l)> - (6///Ar. , a{c{S + 
(A^|V*)))) = height(il,^ + (A^|V^*)) and {bH/N',a{^A - 1)> - (6^/^. , a(zA)) - 
(&ff/iv* , a(l)> - {bH/N' , a(c(5+ (A^|y*)))), if and only if, c(5+ (A^|y*)) = u - 2. 

We know that max{(&r/Ar* , a) |a e A n {S + (A^|F*))} - min{(6r/Ar., a)|a e 
An (5 + (A^|V"*))} < height(i7,5 + (A^|V"*)), and that niax{(6r/Ar.,a)|a € An 
(5 + (A^|V^*))}-min{(6r/Ar.,a>|ae An(5 + (A^|T/*))} = height(iJ,5+(A^|F*)), 
if and only if, c{S + (A^lF*)) = u = 2. 

Now, by the arguments until here we know that the inequality max{ (bp /at* ,a)\a G 
An (S* + (A^|y*))} - min{(&r/Ar*,a)|a G A n (5 + (A^|T/*))} < height(i7,5 + 
(A^|V*)) always holds, and the equality niax{(6r/A-,a)|a e An {S + {A'^ \V*))} - 
niin{(&r/7v*,a)|a G An{S + {A'^\V*))} = height(i7, 5 + (A^|F*)) holds, if and only 

if, e° c A(ir)°, A = A{ir) and c{S + (A^|V"*)) = u = 2. 

Assume 6° c A(ir)°, A = A{ir) and c{S + {A'^\V*)) = u = 2. We have 
A(2) = A(u) = A = A(ir), and for any E e_ J'(iJ°P| A)i = J"(A)i - {H}, 
c{V{S\V)nT{A),2,E) = c(2?(5'+ (AV|y*)|t/),2,^) = s{ir -l,E)e Z. 

We know that if max{(&r/Ar- , a) |a G A n (5 + (A^|F*))} - min{(6r/Af,a)|a G 
An (5'+ (A^IF*))} = height(i?,5 + (A^|F*)), then c(S' + (A^|F*_)) = 2 and the 
structure constant of 'D{S\V)nJ^{A) corresponding to the pair {2,E) is an integer 
for any E G T{A) - {H}. 

Convesely, assume that c{S+{A'^ \V*)) = 2 and the structure constant oi'D{S\V) 
nJ^(A) corresponding to the pair (2, E) is an integer for any E G -^(A) — {H}. By 
Theorem 117.11 20-26 we know that fh = rh ~ M, iA — 2, ip — m + 1, Q = A = 
A(2) = A(m + 1), r = H and the equality max{(5r/Ar-, a) | a G An (5+ (A^^ |y*))} - 
min{(6r/jv*,a)|a G A n (S* + (A^|y*))} = height(iJ, S* + (A^jl^*)) holds. 

Claim 12 follows from similar arguments as in claim 8 and 9 and Theorem I 17.11 27- 
32. □ 
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19. Schemes associated with simplicial cone decompositions 

We develop the theory of torus enibeddings (Kempf et aL [19], Fulton [8]). We 
define schemes associated with simplicial cone decompositions and examine their 
properties. 

Let us begin with the ring theory. 

Let R be any ring. The set of all prime ideals of R is denoted by Spec(i?). If 
i? is a field, then Spec(i?) = {{0}}. We define a topology on Spec(i?) called the 
Zariski topology. We define that a subset X of Spec(_R) is closed, if there exists a 
subset X of R satisfying X = {p e Spec{R)\X C p}. A subset U of Spec(i?) is 
open, if the complement Spec(_R) ~ U oi U in Spec(i?) is closed. We say that a 
point p e Spec(_R) is a closed point, if the set {p} is a closed subset of Spec(i?). 

For any (f> £ Rwe denote Spec(_R)0 = {p G Spec(i?)|0 ^ p} and we call Spec(i?)0 
the principal open subset or the principal open set of Spec(i?) associated with cj). 

Let Q be another ring and let A : i? — > Q be any ring homomorphism. We can 
check easily that A"^(p) e Spec(i?) for any p e Spec(Q). Putting A*(p) = A"^(p) G 
Spec(ii!) for any p G Spec{Q), we define a mapping A* : Spec((5) -> Spec(i?). 

Lemma 19.1. (1) Let R be any ring. 

The empty set is an open subset o/Spec(-R). Spec(-R) is an open subset 
o/Spec(i?). For any open subset U o/ Spec(i?) and any open subset V of 
Spec(i?), the intersection U r\V is an open subset o/Spec(i?). For any 
non-empty set U whose elements are open subsets of Spec(i?), the union 
UjjeuU is an open subset ofSpec{R). 

The Zariski topology on Spec(i?) is a topology on Spec(i?). 

(2) Let R be any ring and let p G Spec(i?) be any prime ideal of R. 

The closure of the subset {p} ofSpec{R) is equal to {q G Spec(i?)|p C q}. 
The point p of Spec(i?) is closed, if and only if p is a maximal ideal of 

R. 

(3) For any ring R, any ring Q such that there exists a ring homomorphism 
from R to Q and any ring homomorphism X : R ^ Q, the mapping A* : 
Spec((5) — Spec(i?) is continuous and preserves the inclusion relation. 

(4) For any ring R, id^ is equal to the identity mapping o/Spec(i?). 

(5) For any ring R, any ring Q, any ring P such that there exists a ring ho- 
momorphism from R to Q and there exists a ring homomorphism from Q 
to P and any ring homomorphism A ; i? — > Q and any ring homomorphism 
fi-.Q^P, i^iX)* =A>*. 

Let K be any field and let R be any subring of K. 

A subset 5* of i? is called a multiplicatively closed subset, if 1 G 5, ^ 5 and 
(/)'!/' € S for any ip £ S and any £ S. 

Let S be any multiplicatively closed subset of R. We denote 

Rs = {^\4'(^R,^(^S}(zK, 
<P 

and we call Rs the localization of R with respect to S. We can check easily that 
Rs is a subring of K containing R. 

Let p G Spec(i?) be any prime ideal of R. We can check easily that the comple- 
ment i? — p of p in i? is a multiplicatively closed subset of R. We denote 

i?p - Rb-p - {^IV^ g i?, g i? - p} c if, 
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and we call Rp the local ring of i? at p. iip is a subring of K containing R. 

Note that {0} is the unique ring contained in K and satisfying 1=0. The set 
{0} is not a subring of K. 

For any open subset U of Spec(i?), we denote 



For any open subset U of Spcc(i?), Or{U) is a ring containd in K, and if /7 7^ 0, 
then Or{U) is a subring of it contains R and it is contained in Rp for any p e [/. 

Consider any open subset U of Spec(-R) and any open subset V of Spec(i?) satis- 
fying U <zV.liU then V ^ and Or{U) D Or{V). liU = %, then Or{U) = 
{0} and there exists uniquely a surjective homomorpliism Or{V) Or{U). We 
define a mapping res^^ : ORiV) — ^ Or{U) called restriction homomorphism by 



The restriction homomorphism resj^ is a ring homomorphism. 

We denote the pair of sets {{Or{U)\U is an open subset of Spec(i?)}, {reS[^|J7 
and V are open subsets of Spec(i?) with [/ C V}) by a simple symbol Or. 

Consider any p G Spec(i?) and any open subset U of Spec(i?) with p G U. 
We define a mapping res^ : Or{U) — >■ Rp called restriction homomorphism by 
putting res^ = the inclusion mapping. The restriction homomorphism res^ is a 
ring homomorphism. 

Lemma 19.2. Let K be any field; let R be any subring of K and let S be any 
multiplicatively closed subset of R. 

(1) {0} € Spec(i?). U ^ if and only if, {0} G U for any open subset U of 
Spec(i?). For any non-empty open subset U o/Spec(i?) and any non-empty 
open subset V of Spec(i?), the intersection U (IV is non-empty. 

(2) Rs is a subring of K containing R. S C Rg . 

By u : R ^ Rs we denote the inclusion ring homomorphism. 

Consider any ring T such that there exists a ring homomorphism jj, : 
R ^ T from R toT satisfying n{S) C . For any ring homomorphism ji : 
R ^ T satisfying IJ-{S) C , there exists uniquely a ring homomorphism 
fb : Rs — T satisfying p,u = 11. 

(3) For any p G Spec(i?s), pfli? G Spec(ii) and it satisfies (pfli?) n5 = and 
(pni?)i?s =p. 

(4) For anyp G Spec(i?) satisfying pnS = 0, pRs G Spec(i?s) andpRs^R = p. 

(5) The mapping from Spcc(i?5) to {p G Spcc(i?)|p n S* = 0} sending p G 
Spec(i?s) to p r\ R and the mapping from {p G Spec(i?)|p Ci S = 0} to 
Spec{Rs) sending any p G Spec(-R) satisfying PHIS' = to pRs G Spec(i?s) 
are bijective mappings preserving the inclusion relation, and they are the 
inverse mappings of each other. 

//p G Spec(ii5) andp G Spec(i?) satisfying p (1 S = correspond to each 
other by these bijective mappings, then (i?s)p = Rp- 

(6) Furthermore, if we define the topology on Spec(i?s) and we define the topol- 
ogy on {p G Spec(ii)|pn5 = 0} induced by the topology on Spec(i?), then the 




putting 




the inclusion homomorphism if C/ ^ 0, 

the unique surjective homomorphism if f/ = 0. 
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mapping from Spec(i?s) to {p e Spec(i?)|p 5 = 0} sending p G Spec(i?s) 
to p (1 R is a continuous bijective mapping whose inverse mapping is also 
continuous. 

(7) // R is noetherian, then Rs is also noetherian. 

(8) Consider any prime ideal p € Spec(i?) of R. 

{q n i?|q e Spec(i?p)} = {q G Spec(i?)|q C p}. 

The ring Rp is a local ring whose maximal ideal is equal to pRp. If R is 
noetherian, then Rp is also noetherian. 

(9) Consider any r G Z+ a,nd any mapping (j) : {1, 2. .... r} — > i? — {0}. We de- 
note S{(p) = {0(l)'"(i)(j!)(2)™(2)...0(r)m(r)|^ ^ map({l,2,...,r},Zo)} C 
R. 

The subset S{<j)) is a multiplicatively closed subset of R. <j){l)(j){2) ■ ■ ■ (j){r) G 
R-{0}. 

Rsw 

lb 

= \ —r-. — 7T^ — — rs — T^IV' & R.TU G niap(|l, 2, . . . , r}, Zn)} 

= ^[^^'-^^^'^'-'-»]= V)^(2|...^(.) ]^^- 

// R is noetherian, then Rs(ci>) is also noetherian. 

(10) Consider any (p G R. The principal open subset Spec{R)^ o/Spec(i?) asso- 
ciated with (j) £ R is an open subset o/Spec(i?). 

Spec(i?)0 = 0, if and only if, (f> = 0. 

{p n R\p G Spec(i?[l/0])} = Spec(i?)^ i/^ 7^ 0. 

(11) Consider any (j) £ R — {0} and any t e R — {0}. 

Spec(i?)0 = Spec(i?)^, if and only if, {a G R\a"^ = ficj) for some m G 
Zo and for some /3 G i?} = {a G R\a"^ = p-ip for some m G Zq and for some 
PGR}. 

IfSpec{RU = Spec{R)^, then R[^] = R[^]. 

4>ip G R — {0} and Spec{R)^^ = Spec{R)^ (1 Spec(i?)^. 

(12) 



R 

for any subset X of R— {0} satisfying XR = R. 

(13) 

n Rp=R. 

peSpec(R) 

(14) 

n = ^ti 

peSpec(K)^ ^ 

/or any non-zero element (j) G R — {0}. 
(15) Or is a sheaf of rings on Spec(i?), in other words, the following seven 
conditions are satisfied: 

(a) For any open subset U of Spcc{R), Or{U) is a ring. 

(b) For any open subsets U and V of Spec(i?) with U C V, res^^ is a ring 
homomorphism. 
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Ifrea^^y{(j){U)) = res^^py ((/>(F)) for any U gU and any V gU, then 



(c) For any open subset U of Spcc(i?), rca'y is the identity mapping of 
Or{U). 

(d) For any open subsets U, V and W of Spec(-R) with U C V C W, 

W V w 

resy = res^resy . 

(e) Consider any non-empty set U whose elements are open subsets of 
Spec(i?). We denote U = UueuU . Consider any (j) e Ofi{U). 
IfieS(j{(j)) = for any U GU, then = 0. 

(f) Consider any non-empty set U whose elements are open subsets of 
Spec(i?). We denote U = UueuU. Consider any ^{U) G Or{U) for 
any U €U. 

^unvi^y^ )) — '■'=ynv\ 
there exists 4> S Or{U) satisfying res^((j!)) = 4>{U) for any U gU. 

(g) On{$) = {0}. 

(16) C'ii:(Spec(i?)) = R. O_R(Spec(i?)0) = -R[l/0] for any non-zero element 
(j)GR-{Q}. 

(17) Consider any non-zero element (J) Cz R — {0} and, any open subset U of 
Spec(i?) contained in Spec{R)^. Let = {p G Spec(i?[l/0])|p n i? G U}. 
U is an open subset of Spec{R[l / (f)]) and Oii[i/^]{U) = OniU). 

(18) Note that the sheaf Or on Spcc(i?) is defined using the field K contain- 
ing R. The sheaf Or is isomorphic to Grothendieck's structure sheaf on 
Spec{R), which depends only on R and independent of the choice of the 
field, K containing R, and, the topological space with a sheaf (Spec(i?), Oij) 
is identified with Grothendieck's affine scheme Spec(i?). 

(19) For any p G Spec{R) and any (p G Rp, there exist an open subset U of 
Spec(i?) with p G U and an element tp G Or{U) satisfying res^(V') = (j)- 

(20) Consider any p G Spec(i?). 

Note that for any open subset U of Spec{R) with p G U and any open 
subset V o/Spec(i?) with p gV, there exists an open subset W ofSpec{R) 
with p gW cU r\V. 

The pair {Rp,{veSp\U is an open subset of Spec(i?) with p G U}) is 
the inductive limit of the inductive system {{Or{U)\U is an open subset 
o/ Spec(i?) with p G [/}, {res^^ji/ and V are open subsets o/ Spec(i?) with 
p gU C V}), in other words, resjf = res^res^ for any open subsets U and 
V of Spcc(i?) with p G U C V and the following condition is satisfied: 

Assume that a ring T is given and a ring homomorphism X{U) : Or(U) 
T is given for any open subset U of Spec(i?) with p G U. If X{V) = 
A(t/)rcSj^ for any open subsets U and V of Spcc(i?) with p G U C V , 
then there exists uniquely a ring homomorphism A : i?p — >■ T satisfying 
X{U) = Ares^ for any open subset U ofSpec{R) with p gU. 



Let J be any field; let Q be any subring of J such that there exists a ring ho- 
momorphism, from R to Q and let X : R ^ Q be any ring homomorphism. The 
continuous mapping X* : Spec{Q) — >■ Spec(i?) is defined associated with X. 



(21) For any p G Spec{Q), there exists uniquely a ring homomorphism A*(p) : 
-Ra'-(p) Qp satisfying resp^'"'^'^^ A = A* (p)res^^^p|^\ 
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For any open subset U of Spcc(i?), there exists uniquely a ring homo- 
morphism X^U) : Or{U) Oq{X*-\U)) satisfying resl^-^fJ^X = X*{U) 



res 



Spec(iJ) 

'u 



We take the unique ring hom,om,orphism X^^iU) : OniU) — >■ OQ{X*~^{Uy) satis- 
fying TCS^'l'^i^^X = A,(?7)res^'^'^'''^' for any open subset U o/Spec(i?). We denote 
the set {Xt,(U)\U is an open subset of Spec (R)} by a single symbol A*. We denote 
the pair (A*, A*) by a single symbol A*. 

(22) The pair (A*, A*) is a morphism from the topological space with a sheaf 
(Spec( 

Q), Oq) to the topological space with a sheaf {Spec{R) , O r) , in other words, 
res^._i|^jA = A*(?7)resj^ for any open subsets U and V of Spec{R) with 
U CV. 

(23) The pair A* = (A*, A*) is identified with Grothendieck's morphism A* : 
Spec(Q) — )• Spec(i?) of affine schemes associated with the ring homomor- 
phism A. 

(24) Assume that Q is a subring of K containing R and X : R ^ Q is the 
inclusion ring homomorphism. 

For any p € Spec((5), ^A*(p) C Qp and the homomorphism A*(p) : 
Rx*{p) ~^ Qp is equal to the inclusion homomorphism. 

For any open subset U of Spec(ii), Or{U) C Oq{X*~'^{U)) and the 
homom,orphism A*({7) : Or{U) Oq{i'*~^{U)) is equal to the inclusion 
homom,orphism. 

Below, we consider any integral domain S, any finite dimensional vector space 
V over M and any lattice N of V. 

Note that map'(A^, 5) is an S-module. 
For any e G wc denote 

A(e) = {(/, 5)1/ e iV, 5 G ^, / + .9 - e} C iV X N. 

li e € N, f € N, g € N and {f,g) G A(e), then (gj) G A(e). A(e) = 
{(/,e - /)!/ eN}= {(e - g,g)\g G N} for any e G AT. If dimF > 1, then A(e) is 

an infinite set for any e € N. 

Consider any G map' (TV, S) and any -0 G map'(A^, S). 

supp((/)), supp(V') and supp(0) + supp(V') are finite subsets of A''. supp(0) x 

supp(V') is a finite subset oi N x N. 

Consider any e G N. {(/,<?)!/ & N,g € N,{f,g) G A(e), </>(/)V(5) ^ 0} = 
{if,9)\f e N,9 G N,{f,g) G A(e),0(/) ^ 0,V(fl) 7^ 0} = A(e) n (supp(0) x 
supp(V^). We know that the set {{f,g)\f eN,g&N, {f,g) G A(e), 0(/)^(3) ^ 0} 
is a finite set and an element X^jgjv ggjv (/ g)eA(e) 4>{f)'4'{9) G 5* is defined. 

Putting 

feN,geN,{f,g)eA(e) 

for any e G iV, we define an element (jitp G map(A^, 5*). 

IfeeN and A(e)n(supp(0)xsupp(V')) = 0, then X;/gAr,ggjv,(/,g)eA(e) Hf)'^{9) = 
0. For any e E N, A(e)n (supp((/>) xsupp(';/')) 7^ <J=> e G supp((/)) + supp (■)/')• There- 
fore, supp{(fnp) C supp((/)) + supp('!/'), supp(0^) is a finite set, and we know that 
(trip G map' (AT, 5). 
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We call the element 4)11) G map'(iV, S) the product of (p and iIj. 
Putting 

for any e & N and any f £ N, we define a mapping 

X : N ^map'{N, S). 

Putting 

iy{a) = ax{0) e map'(iV, S) 

for any a € S, we define a mapping 

1^ : S ^map'{N,S). 

For any subset oiV, we denote 

m&p'{N,S)\e = {4)& map'(Af,5)|supp(9;i) C 6}. 

Lemma 19.3. Consider any integral domain S , any finite dimensional vector space 
V over M. and any lattice NofV. We consider the S -module map'(-/V, 5) and the 
product on map' (AT, S) defined above. 

(1) ma,p'{N,S) is an integral domain. The identity element of ma,p'{N,S) 
is equal to x{0). The mapping u : S ^ map'(Af, 5) is an injective ring 
homomophism. 

Below, using v : S ^ map'{N, S), we regard S as a subring of map' {N, S). Let K 

be any field such that there exists an injective ring homomorphism from map'(iV, S) 
to K and let i : map'(-/V, S) ^ K be any injective ring homomorphism. We fix such 
a pair [K, l) and using l, we regard map'{N, S) as a subring of the field K. 

(2) For any (j) G m&p'{N, S) and any ip G map'{N, S), 

supp(0 + C supp((^) U supp('^), and 

supp{(j)%l)) C supp{(j)) +snpp{tp). 

(3) supp(l) = {0}. For any (p G map'{N,S), supp{(f)) = <^ ^ = and 

supp((/)) c {0} ^(t>e s. 

(4) a;(0) = 1. For any e G N and any f G N , x{e + f) = x{e)x{f). 

For any e G N, x{e)x{—e) = 1, x{e) G map'{N,S)^ and supp(a;(e)) = 
{e}. 

The mapping x : N ^ map'(-/V, S) is injective. 
For any cf) G m.ap'{N, S), (f) = J2eeN ^(e)x(e). 

For any (j) € map'(iV, S') and any e G N, supp((/)) C {e} <J4> there exists 
a G S with (j) = ax{e) 4^ there exists uniquely a G S with 4> = ax{e). 

(5) For any ring T such that there exists a ring homomorphism from S to 
T, any ring homomorphism fx : S ^ T and any homomorphism, k : 
iV — >■ of abelian groups, there exists uniquely a ring homomorphism 
A : map'(A'', 5) — )• T satisfying A(a) = /u(a) for any a G S and Xx{e) = K,{e) 
for any e G N . 

(6) // a subset QofV satisfies S 6 and 6 + 6 C 0, then map' (TV, S)\Q is a 
subring of map' {N, S) containing S. 
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(7) Consider any simplicial cone 6 over N in V. We denote Ps — {x(bE/N)\E G 
J"(e)i} C map'(A'',S'). Putting 

$e(r) = Yl ^i<bE/N))bE/N e vect(e), 

for any T e niap(P0,M), we define a mapping 
$e : map(Pe,M) -> vect(e). 

(a) map'(A^, S)\Q is a subring o/map'(iV, S) containing S. Pq C map'(iV, S) 

\Q. Ps is a variable system ofma.p'{N, S)\Q over S, and map' {N, S)\Q 
is a polynomial ring over S with dim G variables. 

(b) $e is an isomorphism of vector spaces overR. ^@{ma,p{P@,M.o)) = ©• 
$e(inap(Pe, ^)) = ATi vect(6). $e(supp(Pe, = supp((^) for any 
(/) e inap'(iV, S')\e. 

IfSis afield, then the Newton polyhedron T^{PQ,(j)) over Pq is defined 

and $e(r+(Pe, '^)) = conv(supp((/))) + 9 for any cf) G map'(A^, S)\Q. 

(c) map'(iV,5)\vect(e) = {m&p'{N,S)\e)[{l/x{bE/N)\E G ^{0)1}]. 

(8) Consider any simplicial cone A over N* in V* and any simplicial cone 
A over N* in V* satisfying dim A = dim V and A G ^( A) . The set 
{bE/N*\E G J^(A)i} is a basis of the vector space V* over R. We denote 
the dual basis of {bE/N-\E G J"(A)i} by {&B/Ar.^|-E G J^(A)i}. 

/h h Jl ^fE = D, 

{bE/N',bn/N^^}-^Q ifE^D, 

for any E G J^{A)i and any D G J^{A)i. The set {bE/N'\E G J^{A)i} 
is a Jj-basis of the lattice N* and {6_E/Ar*^|-E' G J-"(A)i} is a Jj-basis of 
the lattice N. We denote Pa = {x{bE/N-''^)\E G ^(A)i} c map'(A^,5'). 
Putting 

$A(r)= J2 n^bE/N^DK/N^V, 

for any T G map(PA,R), we define a mapping 
$A : map(FA,lR) ^ V. 

(a) A^|y* is a simplicial cone over NinV. dim A^|F* = dimF. 
map'(A?', 6')\(A^|F*) is a subring of map' {N, S) containing S. 

Pa C map' (A/", 5)\(AV|y*). Pa is a variable system ofmap'{N, 5)\(A^ 

\V*) over S, and map'(A'', S')\(A^|y*) is a polynomial ring over S 
with dim V variables. 

(b) $A is an isomorphism of vector spaces over R. $A(iiiap(PA, Rq)) = 
A^IF*. $©(map(PA,Z)) = N. $©(supp(Pa, <^)) = supp(</>) for any 

(/>G map'(Ar, S')\(A^|F*). 

If S is a field, then the Newton polyhedron r_|_ (Pa , </>) over Pa is de- 
fined and $A(r+ (Pa, <?!>)) = conv(supp((j!))) + (A^|y*) for any (p G 
map'(Af, S) 
\(AV|F*). 

(c) map' (AT, 5) = (map'(Ar, 5)\(AV|y*))[{l/a;(6s/;v.I)|S G 7-(A)i}]. 
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(d) A^|y* D A^|y. map'(7V,5)\(A^|F*) is a subnng o/map'(iV,5) con- 
taining S. map'(7V,S')\(A^|y*) = (map'(Ar, 5)\(A^|F*))[{l/a;(6E/;vX)|i^ e 
J^(A)i - J-(A)i}] D map'(iV, 5)\(A^|1/*). 

(e) i^or any A e J"(A), map'(A^, 5)\(A^|y*) = map'(7V, 5)\(A^|y*) 

e7-(A)i -7-(A)i}] D map'(iV,5)\(AV|l/*). 

(f) Furthermore, consider any simplicial cone A' over N* in V* satis- 
fying dim A' = dimy and A S J^(A'). We denote the dual basis of 
{bE/NAE e -F(A')i} by {bE/N'l,\E e 7-(A')i}. 

For any E G F{h)i, there exists uniquely a mapping r{E) : J^(A)i — 
J-"(A)i — )■ Z satisfying 



De^(A)i-^(A)i 



For any E e x{bE/N'''^,){-^^v'{N,S)\{K''\V*)) = x{bE/N'l) 

(map'(7V,5)\(A^|F*)). 

For any E e J"(A)i, i/ie ideal a;(6£;/jv.^)(map'(iV, 5')\(A^|1/*)) o/ 
map'( 

TV, 5)\(A^|y*) depends only on A anrf and it is independent of the 
choice of A. 

The ideal {x{bE/N*''^)\E G J"(A)i}(map'(7V, S')\(A^|y*)) ofmap'{N,S) 

\(A^|y*) depends only on A, and it is independent of the choice of 
A. 

(9) Consider any simplicial cones A and A' over N* in V* such that A fl A' 
is a face of A and A fl A' is a face of A'. We denote A = A fl A'. 

(a) (A^|l/*) nN = ((A^iy*) nN) + (A'^|l/*) n N). 

(b) map'(7V,5)\(A^|y*) D (map'(iV,5)\(A^|y*))U(map'(iV,5)\(A'^|V*)). 
The minimum subring of K containing (inap'(A^, <S')\(A^|y*))U(map'(iV, 

S')\(A'^|y*)) coincides withui&Y>'{N,S)\{K^\V*). 

(c) Consider any p e Spec(map'(A^, 5')\(A^|y*)) and any p' G Spec(niap'( 

S)\{A"'\V*)). 

There exists q G Spec(niap'(7V, S')\(A^|y*)) satisfying p = qn(inap'(A^, 

S')\(A^|\/*)) andp' = qn (map'(iV,S')\(A'^|V*)), if and only if 

(map'(iV,5)\(AV|y*))p = {map'{N, S)\{A'^\V*)),, . 

If the equivalent conditions above are satisfied and q G Spec(niap'(-A/', S) 

\(A^|V*)) satisfies p = qn(niap'(iV, S')\(A^|y*)) andp' = qn(map'(iV, 

5)\(A'V|y*)), then{map'{N,S)\{A'^\V*)), = (map'(7V, S)\(AV|y*))p 

= (map'(7V,5)\(A'V|y*))p,. 
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(d) 

{{map'{N,S)\{A^\V*))p\p e Spcc(map'(7V,5)\(A^|y*))} 



n{(map'(iV,5)\(A'^|y*))p,|p' e Spec(map'(iV,5)\(A'^|y*))} 
= {(map'(iV,S)\(A^|y*))Jq e Spec(map'(7V, 5)\(A^|y*))}. 



Below, we consider any integral domain 5, any finite dimensional vector space 
V over R, any lattice N of V and any simplicial cone decomposition V over A''* in 
V*. 

We would like to define a scheme T,{S,V,N,'D) associated with the quadruplet 
{S, V, N, V) and would like to examine its properties. 

Note that map'(A^, S) is an integral domain containing S. Let K be any field 
such that there exists an injective ring homomorphism from map'(A^, S) to K and 
let t : map'(A^, 5) K be any injective ring homomorphism. We fix such a pair 
{K, i) and using we regard map'(A^, S) as a subring of the field K. 

For simplicity we denote 



We define the topology on E(5', V, N, V). Let U be any subset of 2(5, V, N, V). 
We define that U is an open subset of S(S', V, N, V), if 7r(5, V, N, V, A)-^(C/) is an 
open subset of Spec(i?(A)) for any A gV. 

We define the sheaf 0{S,V,N,V) on i:{S,V,N,V). Note that any point a G 
E(/S', V, N, V) is a local subring of K containing S. When we regard a point a 
as a subring of K, we denote the corresponding subring of K by the symbol 
0{S,V,N,V)a. For any point a e i:{S,V,N,V), 0{S,V,N,V)^ is a local sub- 
ring of K containing S. Let U be any open subset of Y,{S,V,N,'D). We define 
0{S, V, N, V){U) by putting 



0{S,V,N,V){U) is a ring contained in K. If U ^ 0, then 0{S,V,N,V){U) is a 
subring of K containing S. 

Let U and V be any open subsets of i:{S,V,N,V) with U C V. If ?7 7^ 0, 
then F 7^ and 0{S, V, N,V){U) D 0{S,V, N,V){V) by definition. If J7 = 0, 
then 0{S, V, N, V)(U) = {0} and there exists uniquely a surjective homomorphism 
0{S, V, AT, V){V) 0{S, V, N, V){U). We define a ring homomorphism 





ves{S,V,N,V)\j : 0{S,V,N,V){V) ^ 0{S,V,N,V){U), 
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by putting 

Tr ,T I the inclusion homomorphism ii U ^0, 

res{S, V, N,V)Ij = < 

I the unique surjective homomorphism it ?7 = 0. 

We denote the pair of sets {{0{S, V, N, V){U)\U is an open subset of V, N, 
V)}, {rcs(5, V, N, V)Jj\U and V are open subsets of E(5, V, N, V) with U C V]) by 
a single symbol 0(5, V, N, V). 

Let a e V, A'', D) be any point and let U be any open subset of S(S', V, N, V) 
with aeU. 0{S,V,N,V){U) C 0(5,F,iV,2:>)„ by definition. We define the ring 
homomorphism Tes{S,V, N,V)'^ : 0{S,V, N,V){U) -J> 0{S,V,N,V)a, by putting 
res(6', V, N,!))^ = the inclusion homomorphism. 

For any A G 2?, wc denote 

U{S,V,N,V,A) = 7r(5,y,iV,2?, A)(Spec(i?(A))) c E(S', V", A^, 2?), 
V°{S,V,N,V,A) = U{S,V,N,V,A)-{ [j U{S,V,N,V,A)) 

Ae.F(A),A5^A 

CC/(5,F,7V,©,A), 
V{S, V, N, V, A) = the closure of V°{S, V, N, V, A) in T,{S, V, A^, V) 

C S(S',y,iV,P). 

When we need not refer to the quadruplet {S^V^N^T)), we also write simply S, 
7r(A), O, res, C/(A), T/°(A) and V{A), instead of E(S', iV, P), 7r(S',y,iV,P, A), 
0{S,V,N,V), ves{S,V,N,V), U{S,V,N,V,A), V°{S,V,N,V,A) and V{S,V,N, 
V, A) respectively. 

When we need not refer to the triplet {VjNjV), we also write simply S(S'), 
7r(5, A), 0{S), resiS), U{S,A), V°{S,A) and V{S,A), instead of Y,{S,V,N,V), 
7r{S, V, TV, 2?, A), 0(5, N, V), res(5, AT, V), U{S, V, N, V, A), V°{S, V, N, V, A) 
and V{S, V, N, V, A) respectively. 

When we need not refer to the triplet {S,V,N), we also write simply ^{V), 
7r(D,A), 0(V), res(2?), U{V,A), V°{V,A) and V{V,A), instead oi E{S,V, N,V), 
7t{S,V,N,V,A), ols,V,N,V), ies{S,V,N,V), U{S,V, N,V, A), V°{S,V, N,V, A) 
and V{S, V, N, V, A) respectively. 

Lemma 19.4. Let S be any integral domain; let V be any finite dimensional vector 
space over R; let N be any lattice of V and let V be any simplicial cone decompo- 
sition over N* in V* . 

(1) Consider any A e P. U{A) is a non-empty open subset ofT,. 7r(A)(Spec(i?(A 
))) = U{A). The mapping 7r(A) : Spec(i?(A)) U{A) induced by n{A) is 

a continuous bijective mapping whose inverse mapping is also continuous. 
For any open subset U ofU{A), 0{U) = O r(i^){-k{A)-^ {U)) . 
0{U{A)) = R{A). 

The mapping 7r(A) induces an isomorphism from the affine scheme 
(Spec(i?(A)), ©/{(A)) to the topological space with a sheaf {U{A),0\U{A)). 

(2) Consider any A gV. Let A be any simplicial cone over N* in V* satisfying 
dim A = dim V and A € J"(A) . 

The set {bE/N*\E € J-"(A)i} is a basis of the vector space V* overM. and 
it is a Z-basis of the lattice N*. By {bE/N''^\E S J^{A)i} we denote the 
dual basis of {bE/N^lE G J^(A)i}. The set {bE/N'\\E S .F(A)i} is a basis 
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of the vector space V over M. and it is a Z-basis of the lattice N. For any 
E e J^{A)i and any D e E & 

IK K v\_/l ^fE = D, 

(a) -R(A) is a subring ofm.a]3'{N,S) containing S, and it is a polynomial 
ring over S with dimV variables. The set {x{bE/N'\)\E G J^(A)i} is 

a variable system of R{A) over S. Spec(-R(A)) is smooth, if Spec{S) 

is smooth. 

(b) i?(A) = R{A)[{l/xibE/N'l)\E G ^(A)i-^(A)i}] D i?(A). Spcc(i?(A)) 
is smooth, if Spcc(S') is smooth. 

(c) {pni?(A)|p e Spec(i?(A))} = {p e Spec{R{A))\x{bE/N^l) ^ p for any 

i?G ^(A)i-^(A)i}. 

(d) {pni?(A)|p e 7r(A)-i(y°(A))} = {p e Spec{R{A))\x{bE/N'l) ^ 
p for 

any E e J^(A)i - J^{A)i,x{bE/N*l) e p for any E e J"(A)i}. 

(e) Consider any A G J-(A). {p n i?(A)|p G 7r(A)-i (C/(A) n F(A))} = 

{p G Spec{R{A))\x_{bE/N'l) ^ P for any E G F{A)^-:F{A)^,x{bE/N*\) G 
p for any E G T{A)i}. 

V{A)r\U{A)= IJ V°(A). 

AeX>,AcAcA 

(3) 

5]= y c/(A)= y v°{A). 

Aeu Aeu 

(4) Consider any A G P and any A gV. 

[/(An A) ^ [/(A)nf/(A). 

A = A^_ U{A) = U{A) ^ V°{A) = V°{A) ^ V°{A) n V°{A) ^ 44> 
V{A) = V{A). 

A c A ^ U{A) c f/(A) ^ V-°(A) c [/(A) <^ y°(A) n [/(A) 7^ <^ 

y(A) n t/(A) ^ o v{A) D y(A). 

(5) Consider any A G X>. 

(a) F°(A) is a non-empty closed irreducible subset ofU{A). 

(b) codim(y°(A),C/(A)) = dimA. 

(c) If we give the reduced scheme structure to V°{A), then V°{A) is a com- 
plete intersection subscheme ofU{A), and V°{A) is smooth ifSpec{S) 
is smooth. 

(d) 

[/(A) = y V°iA). 

AeP.AcA 

(c) V(A)n[/(A) = V°iA). 

(f) V{A) is a non-empty closed irreducible subset ofTi. 

(g) codim(y(A),S) =dimA. 
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(h) If we give the reduced scheme structure to V{/S), then T^(A) is a local 
complete intersection suhscheme of S, and 1^(A) is smooth if Spec(5) 
is smooth. 

(i) 

F(A) = y y°(A). 

(6) O is a sheaf of rings on S, in other words, the following seven conditions 
are satisfied: 

(a) For any open subset U of E, 0{U) is a ring. 

(b) For any open subsets U and V of 'E with U C V, res^ is a ring 
homomorphism. 

(c) For any open subset U ofE, resj^ is the identity mapping of 0{U). 

(d) For any open subsets U, V and WofY, with U C V C W , res^f = 
reSf^reSy'. 

(e) Consider any non-ern,pty set U whose elements are open subsets ofT,. 
We denote U — Uu^uU. Consider any <p G 0{U). 

Ifvesij{(j)) = for any U Gli, then (p = 0. 

(f) Consider any non-empty setU whose elements are open subsets ofY,. 
We denote U = UueuU. Consider any (i){U) G 0{U) for any U gU. 
If ves^f^y{4){U)) = ves^^y{^{V)) for any U gU and any V gU, then 
there exists (j) G 0{U) satisfying reS[J((?i) = 4'{U) for any U gU. 

(g) 0{%) = {0}. 

(7) The pair S = (S, O) of the topological space S and the sheaf O on is 
a separated reduced irreducible scheme, dim E = dim S + dim V , where 
dim 5* e Zo U {oo} denotes the Krull dimension of the ring S. E is smooth, 
if Spec(5') is smooth. 

(8) //A is a simplicial cone over N* in V* and V = J^(A), then E is isomor- 
phic to Spec(map'(Af, S')\(A^|T/*)). 

(9) For any a G T, and any cj) G Oa there exist an open subset U of Y, with 
a G U and an element tp G 0{U) satisfying res^(V') = (j>. 

(10) Consider any a G E. 

Note that for any open subset UofT, with a gU and any open subset V 
of E with a G V , there exists an open subset WofS with a G W C U HV . 

The pair (Oa,{res^|f/ is an open subset of T, with a G U}) is the in- 
ductive limit of the inductive system, {{0{U)\U is an open subset o/E with 
a G f/}, {rcSf'[J7 and V are open subsets of Yi with a E U (Z V}), in other 
words, res^ = res^resj^ for any open subsets U and VofT, with a G U CV 
and the following condition is satisfied: 

Assume that a ring T is given and a ring homomorphism fJ,(U) : 0(U) — > 
T is given for any open subset UofT, with a G U. If jiiV) = /Lt(Z7)resJ^ for 
any open subsets U and VofT, with a G U C V , then there exists uniquely 
a ring hom.om.orphism. ^ : Oa T satisfying ^i{U) = M^es^ for any open 
subset UofT with a G U. 

For any a G E, the ring Oa is called the local ring of E at a and any element of 
Oa is called a germ of functions at a. 
Consider any A gV. 
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Consider any open subset C/ of E. By claim 1 of the above lemma, we have 
Cij(A)(7r(A)-i(C/)) = 0{U n f/(A)). We define the ring homomorphism 

7r(A)*(f/) : 0{U) ^ OH(A)(7r(A)-i([/)) 

by putting n{A)*{U) = Tcs^^^^^y 

We denote the set {tt{A)* {U)\U is an open subset of S} by a single symbol 
7r(A)*, and we denote the pair (7r(A), 7r(A)*) by a single symbol 7i"(A). 

Since 5 is a subring of -R(A), we have a morphism of schemes i(A)* : Spcc(i?(A)) 
— )• Spec(5) associated with the inclusion ring homomorphism t{A) : S -R(A). 

Lemma 19.5. Let S be any integral domain; let V be any finite dimensional vector 
space over M; let N be any lattice of V and let V be any simplicial cone decompo- 
sition over N* in V* . 

(1) Consider any A G P. 

7r(A)* is a morphism of sheaves ower 7r(A), in other words, for any open 

subsets U andV ofY. withU C V, res;(A)-i(u)^(^)*(^) = 7r(A)*(C/)res^. 

The pair 7r(A) = (7r(A), 7r(A)*) is a morphism of schemes Spec(i?(A)) 
S, and it is an open embedding. 

(2) There exists uniquely a morphism of schemes p : T, ^ Spec(<S') satisfying 
fm{A) = i(A)* for any A e V, where i{A)* : Spec(ii(A)) Spec(5) 
denotes the morphism of schemes associated with the inclusion ring homo- 
morphism l{A) : S —7- R{A). 

We take the morphism p : S — > Spec(5') satisfyng /97r(A) = t(A)* for any A £T>, 
where t(A)* : Spec(J?(A)) Spec(S') denotes the same as above. 

(3) The morphism p is separated, of finite type, smooth and surjective. 

Consider any p G Spec(5). The inverse image of the point p by p is 
the fiber product scheme S Xgpec(5:) Spec(6'p/pS'p). The scheme E Xspe£.(s) 
Spec(S'p/pS'p) is non-empty, irreducible and smooth, and dimS Xspec(s) 
Spec^^p/p^p) = dimy. 

(4) For any a e S, p{a) = M{Oa) n S. 

(5) Consider any open subset U ofSpec{S). Note that the morphism of schemes 
p gives a ring homomorphism p*{U) : Os{U) — > 0{p~^{U)). 

IfU ^D, then p'HU) ^ 0, Os{U) and 0{p-^lu)) are subrings ofK, 
Os{U) C 0{p~^{U)) and p*{U) is equal to the inclusion ring homomor- 
phism. 

IfU = %, then p-^iU) = 0, Os{U) = 0{p-^{U)) = {0} and p*{U) is 
equal to the inclusion ring homomorphism. 

(6) Consider any a € S. 

p{a) = M(0„)n5 e Spec(5). Sp(„) C O^. M(5p(„)) = M{0^)f^Sp^„y 
There exists uniquely a ring homomorphism p*{a) : S'p(q) — > Oa satis- 
fying rcsa p*{U) = /9*(Q;)res^^^j for any open subset U ofSpec{S) with 
p{a) e U. 

If a ring homomorphism p*{a) : Sp(^a) satisfies res£ ^^^p*{U) = 

p*(a)res^^^j for any open subset U of Spec{S) with p{a) € U, then p*{a) 
coincides with the inclusion ring homomorphism and p*{a){M{Sp(^a))) C 
M{Oa). 

(7) The morphism p is proper, if and only if, I'D] = V*. 
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We denote 7r(A)* = n{S, V, N, X>, A)* for any A&V. 

Let /? : S — >■ Spec(S') be the morphism in the above lemma. We denote p — 
p{S, V, N, V, A), and we call p{S, V, N, V, A) the structure morphism of E{S, V, N, 
V,A). 

When wc; need not refer to the quadruplet (5*, V, N, V) , we also write simply 
7r(A)* and p, instead of Tr{S, V, N, V, A)* and p{S, V, N, V) respectively. 

When we need not refer to the triplet [V.N.V), we also write simply 7r(S', A)* 
and p{S), instead of 7r(5, V, N, V, A)* and p{S, V, N, V) respectively. 

When we need not refer to the triplet {S,V,N), we also write simply 7r(2?,A)* 
and p(X>), instead of tt{S, V, N, V, A)* and piS, V, N, V) respectively. 

Lemma 19.6. Let S and T be any integral domains such that there exists a ring 
homomorphism from S to T; let X : S ^ T be any ring homomorphism: let V be 

any finite dimensional vector space over R; let N be any lattice of V and let T) be 

any simplicial cone decomposition over N* in V* . 

(1) For any (j) S map(iV, S), \(f) S map(iV, T) and supp(A0) C supp(0). 

For any (j) G ma.p'{N, S), X(p e map' (AT, T). 

Let A be any convex polyhedral cone in V* . Forany(l)G map'(A'', S')\(A^| 

V*), e map'(Ar,T)\(AV|y*). 

Putting \,{y,N){(j)) = e map' (AT, T) for any (f) G map' (AT, 5), we define a 
mapping X,{V, N) : map'(7V, S) map'(A'', T). 

Let A be any convex polyhedral cone in V* . Putting X»{V, N, A){(l)) = Xcf) € 
map'(7V,T)\(A^|V*) for any (j) G ma.p'{N, S)\{A'^\V*), we define a mapping X,{V, 
N,A): map' {N, S)\{A'^ \V*) ^ map' (iV,T)\(A^|y*). 

(2) The mapping Xt{V, N) is a ring homomorphism. For any convex polyhedral 
cone A in V* , X»{V, N, A) is a ring homomorphism. 

(3) Note that -wis, A) : Spec(map'(iV, ^^(A^iy*)) ^ T,{S), 7r(T, A) : Spec(map' 

(iV,r)\(A^|y*)) ^ E(T), andX,{V,N,A)* : Spcc(nmp'(7Y, T)\(A^|y*)) ^ 
Spec(map'(A'^, 5')\(A^|y*)) for any A G P. They are morphisms of schemes. 

There exists uniquely a morphism, A*(V, N, T>) : S(T) — > S(S') of schemes 
satisfying tt(S, A)A.(F, N, A)* = X*{V, N, V)ti{T, A) for any A G P. 

We take the unique morphism X'{V,N,'D) : S(T) of schemes satis- 

fying tt{S,A)X,{V,N,A)* = X*{V,N,V)tt{T,A) for any A e V. The morphism 
X'{V, N,!)) is uniquely defined depending on the quadruplet (A, V, A'", 2?) . 

(4) X'{V,N,V)-\U{S,A)) = U{T,A) for any AeV. 

(5) piS)X*iV,N,V) = X*p{T), where p{S) : ^ Spec{S) and p{T) : 
E(T) — >■ Spec(T) ore structure morphisms and A* : Spec(r) — )■ Spec(S') 
is the morphism of schemes induced by the ring homomorphism X : S ^ T. 

(6) The morphism 

{X\V,N,V),p{T)) : S(r) ^ Xspec(S) Spec(T) 

induced by X* (V, N, T?) and p(T) is an isom,orphism,. 

(7) \.ds,{V,N) = id„iap'(iv,s)- ids.(F, AT, A) = idi„ap'(JV,s)\(Av|y«) for any con- 
vex polyhedral cone A inV*. idg(V, A'', D) = id-E(^s,v,N,v)- 
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Let U be any integral domain such that there exists a ring homomorphism 
from T to U and let n iT ^ U be any ring homomorphism. 

{tiX),{V,N) = ti,{V,N)X,{V,N). 

(M).(^, N, A) = ii,{V, N, A)X,{V, N, A) 
for any convex polyhedral cone A inV*. 

{tiXy{V,N,V) = X'{V,N,V)f,'{V,N,V). 

Theorem 19.7. Let S be any integral domain; let V be any finite dimensional 
vector space over M; let N be any lattice of V and let V and V be any simplicial 
cone decompositions over N* in V* such that V is a subdivision ofD. 

(1) For any AG V and any AG V with A c A, R{A) c R{A). 

(2) There exists uniquely a morphism a{S, V, iV)g : E{S, V, N, V) T,{S, V, N, V) 
of schemes satisfying 7r(S', V, N, V)l{A, A)* = aiS, V, N)'^'k{S, V, N, V) for 
any A gV and any A G V with A c A, where t(A^A) : R{A) R{A) 
denotes the inclusion ring homomorphism and i{A, A)* : Spec(i?(A)) — ^ 
Spec(i?(A)) denotes the morphism of schemes induced by i(A, A). 

We take the unique morphism a{S,V,N)^ : i:{S,V,N,V) i:{S,V,N,'D) of 
schemes satisfying n{S, V, N, 'D)i{A, A)* = a{S, V, N)'^tt{S, V, N, V) for anyAGV 
and any AgV with A c A, where (,(A, A)* denotes the same as above. 

(3) 

a(5,V,A^)g =idE(s,v,jv,27). 

Let V be any sirrvplicial cone decomposition over N* in V* such that V 
is a subdivision ofV. 

a{S, V, N)p{S, V, Ar)g = aiS, V, iV)g. 

(4) Let T be any integral domain such that there exists a ring homomorphism 
from S to T and X : S ^ T be any ring homomorphism. 

a{S, V, iV)gA* {V, N, V) = X' {V, N, T>)a{T, V, iV)g. 

Below, we denote 

a = a{S,V,N)'^ : Y,{S,V,N,V) = Y.{V) Y.(S,V,N,V) = T,{V), 
for simplicity. 

(5) The morphism a is separated, of finite type, dominating and birational. 

p{f))a = p{V). 

(6) Consider any a € E. 

C M(0(©),(„)) = M{0{V)^) n 0{V),^^y 

IfaG T,(V), 0(D)a C and M{0{V)c,) = M{0{V)c,) nO{V)ac, 

then a = a{a). 

(7) Consider any open subset U o/S(P). Note that the morphism of schemes 

a gives a ring homomorphism cr*{U) : 0{'D){U) 0{V){p~^{U)). 

IfU then cT-i(t/) 7^ 0, 0{p){U) and 0(p){p-\U)) are subrings 
of K, 0{V){U) C 0{V){p-'^{U)) and a*{U) is equal to the inclusion ring 
homomorphism. 

IfU = 9, thena-^{U) = 0, 0{V){U) = 0{V){p-^{U)) = {0} anda*{U) 
is equal to the inclusion ring homomorphism. 
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(8) Consider any a G 

There exists uniquely a ring homomorphism a*{a) : 0{'D)„(^a) 0{T>)a 

satisfying resa ^^^a*{U) = a* (a)res^^^j for any open subset U of ll{p) 
with cF{a) e U . 

If a ring homomorphism a* {a) : C'(P)o-(a) — ^ 0{T>)o, satisfies leSa ^^''a*{ 

U) = cr* (Q;)res^(^^ for any open subset U ofT,{p) with cr(a) S U , then a* [a) 
coincides with the inclusion ring homomorphism and(j*{a){M{p{V)„(^a))) c 
M{0{V)^). 

(9) The morphism a is proper, if and only if, \V\ = \V\. 

(10) For any AeV and any A G V with A C A, (j{U{V, A)) C U(p, A). 

(11) For any A G Vr\V , a{U{V, A)) = C/(P, A) and the morphism a : [/(P, A) 
11(1), A) induced by a is an isomorphism of schemes. 

(12) If A gV, dim a > 1, T> ~ V * A and we give the reduced scheme structure 
to the closed subset VCD, A) of S(^), then the morphism a : T,{T>) — >■ 
S(7?) coincides with the blowing-up ofY,iT>) with center in the subscheme 
V{V,A). 

(13) Consider any A&T). Let A gV be the unique element with A° c A°. 

Then, a{V°{V,A)) = V°{V,A). 

(14) For any AgV, 

cr-^{U{V,A))= IJ U{V,A), and 

AeD,AcA 

a-\V°{p,A))= y V\V,A). 

AeI>,A°cA° 

We call the above morphism <j{S,V,_N)^ : T,{S,V,N,V) ^{S,V,N,'D) the 
subdivision morphism associated with 2? and a subdivision 2? of V. 

When we need not refer to the quintuplet {S,V,N,f>,T>), we also write simply 
a, instead of a{S,V,N)'^. 

When we need not refer to the triplet {S, V, N), we also write simply cr^, instead 
oiaiS,V,N)^, 

Lemma 19.8. Let S be any algebraically closed field; let V be any finite dimensional 
vector space over M with dim V > 1; let N be any lattice of V; let V and V be any 
simplicial cone decompositions over N* in V* such that V is an iterated barycentric 
subdivision ofV, \'D\ is a convex polyhedral cone in V* and dim|!D| = dimF; 
let m G Zq and let F be the center sequence of V of length m such that T> = 
P*F(l)*F(2)*---*F(m). 

We denote D = Erex.i^(^'r) G div(I](P)) and D = EreCi^l^'T) G 
div(S(P)). 

(1) The pair {T,{V),D) is a normal crossing scheme over S. comp(£') = 

{Viv,r)\ 

r G Vi}. {D)o = UAei?oF°(P,A). IfaG {D)o, A G P° and {a} = 
V°iV,A), thenU{T,{V),D,a) = U{V,A) andcomp{D){a) = {V{V,r)\T G 
-F(A)i}. 

(2) The pair (E(I?),Z)) is a normal crossing scheme over S. comp(£)) = 

{vi'D,r)\ 
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r eVi}. {D)o ^ UAepoy°(P,A). If a e {D)q,_A e and {a} ^ 
V°(V,A), thenU{Y.{V),D,a) = U{V,A) andcomp{D){a) = {V{V,r)\T g 
-^(A)i}. 

(3) The morphism a : — > is an admissible composition of blowing- 
ups over D. If dim F{i) = 2 for any i G {l,2,...,m}, then a is an ad- 
missible composition of blowing-ups with centers in codimension two over 
D. 

(4) comp(L)) = comp(cr*£)). 

a{{D)o) = {D)o. 

If a e {D)o, A e V°, {a} = V°{V,A), A e V° and A C A, then 
{a{a)} = V°{V,A). 

Consider any simplicial cone A over N* in V* with dim A = dim^. The set 
{&r/jv*|r G J^(A)i} is an R-basis of V* and it is a "L-basis of N* . We denote the 
dual basis of{br/N^\r € ^(A)i} by {&r/Jv*X|r € J"(A)i}. 

Consider any a G {D)q. We take A e V" with {a} = V°{V,A). dim A = 
dimF. We define a mapping : comp(Z?)(Q!) — )• 0{T>){U{T,{T>), D,a)) by putting 
UV{V,T)) = n{V,AY{U{i:{V),D,a))-\x{hr,N-'l)) € 0{V){U{^{V),D,a)) for 
any V G J^(A)i. 

WeputS, = {U\a€{D)o}. 

Consider any a G {D)^. We take A_G V° with {a} = V_°{T),A). dim A = 
dimF. We define a mapping : comp(Z))(a) — > 0{V){JJ{Yi{V),D,a)) by putting 
UViV, r)) = 7r(P, A)*([/(I](P), 5, a))-Hxibr/N'l)) G 5, a)) /or 

anyT€T{A)i._ 

Weput^={Uae{D)o}. 

(5) T/ie triplet (I](2?), £>, ^) is a coordinated normal crossing scheme over S. 

(6) The triplet Z?, ^) is a coordinated normal crossing scheme over S. 

(7) ^ = 



20. Proof of the main theorem 
We give the proof of our main theorem Theorem 14.11 

Let k be any algebraicahy closed field; let A be any complete regular local ring 
such that A contains as a subring, the residue field A/M{A) is isomorphic to k 
as fc-algebras, and dim A > 2; let P be any parameter system of A, and let z G P 
be any element. 

Let A' denote the completion of k[P — {z}] with respect to the maximal ideal 
k[P - {z}] n M{A). The ring A' is a local subring of A and M{A') = M (A) n A' ^ 
[P — {z})yl'. The completion of A'[z] with respect to the prime ideal zA'[z] is 
isomorphic to A as A' [z]- algebras. The set P — {z} is a parameter system of A' . 

Recall the following notations: 

PWii) = {(t>e A\(t> = uY[{z + xT^''^ n 

for some u G A^ , some finite subset X of M{A'), 

some mapping a : A" — > Z+, and some mapping — {z}— >Zo}. 
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For any h G Z+ with h >2, 



h-1 



W{h) 



{cpeA\<p = z'^ + J2^'iiV 



i=0 

for some mapping (j)' : {0, 1, . . . , 



h-1} ^ M{A') satisfying 



h-1 



PVF(/i) = {<?i' e A\(j) = ip^' for some ip G Vt^(/i) and some / e PW^(l)-}, 

= e A\(j} = i^ip' for some V e and some V' e PW^(l) such that 

r+(P, ^) has no 2:-removable faces, and r+(P, 0) is 2;-simple.}. 

Consider any /i e Z+ with /i > 2 and any (j) € 5'H^(/i). 

We take an element ^ e W{h), an element u G A^ , a finite subset X, a mapping 
a : A" — »^ Z_|_ and a mapping b : P — {z} ^ Zq satisfying 



The quintuplet {tjj,u,X,a,b) is uniquely determined depending on ^, since A is a 
unique factorization domain. 

We take a mapping V' : {0, 1, . . . , /i-l} M{A') satisfying tp = z^+J2'^~q il)'{i)z'^ 
and uj^ + YTiZo 7^ for any uj E M{A'). ip' is uniquely determined depend- 

ing on ip, since Weierstrass' preparation theorem holds. 

The Newton polyhedron r+(P, tA) has no 2;-removable faces and T+{P,<j)) is z- 
simple. 

We denote V = map(P,M), N = map(P,Z), A = map(P,IRo)'^|V^ and S = 
r+(P, (^). y is a finite dimendional vector space over R, dimF = dim^, A'' is 
a lattice of V, A is a simplicial cone over TV* in V* , A'^\V* = map(P, Rq) is a 
simplicial cone over N in V, dim A = dimA^jy* — dimV = dim^ and S* is a 
Newton polyhedron over N in V. stab(5') = A^|y*, S C A'^IV*, \V{S\V)\ = 
A, V{S) C (A^|y*) nN = map(P,Zo) and den(S'/7V) = 1. For any {H,C) e 
HC{V,N,S), height(i?,C,5') G Zq. 

The set {/f |a; G P} is a M-basis of V, it is a Z-basis of N, A^ |y* = Y^x^p ^ofx^ 
the dual basis {fx^\x G P] of {f^\x G P} is a M-basis of V* , it is a Z-basis of A''*, 

andA = Ex6pKo/r- 

We denote H = Mo/f^ G S_ is i?-simple, V{S\V) is i?-simple, {H,F{K) 

) G HC{V, N,S)^% and USV{H, T{A), S) ^ 0. 

For any ( G A — {0}, r+(P, () is a Newton polyhedron over A'' in V, stab(r+(P, ( 

)) = AV|y*, r+(p,c) c A^\v*, \v{T+{PX)\v)\ = A, v(r+(P,c)) c (A^|y*)niv 

and den(r+(P,C)/iV) = 1. For any ( A - {0} such_that X>(r+(P, C)!^) is H- 
simple, we denote the iJ-skelcton of X>(r+(P, C)|y) by X>(r+(P, C)!^)^ 

Note that S = T+ (P, V) + Exe;t a(x)r* (P, z + x) + E.ep-{.} Ka;)r+ (P, x) and 
D(5|y) =D(r+(P,V)|y)n(n;,eAf-{o}^(r*(P,^ + x)|l^))- We know that height(/f, 
r+(P, V^)) = h>2, ■D(r+(P,V')|V) is F-simple and c(r+(P,-!A)) > 2, and wc know 
that height(i/, r+(P, z + x)) = 1, T>(r+{P,z + x)\V) is H-simple, and x has normal 
crossings over P — {^;} and c(r+(P, z + x)) = 2 for any x G — {0}. 
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Take any {M,F) e USV{H, J'(A), S). We denote C = J"(A) * F{1) * F{2) 
F{M). The set C is a simplicial cone decomposition over N* in V* , it is an upward 
subdivision of {H, S), it is a subdivision of V{S\V) and |C| = A = \V{S\V)\. 

We denote S = ^{k,V,N,C), R ^ map'{N,k)\{A'^\V*), anda = a{k,V,Nf^^^^ : 

T,{k,V,N,C) S(fc,F,iV, J'(A)). The structure sheaf of the scheme E is de- 
noted by ©(C). We identify T,{k,V, N,T{A)) and Spec(i?) by the isomorphism 
7r(fc, V, N, T{A), A), tr : S — >■ Spec(i?). i? is a polynomial ring over k and the set 
{x{fy)\y € P} is a variable system of R over k, where x : iV — >■ map'(A^, k) denotes 
the mapping we defined just before Lemma [19.31 We denote M = {x{fy)\y € P}R 
and D — Spec{R/ Y[y^p x{fy)R). M is a maximal ideal of R and _D is a non- 
zero effective normal crossing divisor of Spec(i?). We define a coordinate sys- 
tem : comp(I?) — )• i? of the normal crossing scheme (Spec(i?), -D) at M by 
putting eM(Spec(i?/x(4^)i?)) = xifp for any y e P. Let ^ - {^m}. The triplet 
(Spec(i?), Z?, ^) is a coordinated normal crossing scheme over k. E is a smooth 
scheme over Spec(i?), and a is an admissible composition of blowing-ups with cen- 
ters of codimension two over D. 

Let L : R —i' A denote the injective homomorphism of fc- algebras satisfying 
L(x{fy)) = y for any y G P. Let E = E Xgpoc(fl) Spec(A) denote the fiber product 
scheme; let cr : E — > Spec(A) denote the projection induced by a and let r : E — > E 
denote the projection induced by l* : Spec(A) — > Spec(i?). The structure sheaf 
of the scheme S is denoted by Cs. We denote D — Spec{A/ Yl^^pyA). D is a 
non-zero effective normal crossing divisor of Spec(A). We define a coordinate sys- 
tem ^Ai(A) '■ comp(A) -> A of the normal crossing scheme (Spec(A), A) at M{A) 
by putting ^Af(A)(Spec(A/yA)) = y for any y G P. Let ^ = {^m(A)}- The triplet 
(Spec(A), Z?, ^) is a coordinated normal crossing scheme over k. E is a smooth 
scheme over Spec(A), and a is an admissible composition of blowing-ups with cen- 
ters of codimension two over D. 

Note that l*{M{A)) = M, t*-i(A?) = {M{A)}, and t induces an isomorphism 
R/M — !• A/M{A) of fc-algebras. Therefore, we know that r induces an isomorphism 
T : E Xspoc(yi) Spec(A/M(A)) E Xspoc(fl,) Spec(i?/M) of schemes. 

a-\M{A)) = E xsp,,(^) Spec(A/M(A)). 

Since Spec(i?/M) = {M} = F°(J"(A), A), 

a~\M) = E xspec(fl) Spec(i?/A?) 

= a-i(F°(J-(A),A))= IJ V%C,Q) 
e(EC,e°cA° 

by Theorem [11171 14. 

Consider any Q £ . dim6 ~ dimV, the set {&r/A"|r G is a M-basis 

of V* and it is a Z-basis of N* . Let {^r/Wglr € J^(8)i} denote the dual basis 
of {6r/iv|r e J"(e)i}. The set {for/w-elr G J^(e)i} is a M-basis of V and it is a 
Z-basis of N. We denote R{Q) = map'(7V, fc)\(e^|y*). i?(e) is a polynomial ring 
over k and the set {x(6r/Af*0)|r € J^(0)i} is a variable system of R{Q) over fc. 

The morphism 7r(C, 8) : Spec(i?(9)) U{C, 8) is an isomorphism of schemes. 

We consider the coordinated normal crossing scheme (E, ct*!?, (t*^). By Lemma 
[TMl we know that coiRp{a*D) = {V{C,r)\r e Ci}, {a*D)o = Uq^^„V° {5,0), 
and if /3 g (a-*i5)o, 6 G C° and {/3} = F°(C,e), then U{t,a*D,^) = [/(C,e) 
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comp{a*D){0) = {V{C,T)\r e ^(6)1} and (a*e)^(V^(C, T)) = Tr{C,Q)*{U{J:,a*D, 
P))-Hx{br/N'l)) for any T e 7-(e)i. 

We consider the coordinated normal crossing scheme {T, , <t* D , <t* ^) . We know 
tjiat T*V{C, r) is a prime divisor of S for any T eCi, comp{a*D) = {t*V{C, T)\r e 
Ci}, {a*D)o = t-1((ct*75)o) = UQ^^oT^HV°iC,Q)), and r induces a bijective 
morphism t : ((t*-D)o ^ (CT*lj)o. We know that T^^{U{T,,d-*D,T{l3)) is an affine 
open subset of S, J7(S, cr*!?, /3) = T-^{U{t,a* D,t{I3))), and comp(c7*£))(/3) = 
{t*E\E e comp(a-*L>)(r(/3))} for any /3 G (cr*i:>)o. 

Consider any /3 € (cr*i:')o. (cr*Oji : comp(cr*L>)(/3) ^ Osl^/lS, o-*D, /?)), 
(a*|),(0) : comp(a*^)(T(/3)) ^ 0(C)(;7(S, a*^, t(/3))), t*(C/(E, a*^, t(/3))) : 
0(C)(t/(E,a*L»,T(/3))) Os(t/(E,cr*£)^;3)), the homomorphism r* : div(S) ^ 
div(E) induces a mapping r* : comp(CT*£>)(r(/3)) — >■ comp(cr*Z))(^) and we know 
that (a*0/JT* =T*(t/(S,a*D,T(/3)))(a*C).(0). 

Consider any closed point a G E with cr(a) = M{A). 

T{a) e E, T{a) is a closed point of E, ctt(q;) = M and T{a) G a~^{M) = 
^eec,e°cA"^°(^' 6). We take 6 € C satisfying 9° C A° and T(a) G F°(C, 6). 

e j5"°P|A. We take the unique element A G V{S\V) with 6° c A° and we 
take the unique element A G J^{S + (9^1^)) with A{A, S + (e^|F)) = 9. 

We denote 

Ct = {TeCi\Tg^H°p\A}, 

A = A{V, N, H, J-(A), S, M, F):Cl^ 2^'" , and 

A° = A°{V,N,H,F{K),S,M,F):Cl^ l^""" . 

^ We take the unique element f G with 9 G ^°(f ). Note that ^°(f) C A{t) C 
C, {9,f} c ^(f) and 9 + f e ^(f )/f ■ We take any element 9 G A{tflV with 
9 +J' C 9. We have 959 + fc9, 9€ T(&), f G J"(9)i and T(a) G 
F°(C,9) C t/(C,9) C C/(C,9). We take the unique element A G V{S\V) with 
9° C A°. dim 9 = dim A = dim k(^V{S\Vf. Since ^ 9° C AnA°, weknow 
that A G T{k). We take the unique element a G V(5) with A = A({a}, 51^)^ We 
know that 5+ (9^JF*) = {a} + (9^|F*). Let /3 be the unique point in F°(C,9). 
/3g F°(C,9) c C/(C.9). ,^ G (ct*£')o. {r(a),/3} c C/(C, 9) = J7(E, ct*^, ^). 

Using the isomorphism 7r(C, 9) : Spec(i?(9)) — )■ U{C,Q), we identify schemes 
Spec(i?(9)) and ?7(C,9). We know that {x{br/N'l)\^ e J"(9)i} C i?(9) = 
(Spec(i?(9))) = 0(C)(f/(C,9)), x{br/N'lMa) = for any T G 7-(9)i and 
a^(''r/Ar*^)T(a) ^ for any F G J^(9)i — J^(9)i. Since r(a) is a closed point 
of C/(C,9) and fc is algebraically closed, x{bY/N*^)T{c() & k for any F G J^(9)i. 
xibr/N'lm = for any F G J-(9)i. 

Since CTr(a) = M, we have a homomorphism of fc-algebras a*{T{a)) : Rj^ — )• 
C(C)r(a) satisfying a-*(T(Q!))(M(7?j,^)) C M{0(C)r(a))- This homomorphism has 
the unique extension ct*(t(q:)) : R'^ ^i^)r(a)' where the superscript denotes 
the completion of a noetherian local ring. The set {x{fy)\y G P} is a parameter 
system of ii^. Let P = {a;(&r/jv«p - a;(6r/wpT(a)|F G J"(9)i}. This set 
P is a parameter system of ©(C)^ P = - {a*O0{E)T{a)\E G 
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comp(c7*D)(/3)}. Recall that V — niap(P, M). Note that there exists uniquely an 
isomorphism of vector spaces over R from map(P, M) to V sending 
/r(5r/jv.p-x(6r/iv.pr(a) emap(P,K)to6r/iV.^ eV^foranyre^(e)i. Usingthis 

isomorphism, we identify map(-P, M) and V. Pairs map(-P, Z) and N, map(-P, Mq) 
and 9^|y* are identified. 

Since 6° C A°, = M, we have a homomorphism of fc-algebras a*{p) : 

Rm 0{C)^ satisfying a*{^){M{RM)) C M{0{C)^). This homomorphism has 
the unique extension ■ ^ C'(C)^. Let = {x(&r/Ar*p|r G 

This set Pg is a parameter system of ©(C)!. Pg = {{a*i)p{E)\E e comp(CT*L')(^)}. 
Note that there exists uniqiicly an isomorphism of vector spaces over M from 

map(P^,M) to V sending /^.(fc^^^.v-) € map(P^,R) to br/N'^ € F for any T e 

^"(6)1. Using this isomorphism, we identify map(Pg,]R) and V. 

Note that the homomorphism of fc- algebras t : P — > A induces an isomorphism 
P^ — >■ A of complete fc-algebras. By this isomorphism we identify P^ and A. 
<i>&A = R<^^. P = {x{fP)\y&P}. 

Consider any we©. It is easy to see that 

ord(P,^^,,x(fer/Ar.p) = ovd{Pp,u,x{br/N'l)) = for any T e 
ord(P,w,a;(6r/Ar*p) = ord(P^, w, a;(6r/Ar*p) for any T G J^{Q)i, and 
ord(P,'^,^*(T(a))(C)) =ord(P^,c.,a*(^)(C)) =ord(P,w,C), 
in(P,w,^*(r(a))(C)) =a*(T(a))(in(P,a;,C)), and 
in(P^,a;,r(^)(C))=a*(^)(in(P,a;,C)), 

for any C G P^ = A. 

By the above ord(P, 6e/iv , ^*(7-(a))(0)) = ord(P^, 6e/w*, o-*(/3)(0)) = ord(P, 
be/N'A), in(P,&_0/iv,CT*(T(a))(^!>)) = a*(T(a))(in(P,6e/iv, «!>)), and in(P^, 60/jv., 

a*03)((6)) =a*(^)(in(P,6e/iv.,0)). 

Since r+(P^, (7*^) = 5 + (e^|F*) = {a} + (e^|T/*), ord(P^, 6r/^r. , in(P^, 6e/Ar* , 
= {br/N',a) = ord(P^,fer/Ar*,a*(/3)(^)) = ord(P, for/jv*, (T*(T(a))(0)) 
for anyPe J"(e)i. 

Since b^/pf, G 6° C A°, in(P, 6e/iv , 0) e P and CT*(T(a))(in(P, 6e/w , = 
rc4^^^^f*{Spec{R)){m{P,be/N',^)) = a*(^)(in(P, 6e/iv. , </))) G 0{C){U{C,e)). 
We know in(P,^e/Ar>-,CT*(T(a))(0)) = in(Pg, 6©/^ , ^*(/3) (</-))• Therefore, ord(P, 
6r/jY-.in(P,6e/]v*,^*('r(a))(9^))) = ord(Pg, 6r/Af- , inl-Pg, ^e/w* , o-*(/3)(0))) for any 

rG-F(e)i. 

We conclude that 

ord(P, be/N' , a*{T{a)){^)) = ord(P, be/N* , 4>)-, 

\n{P,bQ/N',a-*{T{a)){(j))) = a*(T(Q!))(in(P, 60/jv. , <?!>)), and 

ord(P, br/N' , in(P, 60/jv. , a*(T(a))(</.))) = ord(P, 6r/jv. , a*(T(a))(</.)) 

for any P G T{Q)i. 
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Note that be/N' G 9° c A° c A°, 1 e J'(S' + (e^|V"*)), 9 = A{A,S + 

{e''\v*)\v) € v{s + (e^|y*)|y), s + ie^'iv*) ds,a^ a{a n s, s\v) e v{s\v) 

and in(P, fee/w* , 0) = Ps(-P, A n S^). 

Since V{S\V) is 5-simple and dim |X'(S'|y)| = dim A = dim^, dimA dimT^ 
or dim A = dim V — I. 

We consider the case dimA — dimV. 

Since A e T{A) and dimA = dim V = dimA, we know that A{AnS, S\V) = A = 
A = A({a}, S\V), AnS ^ {a}, and ps(P, i n S", 0) = cx{a) for some c G fc - {0}. 
We take c e fc - {0} with ps(P, ^ n S*,!^) = ca;(a). We know that in(P, be/w , 4>) = 
ps(P, A n S", 0) = cx{a) and 

in(P, 6e/iv. , 5*(T(a))(0)) = a*(T(a))(in(P, 6e/iv* , <f>)) = a*(T(a))(cx(a)) 
re:F'(e) 

Let S - Ere:F(eh{br/N',a)br/N4 £ (6^1^*) n TV. Since P = {a:(6r/jv.p|r e 
^(e)i} U {x{br/N'l) - ^ibr/N'l){r(a))\r e T{Q)i - -F(e)i} and x{br/N'l){T{a 
)) ^ OforanyT e J"(e)i- J"(e)i, we know that A{be/N, ,T+{P,a*{T{a)){(j)))\V) + 
(e^|y*) = r+(P,in(P,6e/iv.,fT*(T(a))(0))) = supp(in(P, ^e/w. , a*(T(a))(0))) + 
(e^|F*) = {6} + (e^|y*) and 6 e V(r+(P, in(P, 6e/iv., 'T*(r(a))(0)))) C V(r+(P, 
a*(r(a))(0))). 

For any F e J"(6)i, we have ord(P, fep/w, cr*('''(a))(0)) ord(P, fop/A", in(P, 

&e/JV*,o-*(T(a))((/>))) = ord(P, fer/7V-,ca:(a)) = {br/N',b). 

For any F e -F(e)i - J^(e)i, we have < ord(P, &r/A-, o-*(T(a))((/))) < ord(P, 

6r/Ar*,in(P,6e/A-,^*(T(a))(<^))) = ord(P, 6r/A- , cx(a)) = and ord(P, &r/Ar* , 

a*(T(a))(0)) = = (6^/A^*,&)• 
Weknowthat r+{P,a*{T{a)){(P)) = {&} + (e^|F*) and a* {T{a)){(j)) has normal 

crossings over P. 

We know that there exists uniquely an element (3 e {<j*D)q with r(/3) = (3. We 
take the unique element {3 e {a*D)o with t(/3) = jS. Since r(Q!) e U{T,,a* D, jS), 
a e r~^([/(E, /3)) = U{T,,(t* D, (3). It is easy to see that the homomorphism 
T*(a) : 0(C)t-(q) ^ Os.Q induces an isomorphism T*(a) : C(C)^(^-| O^^^ of 
complete fc-algebras. Since a{a) = M(y4), we have a homomorphism of fc-algebras 
cr*(a) : A -J> Os,a satisfying a*{a){M{A)) C M(OE,a)- This homomorphism has 
the unique extension <J*{a) : A — >■ ©1;^^. Since L*a — ar, we have ct* («)((/)) = 
T*(a)a*(T(a))(^). 

Let P = {(ct*0/3(-E) - (cr*0/3(-E)(a)|£; G comp(cr*D) (/?)}. P is a parameter 
system of Of,^„. Since P = - {a*O0iE){T{a))\E G comp(a*5)(/3)}, 

P — T*(a)(P). We know that a*{a){ip) has normal crossings over P. 

We take any isomorphism p : ^ ^ A of complete fc-algebras satisfying p(P) = 
P and we put g = 1 G Z+. Since h > 2, g < h. pa*{a){(j)) G A and p(T*{a){(f>) has 
normal crossings over P. Therefore, p(T*(a)(^) G PPF(l) = PW{g). 

We conclude that Theorem 14. II holds, if dimA = dim^. 

We consider the case dim A — dim V ~ 1. 

We take any isomorphism p : 0{C)'^^^-^ A oi fc-algebras satisfying j5{P) = P 
and p(a;(6p/jY.p - x(6p/^.p(r(Q!))) = z. 
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Recall that <p = i^uU^^^iz + xT^'"'^ n.ep-{z} 
We consider the element ^illccep-iz} ^ ^- 

u&A^= (ii^)x and a*{T{a)){u) e (0(C)^(„))x. y = for any y e P. 

xeP-{2} !/eP-{;2:} y^p-{z} yeP-{z} 

We denote aoo = Y.yeP-{z} Ky)fy e (A^l^*) nN c (e^|F*) n AT. We have 
n.eP-M^'^'^=^M- 

CT*(r(a))(w ]J s''(")) = a*(r(a))(w)a*(T(a))( x''^")) 
xeP-{2} xeP-{2} 

= a*(r(a))(u)a*(T(a))(a;(aoo)) = a* {T{a)){u)x{aoo) 

= a*{Tia)){u) n ^(&r/iv.^)<'^/-*'"->. 
reJ=-(e)i 

Wc know that a*(r(a))(u) nre^(e),-^(e), ^(^r/^^)^"''"*'"™^ ^ (0(C)^(„))x 
and o"* (r(a))(?i J^,j,gp_|^| x''^^') has normal crossings over P. 

We conclude that po'* {T{a)){uY[^^p_^^y x'^^^^) has normal crossings over P and 

pa*(T(a))(wn.eP-Ma;'^"^) e 

We consider any x ^ ^ 'ind the element z + x & 
We consider the case x = 0. 

^ + ;^ = ^ = x(/f). /f e {A''\V*)nNc (e^|F*)nAf. 

a*(r(a))(z +x) = a*(r(a))(x(/f )) = x(/f ) = [] x(6r/iv4)<''^^-'^"> 

re^(e)i 

We know that Ure^^e).-T^eu ^(^r/Ar^) e (0(C)^(„))x and 
a*(r(a))(2 + x) has normal crossings over P. 

We conclude that pa* {T{a)){z + x) has normal crossings over P and /Oa-*(r(Q)) 
iz + x)ePWil). 

We consider the case x 7^ 

r+(P, z + x) is -ff-simple and c(r+(P, z + x)) = 2. height(i?, r+(P, ^ + x)) = 1. 
X e M(A') — {0} and x has normal crossings over P — {z}. We take an element 
u{x) &A'^ and a mapping e(x) : P-{z} ^ Zq satisfying x = w(x) HxeP-i^} ^^""'^'^"^^ • 
Let e(x) = ExeP-{.} e(x)W/i' e (AV|y*) n TV. 

n a.^('^^^^^= n y'^''^^'^= n ^(/;)^'^^^^^=^( e ^x^fy^ 

xep-{z} yeP-{z} yeP-{z} yeP-{z} 

= x(e(x)). 

X = u(xMe(x))- V(r+(P,2 + x)) ={/f,e(x)}. 

Note that C is a subdivision of V{S\V), V{S\V) is a subdivision of V{r+{P, z + 
X)|^) and thus C is a subdivision of X'(r+(P, 2; + x)l^)- Wc take the unique 
element A(x) € I?(r+(P, z + x)|l^) with 9° C A(x)° and wc take the unique 
element A(x) e 2?(r+(P,z + x)l'^^) with 6° C A(x)°. 6° c A° c A(x)° C A°. 
6° C A°. Since 6 e T{^), A(x) e J"(A(x)). We take the unique element A{x) e 
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^(r+(p,z + x) + (e^|i^*)) satisfying e = A(i(x),r+(p,z + x(x)) + (e^|y*)|F). 

A(x) = A(A(x) n r+{P,z + x),T+{P,z + x)\V). dime = diniA(x) = dimF. 
A(x) e V{T+{P,z + x)\Vf. We take the unique element a(x) e V{T+{P,z + x)) 
with A(x) = A({a(x)},r+(P,z + x(x))l^^)- = /f ora(x) = e(x). r+{P,z + 

x) + (e^|T/*) = {a(x)} + (e^|v^*)._ 

Since I?(r+(P, z + x(*))l^) iJ-simple, dimA(x) — dimF or dimA(x) — 
dim F - 1 

We consider the case dimA(x) = diml/. 

By the same argument as in the case dim A = dim V above, we know that 
a*(r(a))(2; + x) has normal crossings over P, pa*{T(a)){z + x) has normal crossings 
over P and pa*{T{a)){z + x) G PM^(l). 

We consider the case dim A(x) — dimF — 1. 

dimA = dim A(x) = dimF — 1. Since A C A(x), we have vect(A) = vect(A(x))- 
Since 'D{S\V) is ^-simple, we have A = vect(A) n A = vect(A(x)) n A D A(x). 
Therefore, we know A — A(x)- 

Now, by Theorem [TO 8. fa) and Theorem [TO 8 .(b'). we know that f (t vect(A) 
and vect(A) + f = vect(A) + H. 

Since vect(A) + f = vect(A) + H and f C 6 C A, we know that A(x) = 

A({e(x)},r+(p,z + x)\v). A(A(x) n r+(p,z + x),r+(P,z + xW) = A(x) = 

A({e(x)}, r+(P, z + xix))\V) n A({/f }, r+(P, z + x)\V), A(stab(A(x) n r+(p, z + 
x)),stab(r+(P,z + x))|V^) - A, stab(A(x) n r+(P,z + x)) = {0}, and A{x) n 
r+(P,z + x)=conv({/f,e(x)}). 

Since f (t vect(A) D A D 9, we know that f e ^"(8)1 - T{Q)i and a;(6p/jY. Y)t 
(a)^0. 

Since 1 = {bn/N-Jz) > {bn/N'^Kx)) = and vect(A) + f = vect(A) + H, 
we know > (6f/Ar., e(x)), {{b^/j^.,a)\a e A{x) nT+{P, z + x)} ^ {t e 

mbf/N-Jz) > t > (^f/Ar*'e(x))} and Z 9 max{{bf,^j^, , a)\a G A(x) nr+(P,z + 
X)} - min{(6f/^.,a)|a e A(x) n r+(P, z + x)} - {bp/N-J^ " e(x)) > 0. 

By Theorem[T831l2.(b) we know (6f /jv* > /f "^(x)) < height(i?, r+(P, z + x)) = 
1. We conclude that (^f/^., fz ^ e(x)) = 1- 

We denote m = (6f/^., e(x)) G Zq. 

For any T e J'lG)!, we have br/N- G T C 9 C A(x) = A({e(x)}, r+(P, z + 
x)|F)n A({/f},r+(P,z + x)|V^) and (&r/jv*,/f> = (^r/jv* , e(x))- We denote 



b= E (&r/Ar.,/f)6r/A'.^e A(e°p|e,e|v^*)nA^, 

rej^(e)i 

co= 51 (6r/JV,/f)&r/Ar.^ e A(e + f,e|y*)n7V, and 

rGj^((e+f)°p|e)i 

E (&r/iV*,e(x))&r/A'.|e A(e + f,e|F*)nAf. 
rGJ^((e+f)°p|e)i 



We have = 6 + (1 + m)6p y^. 5 ^0 ^^'^ ^^^^ — b + mbf. ^jy* 5 + c. 
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Let u(x)(0) e /e — {0} denote the unique element satisfying u{x) ~ '"(x)(0) G 
M{A'). We have 

ps(P, A{x) n r+(P, z + x), ^ + x) 

= x{h)x{b^,^,lf+^x{c,) + u{xmx{h)x{h^,^,lrx{c) 
= a;(S)a;(6p/^.p"(a;(fep/^.pa;(co) +a:(c)), and 

\n{P ,hQ/N' ,a* {T{a)){z + x)) 
= a* (r(a))(ps(P, A{x) n r+(P, z + x), ^ + x)) 
= a;(6)x(6p/^,p™(x(&f/^.px(co) + x(c)). 

Recall that a;(6r/jvp(T(a)) = for any V e /"(O)!, a;(6p/jY. Y)(r(a)) ^ 0, 
a;(^r/w.p(r(a)) ^ for any V e + f)°P|e)i and P = {x(6r/iv4)|r e 

^(e)i} U {x(6f p - x(6f,/^. pr(a)} U {x(6r/iv. p - x(6r/iv4)r(a)|r e ^((6 + 

fne)i}. 

Note that fc[P - {a;(6f/^.p - a;(6p/^.pr(a)}] C 0(C)^(„). By 0{C)%[^^ we 
denote the completion of k\P — {a;(5p^^.p — a;(6p^^. pT(Q;)}] with respect to the 
maximal ideal k\P - {x(5p/^^p - x(6p/^.pr(a)}] n M(0(C)^(„,). 0(C)^('„) is a 
complete local subring of C(C)^^^j. is a A;-subalgebra of ^'(C)^^^^. 

^(^'f/iv.p'" e (0(C)^(„))x^a.(co) e (0(C)^('„))x^and a;(c) e (0(C)^^)x. We 
know that there exist G (0(C)^(„))x and w/ e (0(C)^('„j)x satisfying in(P, 6e/JV , 
a*(T(a))(z + x)) - x(S)«'(x(6p/^.p + w'). 

Note that r+(P,z + x) + (©''1^'*) = {a(x)} + (e^|y*) and 6e/7V* G 6° C 
e. We know that there exist v G (0(C)^(„))x and w G (C(C)^('„))x satisfying 
a*{T{a)){z + x) = a;Wi'(a;(&f/Ar*p + We take elements u G (e'(C)^(^))x and 
«; G {0{C)%[^-^Y satisfying a*{T{a)){z + x) = a;(S)t;(a;(6p/^.p + w). We take the 
unique element t«(0) G A; - {0} satisfying w - w{^) G M(0(C)^(^j). 

We consider the case a;(5p^^. P(t(q;))+w(0) 7^ 0. We know that x(6p^^,p+t/; G 
(0(C)^(„))x, t;(a;(6p/^.p + ti;) e (0(C)^(„))x and a*(r(a))(z + x) has normal 
crossings over P. We know that pa*(T(a))(2; +x) has normal crossings over P and 

pa*(T(a))(z + x)ePW(l)- 

We consider the case a;(6f,y^,p(r(a)) + t«(0) = 0. a;(6) has normal cross- 
ings over P and p{x{b)) has normal crossings over P. G ^x. We know 
that .T(6p/^.p(r(a)) + e M(0(C)^('„)), p(x(6p/„. p(T(a)) + z«) G M(A') and 

pa*(r(a))(z + x) = p(x(6))p(z;)(z + p(a;(6p/^. p(r(a)) + w)) G PlV(l). 
We conclude that j5a*{T{a)){z + x) € PW(1) in all cases. 

Note that (r] G PT4^(1) for any C G PTy(l) and any t] G PTy(l). Therefore, we 
conclude that P^J* {T(a)){ull^^^iz + xT^""^ n.eP-{.} ■^'^"') = 
pa*{T{a)){ull,eP-{z} ^'^"0 nxe;t P^*{r{a)Kz + x)"^^) G PW{1). 

We consider the element tjj G W{h). 
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Recall that V{T+{P,i})\V)js iZ-simple, Q eC, T(a) € V°{C,Q) C S, f e Ci, 
f (t H°P\A, e e A°{t), e e CO, e e J'(e) and f e ^-(6)1. 

Note that C is a subdivision ofV{S\V), V{S\V) is a subdivision of 2?(r+(P, ip)\V) 
and thus C is a subdivision of I?(r+(P, V')l^)- We take the unique element A{ip) G 
2?(r+(P, with e° C_A(V')°. We take the unique element A{^) € T{T+{P, 7/')+ 

(e^|l/*)) with e = A(A(V'),r+(P,y') + {e'^\V*)\V). We take the unique ele- 
ment A(V') e X>(r+(P, V')|V") with e° C A('0)°. dime = dimA(?/') = dimF. 
A(V') e X'(r+(P, V)!!^)". We take the unique element a{Tp) G V(r+(P,'0)) with 

A(v^) = A({a(7/^)},r+(p»|y). 

e° c A° c A(i/')° c A°. A(V') = A(A(V') n r+(p, v),r+(p, e° c a°. 
A(^) e J-(A(V')). r+(p, V) + (e^lF*) = {aW} + (e^l^*). 

Since r+(P, '0) is 7?-simple, we know that dimA(?/;) = dimV^ or dimA('(/;) = 
dimF- 1. 

We consider case dimA(-;/;) = diml/. 

By the same argument as in the case dim A — dimT^ above, we know that 
a*{T{a)){ijj) has normal crossings over P, p(T*(r(a))('0) has normal crossings over 
P and pCT*(r(a))(V') G PW{1). Therefore, pa* {t (a)) {(f)) = pa* {T{a)){il;)pa* {T{a)) 

i^U^^xi^ + XT^^^ n.6P-{.} G ^w^(i)- 

We know that there exists uniquely an element (3 £ {a*D)o with t(/3) = (3. We 
take the unique element /3 e (cr*-D)o with r(/3) = ^. Since T(a) G U{'S,a*D, P), 
a G T~^{U{Ti,a* D,P)) — U{T,,a*D, P). It is easy to see that the homomorphism 
T*(a) : 0(C)^(q) — > Os,Q induces an isomorphism T*(a) : ©(C)^^^) — ?> Os^q, of 
complete fc-algebras. Since a{a) = M{A), we have a homomorphism of fc-algebras 
a*{a) : A — satisfying cr*(a)(M(A)) C M(Os.q)- This homomorphism has 
the unique extension a*{a) : A — > ^. Since L*a — ar, we have cr*(a)((/)) = 
T*{a)a*ir{am). 

Let P = {(cr*0/j(£^) - {a*^)p{E){a)\E G comp(cr*i:>)(^)}. P is a parameter 
system of Of,^„. Since P = - (a*0/3(^)(^("))l^ ^ comp(a*5)(^)}, 

P = r*(a)(P). 

Let p = pT*{a) ^ : q A. p is an isomorphism of fc-algebras. We put 
5 = 1 G Z+. p(P) = pT*(a)-i(T*(a)(P)) = p(P) = P. We know p(P) = P. 
pcr*(a)(0) = pT*(a)-ir*(a)o-*(T(Q!))(0) = pa*{T{a)){^) G PVF(l) = PVF(5). We 
know pa*{a){(j)) G PVF(5). Since h>2, g <h. 

We conclude that Theorem 14.11 holds, if dim A = dimF — 1 and dimA('(/;) = 
dim V. 

We consider the case dimA('!/') = dimt/ — 1. 

We know that A(V') G P(r+(P, V')! V^)^ H^) + iJ°P|A and height (iJ, r+(P, 
))>0. 

Since A C A(?/;) C A and dim A = dimF — 1 = dimA(-0), we have vect(A) = 
vect(A(V')). Since V{S\V) is //-simple, we have A = vect(A)nA = vect(A(V'))nA D 
A(-0). Therefore, we know A = A(-0). 

We know that there exists uniquely an element Ao(V') G 2?(r+(P, ?/;)|V')° satis- 
fying A(V') = A(V') n Ao(V')- We take the unique element Ao(^/') G 2?(r+(P, ■!/')|^)° 
satisfying A(V-') — A(?/') n Ao(V')- A(?/') 7^ Ao(V')- We take the unique element 
aoW e V(r+(P, V)) with AoW = A({ao W}, r+(P, 
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aoW ^ a(7A), A(A(^)nr+(F,^),r+(F,^)|V^) = Aiij) = A(^) n AoW = 
A({a(V)}, r+(P, n A({ao(V)}, r+(F, V')!^), A(stab(i(V') n r+(p, V)), stab( 

r+(P»)|y) = A, stab(A(i/') nr+(p,?A)) = {o} and A(V') nr+(p,v) = conv({ 

ao(V'),a(V')})- 

Now, by Theorem lTO S.fa) and Theorem [T831 8. (b). we know that f (;t vect(A) 
and vect(A) + f = vect(A) + H. 

Since f ^ vect(A) D A D 9, we know that f e ^"(8)1 - T{Q)i and x{bp^j^,X)T 

Since f e we know that f C 6 C A, A C vcct(A) + f = vect(A) + H, 

A + H = A + H, A + H C Aa + H, , ao(V')) > (6^/^., a(V')), (fef/jY.,ao(V')> > 

(&f/j^.,a(^)), {(fof/^.,a)|a G A(^) H r+(P, V)} - {t G R| (6p/^. , ao(V)) > * > 
(&f/JV*'"(V'))} and niax{(6p/j^.,a)|a € A(V') n r+(P»} - niin{(6p/j^.,a)|a G 
A(V') n r+(P, V)} = (6f/w., ao(V) - aW> > 0. 

We denote i — (fep^jy, , ao('0) ~ '^('0)) G ^+ and m = (&p^jy. , a('0)) G for 
simphcity. By Theorem [TO l2.fb) we know £ < height(^, r+(P, -0)) = h. 

For any F G J^(6)i, we have for/w G T C 6 C A{^) = A(V') n Ao(V') and 
(6r/Ar*,ao(V')) = (^r/AT-^aW)- We denote 

b= {br/N',aombr/N4eA{e°P\Q,Q\V*)nN, 
re;r(e)i 

£0= (for/JV*,aoW>for/JV*^e A(e + f,e|F*)n7V, and 

rGJ=-((e+f)°p|e)i 

c= Y {br/N*,a{iJ;))br/N'le A{Q + t,e\V*)nN. 

reJ=-((e+f)°p|e)i 

We have ao(V') = 6 + + m)&p ^jy. 5 and a{tjj) = b + nibf, ^j^, 5 "I" ^■ 

Let L = {i e {0,l,...,e}\{{£~ i)/i)co + {i/£)c G N}. {0, £} c L c {0, 1, . . . , £} 

and conv({ao(?A), aC^A)}) n = {6+ (£- ^ + m)6p/jy. § + ((^ " *)/^)'^" + (^Z^)*^!* ^ 

{{£ - i)/i)co + {i/i)c G A(e + f , e|V^*) n N for any i G L. 

We know that there exists uniquely a mapping e : L ^ k satisfying 

ps(P, A(0) nF+(P», V) ^ ^e(^):^(&)x(6p/^.p^-+™x((^)co + (^)c), 

iGL 

e(0) and e{£) ^ 0. We take the unique mapping e : L ^ k satisfying the above 
three conditions. We have 

in(P, be/N' , a*(T(a))(V)) = a*(T(a))(ps(P, n F+(P, V)) 
= ^e(z)x(6M6p/^.p^-+'"x((^)co + (^)c). 

Recall that x{bY /N'-^)T{a) — for any F G ^"(6)1, x{bf.^^,^^T{a) ^ 0, 

<br/N')^)T{a) ^ for any F G F{{<d + f)°P|e)i and P = {x{br/N'lW e 
J"(e)i} U {a;(6p/^.Y) - a;(6p/^.pr(a)} U {a;(6r/jv*p - a;(6r/A-pT(a)|F G 

j-((e + fne)i}. 

We know that x{cn)T{a) ^ 0, deg(P, &py^. , in(P, 6e/A' , 5-*(t(q!))(V')) = ^ + 
m, the sum of terms T in in(P, 6e/jv*j o'*('''(q^))(''/')) with deg(P, 6p /jy, , T) = 
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m is equal to e(0)x(co)T(a)a;(& + {(, + ™)fefyjv^)) ^i^d 6 + + m)bf^j^t'^ € 
supp(Ain(P,6e/w.,a*(T(a))(V^))) C supp(P, a*(T(a))(V')) C r+(P, a*(T(a))(V')). 

Consider any F e ^(6)1. ord(P, 6r/jv*) = ord(P, 6r/Ar» > in(-P, 
6e/jv*,'T*(T(a))(V'))) = {bT/N',b) = (fer/jv* , & + + m)&f/JV*p- 

Consider any T G J"((e + f)°P|e)i. < ord(P, fer/w* , S*(T(a))(?A)) < ord(P, 
&r/jv*,in(P,6e/Ar-,CT*(T(a))(V'))) =0. We know that ord(P, &r/Ar* , ^*(T(a))(f/')) = 
= {br/N',b+{i + m)bf,/^.l). 

Weknowthat 6+(^+m)6f,/^.^ G T+{P,a*{T{a)){'tp)) andord(P,&r/Jv*,o-*(r(a) 
)(V')) = (^r/jv*)^+ (•^ + "^)^f/Af5) ^'^y ^ ^ -^(Q)! ~ {r} and we conclude that 
r_|_(P, a-*(T(a))(V')) is of f-Weierstrass type. 

We denote 9 = f°P|e G J"(e)i. Since r+(P, a-*(r(a))(V')) is of f -Weierstrass 
type, we have ord(P, &e/Ar*> = (^e/JV* . & + + m)^? /iv-p = ord(P, 

be/N' I ^e/iv- , a*{T{a)){'t(>))) and 

in(P, 6e/Ar* , ^* (T(a))(?A)) = in(P, feg/^. , in(P, be/N- , ^* {r{a))W)) 
= x{b)xib^,^,lr E e-(*)x(6p/^4)^-\ 

where e : i — )• fc is the mapping satisfying e(i) = e(i)x(((i? — i)/i)co + {i/i)c)T{a) 
for any i £ L. e(0) = e(0)a;(co)(r(a)) 7^ 0. There exists uniquely a mapping 
e : {0.1,...,^} ^ k satisfying T.^eL ^i^Mbr/N-l/~' = ELo e(0(a;(&f /w- P " 
x(6py^, Y )r(Q:))^^\ Wc take the unique mapping e : {0,1,...,^} k satisfy- 
ing the above equality. e(0) = e(0) ^ 0. x{bp^^,^){T{a)) ^ 0. ord(P, 6pyjy» , 
a;(6)x(6f/^.p™)=0. 

Since r_)_(P, a-*(r(Q;))(V')) is of F- Weierstrass type, we have 

hcight(f,r+(P,a*(r(a))(V'))) 
= ord(P, 6p/^. , in(P, &e/^. , a*(T(a))(V))) - ord(P, , a*(r(a))(^^)) 
< ord(P, bp/j^, , in(P, fee/_;v' ■ 

= ord(P, 6p/^, , :c(S)a:(6p/^4)'" ^ ^(^^(^'f/iv^)'"^) 

e 

= ord(P, 6p/^, , E e(i)(a:(6f - a;(6p/j^.pT(a))^-^) 
= ^-max{i e {0,l,...,^}|e(i) ^0} < I. 

We know that height(f, F+(P, a*{T{a)){tp))) = £, if and only if, ord(P, bf^^, , 
a*(r(a))(V')) = and e{i) = for any i G {1, 2, . . . , if and only if, ord(P, &f/jv»' 
a*(r(a))(V)) = and E,eL e(i)a;(6f/^.p^-^ = e(0)(a;(6f/^.p-a;(6f/^.pT(a))^. 

We know that height(f , r+(P, a-*(T (a)) (V'))) < i < h. 

Assume height(r, r+(P, a* {T{a)){ip))) = h. We will deduce a contradiction from 
this assumption. 
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We have £ = h. Note that ViT+iP^uU^^xi^ + xT'^''^ Ua:eP-{z} ^''^''^W) = 
'^xeA'-{o}^(r+(-P, ^ + x)\V) is -ff-simple, and any structure constant of it is an 
integer. By Theorem 118. 31 12. fc). we know that c{T+{P,ip)) = 2, the structure 
constant of 'D(r+{P,ip)\V) corresponding to the pair {2,E) is an integer for any 
E e T{A) - {H} and 9 A. 

We have dime = dimA = dimF-l = dimG-l, 6 = f°P|e, (e+f)°P|e = {0}, 
Co = 0, c = 0, L = {0, 1, . . . , and e{i) = e{i) for any i £ {0, 1, . . . , 

We have height(f , r+(P, a*(r(a))(V'))) = £ and 

4=0 

ieL 

= e-(0)(x(&p/^.p - a;(6f/^4)(r(a))r 



We know 

eW = e(0)Q(~:z:(fep/^.p(r(a))r 

for any i e {0, 1, . . . ,£}. 
We have 

ps(F, n r+(F, ^) - a*(T(a))(ps(P, A(V') n r+(p, V)) 
= 5] e(^)x(6)a;(fef/^.p^-+™x((^)co + (J)c) 

e 

1=0 

= x(S)x(65/^.p™ ^ e(0) (-:r(6p/^.p(r(a)))^:r(65/^.p^- 
1=0 ^ ^ 

= e(0)x(6 + mbH/N^l){x{bH/N^l) - /^.p(T(a)))^ 

Recall that {fos/jy^l^ e J-(A)i} = {/^^jy e P}, b^/^'l = /f and = y 

for any y £ P. It is easy to see that there exists uniquely a mapping f : J-"(A)i — 
{H} TL satisfying 6f/Ar*^ = ^ EBe.^(A)i-{H} since f = 

-ff C 6 C A. We know that there exists uniquely a mapping r : P— {z} — >■ Z satisfy- 
ing 6p/jY. Y = /f -Ej/GP-{z} We take the unique mapping r : P-{z} ^ Z 

satisfying 6p/^.^ = /f - E^ep-f^} a;(6f/Ar.p = ^/ Ilj^eP-i;.} y''^^-*- We 

denote Iq = b + mbjj^j^,'^^ - J2yep-{z}Hy)fy e TV and 7 = a;(fejj/^.pr(a) G 
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k — {0} for simplicity. Wc have 

ps(P,A(^)nr+(p,v),V) = e(0)x(6o)(^-7 n y^'^'^y 

yeP-{z} 

yeP yeP-{z} 

Since tp G W{h), ps{P,A{ip) n r^(P,ip),ip) G A and A is a unique factoriza- 
tion domain, we know that r{y) € Zq for any y G P ~ {z} and bo = 0. Since 
c(r+(P, f/')) = 2, we know that the 2;-top vertex of r+(P, V') is equal to £f^, 
Iff e A{^) n r+(P, V-) and i(V^) n r+(P, -0) is a z-rcmovablc face of r+(P, ?/;). 

Since r+(P, V^) has no z-rcmovable faces, we obtain a contradiction. We know 
that height(f,r+(P,CT*(T(Q!))(V'))) < h. We denote g = height(f, r+(P, ^*(T(a))( 
V'))) G Zo. < /i. 

We denote z = x{bf,^j^,'^) — a;(6pyjy. Y )T(a) e P for simplicity. 

Note that k[P - {z}] C C'(C)^(„). By ©(C)^^^) wc denote the completion of 
k[P - {z}] with respect to the maximal ideal k[P - {z}] D M(C'(C)^(^)). 0{Cy^[^^ 
is a complete local subring of 0{Cy^^^y is a fc-subalgebra of 0{C)'^^^y 

Since r+(P, CT*(r(a))(V')) is of f-Weierstrass type, g = height(f , r+(P, a* (T(a 

)){ip))) and Weicrstrass' preparation theorem holds, there exist uniquely an element 
« e and a mapping ^ : {0,1, . . . ,g - 1} ^ M{0{CY^[^^) satisfying 

a*(r(a))(V') = + X^to We take the unique pair v G (O(C)^(^))^ 

and a mapping ^ : {0, 1, . . . , 5 — 1} — >■ M(C'(C)^|^p satisfying this equality. 

Let n = {x e M(0(C)^('„))|x^ + T!iZli>(i)x' = 0}, 7e is a finite set and 
jj??. < Consider any x e 7?.. Since ^(C)^^^^ is a unique factorization domain, 

there exists uniquely a positive integer /x(x) S Z+ satisfying +^^^0 4'{i)z^ S (^— 
^)p(x)c)(C)c^^^ and zs + YlZl i'{i)z' ^ (^- x)''^'^^+^C'(C)^(„). We take the unique 
/u(x) G Z+ satisfying these conditions. I]^£7^ /x(x) < • Let g = 5 - ExeK /^(x) G 
Zq. 5 7^ 1. g < g < h. Let 5 = max{^, 1} e Z_|_. Since h > 2, g < h. 

There exists uniquely a mapping : {0, 1, . . . , ,g — 1} — >■ M(0(C)^^'^^) sat- 
isfying CT*(T(a))(V') = vx{b)ll^^^{z - xY^'^Kza + Eto V-C*)^')- Wc take the 
unique mapping -0 : {0, 1, . . . , 5 — 1} M(C'(C)^^'^j) satisfying this equality. 
X' + Eto ^ for any x e M(0(C)^('„)). 

p{vx{b)U^^ni^-xr^''^)&PW{l). 

If 5 > 2, then 5 = c; and + ^to V"!*)^*) ^ ^^(5) = W{g). Therefore, 

pa*{Tia)){0) = pa*{T{a)){ul\^^;,{z + xT^""^ U.eP-{z} ^'^^^)piMb)U^eni^ - 

If 5 < 1, then g = 0, g = 1 and + ECo = 1 e PVK(l). Therefore, 

pa*(T(a))(0) = pa*(r(a))(wnxe;t(^ + xr^'^^^.6P-Ma;^^"')pW^)^x67^(^- 
^)/*(x))p(^§ + Eto e PW{1) = PW{g). 

We conclude that pa* {T{a)){(j)) G PVF(.g) in all cases. 

We know that there exists uniquely an element /3 G {a*D)o with t(/3) = j3. We 
take the unique element /3 G (ct*Z))o with t{P) = 0. Since T{a) € U{T,,a*D,0), 
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a € T~^{U{Yj,a*D,(i)) = [/(S, cr*Z?, It is easy to see that the homomorphism 
T*(a) : 0{C)r(a) -> OT,,a induces an isomorphism r*(a) : C(C)^(^) Oh,a of 
complete fc-algebras. Since (t(q:) = Ajf(A), we have a homomorphism of fc-algebras 
a*{a) : A — >• O-^^a satisfying a*{a){M{A)) C M(C'5].q)- This homomorphism has 
the unique extension cr*(a) : A — > O^q- Since t*(7 = ctt, we have a*{a){(l>) — 
r*(a)a*(r(a)) (</.). 

Let P = {{a*Oi}{E) - {a*£,)i3{E){a)\E e comp(cr*i:')(^)}. P is a parameter 
system of Since P = {{a*0^(.E) - {a*^)^{E){Tia))\E e comp(a*5)(/3)}, 

P = r*(a)(P). 

Let p = pT*{a) ^ : ^ A. p is an isomorphism of fc-algebras. p{P) = 
pT*{a)-^T*{a){P)) = p(P) = P. Weknowp(P) P. pcr*(a)((/.) = pT*(a)-V*(a) 
CT*(T(a))(0) = pa*iT{a)){(t)) € PW{g). We know pcr*(a)((/>) e PTV(g). 

We conclude that Theorem 14.11 holds, if dim A = dimT^ — 1 and dimA(?/') — 
dimF- 1. 

We conclude that Theorem 14. II holds in all cases. 



21. Proof of the submain theorems 

We give the proof of our submain theorems Theorem 14.21 Theorem 14.41 Theo- 
rem 14.51 and Theorem 14.61 

Let k be any algebraically closed field; let A be any complete regular local ring 
such that A contains /c as a subring, the residue field A/M{A) is isomorphic to k 
as fc-algebras, and dim A > 2; let P be any parameter system of A, and let z G P 
be any element. 

Let A' denote the completion of k[P — {z}] with respect to the maximal ideal 
k[P~ {z}] n M (A). The ring A' is a local subring of A and M {A') = M (A) n A' = 
(P — {z})^'. The set P — {z} is a parameter system of A' . 

Let A = Spec(^/n2:epa;^), and A' = Spec{A' / ll.^^p_^^^y xA'). We define a co- 
ordinate system ^m{a) ■ comp(A) yl of the normal crossing scheme (Spec(^), A) 
at M{A) by putting ^M{A){Spec{A/ xA)) = x for any x & P. Let ^ = {^m{A)}- We 
define a coordinate system : comp(A') — )■ A' of the normal crossing scheme 

(Spec(A'), A') at M{A') by putting CAj(^,)(Spec(^7a;A')) = x for any a; e P~{z}. 
Let ^' = {£.'m{A')}- The triplets (Spec(A), A, ^) and (Spec(A'), A', are coordi- 
nated normal crossing schemes over fc. 

Recall the following notations: 



PW{i)^{(f>eA\(f> = uY[{z + xT'^''^ n ^^^""^ 

xeX x€P-{z} 

for some u E A^ , some finite subset X of M{A'), 

some mapping a : A" — )• Z^, and some mapping 6:P— {z}— >Zo}. 



158 



TOHSUKE URABE 



For any h e Z+ with h > 2 we denote 



h-l 



W{h) 



1=0 

for some mapping (p' : {0, 1, . . . , ft, — 1} — > Af {A') satisfying 



X^ + Yl '^'(*)^' ^ for any x e M(A').}, 



PTy(ft) = {0 e A|0 = -0?// for some ip S ly(ft) and some ip' e Piy(l).}, 
i?VF(ft) ^ {(p e A\ with = V^V-"' for some tp G and some V' G ^'VF(l) 

such that r+(P, -0) has no z-removable faces.}, 
SW{h) = {(p e A|0 = VV'' for some V G and some -0' e PW^(l) such that 

r+(P, 0) has no z-removable faces, and r+(P, 0) is z-simple.}. 

We give the proof of Theorem 14.21 

Consider any h € Z+ with h > 2 and any € PVF(/i). 

We take an element we , a finite subset X of M(A'), a mapping a : X Z+, 
a mapping b : P {z} — )• Zo and an element ip € W{h) satisfying 



We take a mapping 0' : {0, 1, . . . , ft— 1} M {A') satisfying ^p = z'^+J2i=o V-"'!*)^* 
and x'' + Eto ^'ii)x' ^ « for any x € M(A'). 



The quintuplet {u, X, a, b, ip') is uniquely determined depending on (p, since A is 
a unique factorization domain and Weierstrass' preparation theorem holds. 

In particular, ^P'{0) = (-0)'' + J^^'q V''(z)(-0)* ^ and ord(P, /f ^, ?A) = 

We denote V = map(P,R), N = map(P,Z), A = map(P,Ro), W = {a € 
V\a{z) = 0} and U- ^ {a e V\a{z) < ft}. 

F is a finite dimensional vector space over R. dimV^ = jJP = dim A. iV is a 
lattice of V. The set {f^l^ G P} is an R-basis of V, and it is a Z-basis of N. A is 
a simplicial cone over iV in dim A — dim V. is a vector subspace of V over 
M. dim W = dim V — 1. A^nPFisa lattice of W. A n is a simplicial cone oner 
NnW inW. dimAn = dim VF. The set {/f |x e P - {z}} is an M-basis of W, 
and it is a Z-basis of iV n W. is a non-empty open subset of V. 

The dual vector space V* of is a vector space over R and the dual basis 
{/f e P} of {/f |x e P} is an R-basis of V*. The dual lattice N* of iV is a 
lattice of F*. The set {f^'^\x e P} is a Z-basis of N*. {f^'^,a) = a(x) for any 
X € P and any a S map(P, R). The dual cone A^|F of A is a simplicial cone over 
N* in V*. dimA^lF = dimF. 

We identify the dual vector space W* of W and the vector subspace vect({/^^ jx € 
P - {z}}) of V*. N* n VF* is a lattice of W*. The intersection (A^|F) n VF* is a 
simplicial cone over N* n W* in H/*. dim(A^|F) nW* = dim VK. (A^|F) n H/* = 
(An 

We put cr(a) = (a — a{z)f^)/{h — a(z)) e for any a £ C/_, and we define a 
mapping a : U- — > PF. 

We consider any x G M{A'). 



cP^i;uY[{z + xr^''^ n 



,b(x) 



xex xeP-{z} 
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We denote P{x) = {P - {z}) U {z + x} C M{A). The set P{x) is a parameter 
system of A. 

Let L : P{x) P denote the bijective mapping satisfying i{x) = x for any 
X € P — {z} and t(z + x) = z. The mapping i induces an isomorphism l* : V = 
map(P, R) — > map(P(x), M) of vector spaces over R. Using t*, we identify V and 
niap(P(x),R). We have f^^^ = /f and /f = for any a; e P - {z}. 

^ r+(P(x), V') C A C T^. r+(P(x), V') is a Newton polyhedron over in V. 

The fohowing claims hold. See Lemma ri0.41 Proposition ll0.6l and Lemma [5TT] 16: 

(1) There exists uniquely a mapping -0' : {0, 1, . . . , /i — 1} — > M{A') satisfying 

= (z + x)" + Eto' ^^'(0(2 + XY and x" + Et^o' ^ for any 

X e M(A'). 

(2) stab(r+(P(x),V)) - A. 

(3) r+(P(x),V') is of z-Weierstrass type. The unique z-top vertex of r+(P(x), V') 
is equal to {hf^}. 

(4) ord(P(x),/r,V') = 0. height(z,r+(P(x),0)) = h. 

(5) r+(p(x),^)nc/_ ^0. a(r+(p(x),V)n;7_)^0. 

Below, we denote 

f +(p(x), V) = a(r+(p(x), V) n U-). 

(6) r+(P(x), V) = a((convcone(r+(P(x)» + {-hf^) + W^) n U-) and 
r+(P(x), V') is a rational convex pseudo polyhedron over N CiW in W. 

^ f +(P(x), V-) C A n VF. stab(f +(P(x), V-)) = Anw. 

(7) Consider any face F of r+(P(x), V") satisfying /i/f e P and P n [/_ 7^ 0. 

cr(P n [/_) is a face of r+(P(x), V')- 
Below, we denote P = a{F (lU-). 
dim P > 1 and dim P = dim P — 1 . 
If dimP = 1, then stab(P) = {0}. 

Consider any u E A°(P, r+(P(x), V')!^)- If '^e take unique pair of el- 
ements u_ £ (A^|y) n W* and t g Rq satisfying w = w + tf^^ , then 
uj e A°(P,f +(P(x), and t = ord(w, f +(P(x), i^)\W). 

Consider any w G A° (P, f + (P(x) , ^) | M^) . If t = ord(cS, f + (P(x) , V') I W^) , 
thenteRo and w + i/f ^ € A°(P, r+(P(x), V-)!!^). 

(8) The mapping from the set of faces of r+(P(x), V') satisfying hff £ F and 
P n [/_ =^ to the set of faces of f +(P(x), V') sending P to a{F n [/_) is 
bijective and it preserves the inclusion relation. 

(9) Consider any face P of r+(P(x), V")- 

P is a z-removable face, if and only if, hf^ G P and there exists x G 
M{A') satisfying ps(P(x), P, V) = + x + x)'' and x 0. 

(10) Any z-removable face P of r+(P(x),'0) satisfies hf^ £ P, and P n [/_ D 

pn ^ 0. 

(11) If r_|_(P(x), V') has a z-removable face, then it has a z-removable face of 
dimension one. 

(12) Assume that r_|_(P(x), "0) has a z-removable face. We consider any z- 
removable face P of dimension one of r_|_(P(x), ip)- 

(a) cr(P n C/_) is a vertex of f +(P(_x), -0). 

We take the unique point c(P) G r+(P(x),'0) with {c(P)} = a{FnU-). 

(b) The set {c(P)} is a vertex of r+(P(x),V')- c(P) G r+(P(x),0) n A^. 
c(P) 7^ 0. c(P) £AnWnN- {0}. 
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(c) There exists uniquely an element j{F) e fc — {0} satisfying ps(P(x), F, 
V,) = + X + liF) n.eP-{.} x(frAF)}^h_ 

We take the unique element jiF) E k — {0} satisfying ps(P(x), F, = 
+ X + 7{F) riceP-fz} and we denote 

X(F) = 7(F) Y[ x^f^'''<^^^ e M{A') - {0}, and 

^0= E f^^ = h^-\v)nw'/N'&{{A''\V)nW*rnN\ 
xeP-{z} 

(d) ps(P(x),F,V) = (^ + X + x(^))''- 

(e) c(F) ^f+(P(x+x_(i^)),V') C f+(P(x),^). AnyfaceGoff+(P(x),V) 
satisfying c{F) ^ G is a face of r+(P(x + x(-P'))) V')- 

ord(P- {4,^o,x(^)) = (5o,c(P)). in(P- {4,^o,x(i^)) = x{F). 
supp(P-{4,x(F)) = {c(P)}. 

Below, we use the above notations f+(P(x), V-") = <7(r+(P(x)) V") ^ U-), c{F) <E 
(A n W n iV) - {0}, 7(P) G fc - {0}, xl^') e M(A') - {0} and 5o e ((A^|y) n 

w*)°r\N*. 

We consider the following algorithm starting from Step 0. 

In Step we put x(0) = e M{A') and proceed to Step 1. 

Consider any positive integer i. In Step i, if r+(P(x(« — has no z- 

removable faces, then we finish the algorithm. In Step i, if r+(P(x(i — 1)), V') has 
2;-removable faces, then we choose any ^-removable face F{i) of dimension one of 
r_|_(P(x(i— satisfying ((fg, c(P(i))) = min{((fo, c(P))|P is a z-rcmovable face 

of dimension one of r+(P(x(i - 1)), V')}) we put x{i) = x{i - ^) + X{F {i)) € M{A') 
and we proceed to Step i + 

Consider the case whore wo finish this algorithm in finite steps. Assume that 
the algorithm has finished in Step i for some positive integer i. x(» — 1) € M{A') 
and r+(P(x(j — has no 2;-removable faces. We conclude that there exists 

X S M{A') such that r+(P(x),V') has no z-removable faces. 

Consider the case where this algorithm has infinite steps. By 12. (e) and 12. (b) 
we know that x{F{i)) e M{A'), oiA{P - {z}~6o,x{F{i))) = {6o,c{F{i))), c{F(i)) e 
A n W n TV, and x{i) = Ej=i X{F{3)) e M{A') for any i e Z+. By 12.(e) we know 
that c{F{i)) 7^ c{F{j)) for any i € Z+ and any j <E with i ^ j. 

Since {e € A n n A^K^o, e) < m} is a finite set for any m S Zq, we know 
that limi_>oo(5o, c(P(i))) = oo and the sequence x(0) i € Z+ converges. We put 
X = lim.^oo m = YZi x{F{i)) € M{A'). 

Assume that r+(P(x), V') has z-removable faces. We will deduce a contradiction. 
Take any ^-removable face F of dimension one of r_|_(P(x), V*)- Take any ui G 

A°({c(P)}, f +(P(x), V^)|i^) c ((A^|y) n w*r. Put t = ord(w, r+(P(x), nw) e 

Mo and w cj + t/f^ e A°(P, r+(P(x), V')l^^)- We know that t = {oJ,c{F)) and 
in(P(x),a;,V) =ps(P(x),i^,V^) = (z + x + x(i"))^ 

Since w S ((A^|y) n W*)°, {e e A n T4^ n A|(cj,e) < i} is a finite set. Take 
any i G Z+ such that ((5o, c(P(j))) > ((5o, c(P)) and (cj, c{F{j))) > t for any j £ Z+ 
with j > 

ord(P(x), z + x) = /f ) = i. {z + x)-(z + x(*)) = E,°l.+i x(J^(j))- For 
any j e Z+ with j > i + I, ord(P(x), x(^^(j))) = ord(P - {4, x(P(i))) = 
(w,c(P(j))) >t. Therefore, ord(P(x),a;, (^+x)-(^+xW)) =ord(P(x),a;,E°li+i 
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x{P{j))) > i and ord(P(x), w, z+x) = ord(P(x), By Lemnia l5.1l l6. we 

know that ord(F(x), w, C) — ord(P(x(i)), cj, ^) for any ( £ A, in(F(x(«))) -0) = 
iz + m + xiF))\ F = /iconv({/f ,c(F)}) = conv(supp(P(x(i)), in(P(x(i)), c., ^ 
))) = A(tj,r+(P(x(i)),V')|V") e J"(r+(P(x(«)),V')) and P is a z-removable face of 
dimensfon one of r+(P(x(i)), "0)- By how to choose F{i) we have {6o,c{F{i))) < 
CSo,c{F))._ 

Since {6o,c{F{i))) > {do,c{F)), we obtain a contradiction. 
We conclude that r_|_(P(x), V') has no z-removable faces. 

We know that there exists x G {A') such that r+(P(x), "0) has no z-removable 
faces in all cases. 

We take any x G M{A') such that r+(P(x),'0) has no z-removable faces. Let 
p : A ^ A denote the unique isomorphism of fc-algebras satisfying p(z + x) = ^ 
and p{x) = X for any x £ P — {z}. We know that p{'tp) S W{h), r+(P, ^(■0)) has 
no z-removable faces and p{u) e A^ . For any x G p{z + x(*)) — z + x(*) ~ X 
and x{i) - X G M{A'). 

Since 

p(0) = pwp{u) n + X - xr^""^ n ^'^'^ ' 

We know p{(f>) € PM^(/i). 

We know that Theorem 14.21 holds. 

Note here that dim A' — dim A — 1 < dim A, and any 0' e A' with 0' 7^ has 
normal crossings over P' if dim A = 2. Therefore, we decide that we use induction 
on dim A, and we can assume the following claim (*): 

(*) For any 0' £ A' with 0' 7^ 0, there exists a weakly admissible composition 
of blowing-ups a' : T,' ^ Spec(A') over (A',^') and an extended pull-back 
(S', A', f ) of the coordinated normal crossing scheme (Spec (A'), A', by 
a' satisfying supp(cr'*(Spec(A7(/)'A') A')) C supp(A'). 

In the case of dim A = 2, putting (E', A', f ) (Spec(A'), A', and considering 
the identity morphism cr' : E' — > Spec (A') — E', we know that a' is a weakly 
admissible composition of blowing-ups over (A',^') and supp((T'*(Spec(A'/0'A') + 
A')) C supp(A') for any 0' e A' with 0' 7^ 0. 

Let cr' : E' — )■ Spec(A') be any weakly admissible composition of blowing-ups 
cr' : E' ^ Spec(A') over (A',^'), and let (E',A',f) be an extended pull-back of 
the coordinated normal crossing scheme (Spec(^'), A', by a'. We consider a 
morphism Spec (A) -> Spec (A') induced by the inclusion ring homomorphism A' — > 
A, the product scheme E = E' Xspcc{A') Spec(A), the projection ct : E — Spec(yl), 
and the projection tt : E — > E'. We know the following (See Lemma [3751 ): 

(1) The morphism is a weakly admissible composition of blowing-ups over 

(2) The pull-back cr*Spec(A/zA) of the prime divisor Spec{A/zA) of Spec(A) 
by (T is a smooth prime divisor of E, and (j*Spec{A/ zA) D a^^{M{A)). 

(3) The projection tt : E ^ E' induces an isomorphism a*Spec{A/ zA) — > E'. 

Let A = 7r*A' + a*Spec{A/zA). 

(4) The pair (E, A) is a normal crossing scheme over k. (A)o — 7r~'^((A')o) n 
a*Spec{A/zA). For any a G (A)o we have n{a) £ (A')o. The mapping 
TT : (A)o — >■ (A')o induced by n is bijective. 
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(5) For any a e (A)o, we have conip(A)(a) = {7r*A|A e comp(A')(7r(a))} U 
{a*Spec{A/zA)}, and C/(E, A,a) = 7r-i(C/(S', A', 7r(a))). 

Consider any a e (A)o. We put U^*A) = ^*(C/(S', A', ^(a)))(e;(„) (A)) for 
any A e comp(A')(7r(Q!)), and we put ^a{o'*Spec{A/ zA)) = res^^j, ^ ^^cr* (Spec(A)) 
(z). We have a mapping : coinp(A)(a) — )■ Oj:{U{T,, A,a)). Let f = {^qIq! e 
(A)o}. 

(6) For any a £ (A)o, fa is a coordinate system of (S,A) at a, and ^ is a 
coordinate system of (S, A). 

(7) The triplet (S, A,f) is an extended puh-back of (Spec(A), A, ^) by a. 
The lemma below plays the role of a key in our proofs below. 

Let X be any finite set. We define a partial order on map(A", M). Let e e 
map(A", M) and / G map(A', M) be any elements. We denote e < / or / > e, 
if e{x) < f{x) for any x £ X. Obviously the relation < is a partial order on 
map(A', M). We denote e < / or / > e, if e < / and e ^ f. 

Lemma 21.1. (Bierstone and Milman [3], p. 25, Lemma 4.7) 

Let a £ map(P, Zq), /? £ map(P, Zg) and 7 £ map(P, Zq) be any mappings from 

P to Zq and let u £ A^ , v £ A^ and w £ A^ be any elements. 
If 

u ji - « n ^^'""^ ^ ^ n 

xeP xeP xeP 

then, either a < /3, or, (3 < a with respect to the partial order < on map(P, R). 

We give the proof of Theorem 14.41 

Assume the above (*) and consider any h £ Z+ with h > 2 and any (j) £ RW{h). 
We take an element ip £ W{h), an element u £ A^ , a finite subset X of M{A'), 
a mapping a : A" — >■ Z_|_ and a mapping b : P — {z} Zq satisfying 

xex xep-{z} 

The quintuplet {ip,u,X,a,b) is uniquely determined depending on (j), since A is a 
unique factorization domain. 

We take a mapping ^' : {0,1, . . . , h-1} ^ M {A') satisfying — z'^+J2i=o 
and X^'+Eto V''(«)X' ^ for any x £ M{A'). ip' is uniquely determined depending 
on ip, since Weierstrass' preparation theorem holds. 

In particular ^'(0) = O'' + J2iZo V''(«)0' 7^ 0. 

The Newton polyhedron r_|_(P, ip) has no z-removable faces. 

We denote 

u = i' Y[ (2 + e A, and 

xex-{o} 

h^h+ ^ a{x) £ Z+ 
xex-{o} 

2 < h < h. It is easy to see that there exists uniquely a mapping uj' : {0, 1, . . . , h— 
1} M{A') satisfying uj = z'^ + J^'^^^l Lu'{i)z' and a;'(0) ^ 0. We take the unique 
mapping uj' : {0, 1, . . . , h— 1} — > M{A') satisfying the above equality and w'(0) 7^ 0. 

We denote I = {i £ {0,1, . . . ,h - l}|cj'(i) ^0}. £ I C {0,1, . . . ,h - 1}. We 
put uj'{h) ^l£ A'. 
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Note that for any integers j, k, 1 with < k < £ < j, — k) G Z+, 

-e)eZ+ and -k)< - I). 
For any j e 7 U {/i} we denote 

^(i) = {(fc,^)|fce/,£e/,fc<€<j, 

£^/(fcy!/(i-fe)j^'(j)(i!/o-^))-a!/o-fc)) ^ j{tY-l^i-^)} cixi. 

We denote J = {j e 7 U {h}\K{j) ^ 0}. J c (7 - {0, 1}) U {h}. We put 

ie/ jeJ {k,e)eK{j) 
(j)' e M(A'). <;6' ^ 0. 

By (*) we know that there exists a weakly admissible composition of blowing-ups 
a' : S' H> Spec(A')@over (A',^') and an extended pull-back (S', A',f ) of the coor- 
dinated normal crossing scheme (Spec(A'), A', by a' satisfying supp((T'* (Spec(A'/ 
(j)' A') -I- A')) C supp(A'). Wc take a weakly admissible composition of blowing-ups 
cr' : S' Spec(A') over (A', and an extended pull-back (S', A', f') of the coordi- 
nated normal crossing scheme (Spec(A'), A', by a' satisfying supp((T'*(Spec(A'/ 
(/)'A') + A')) Csupp(A'). 

We consider a morphism Spec(>l) — > Spec(A') induced by the inclusion ring 
homomorphism A' A, the product scheme S = S' Xspec(A') Spec(A), the projec- 
tion a : Yj ^ Spcc(^), and the projection tt : E — >■ S'. The structure sheaf of the 
scheme S is denoted by Os. Let A = 7r*A' -|- a*'&])ec{A/ zA). We have a normal 
crossing scheme (S, A) with (A)o C cr* Spec (A/2; A). Consider any a G (A)o. We 
put e«(^*A) = 7r*(;7(S', A',7r(a)))(f;(„)(A)) for any A € comp(A')(7r(a)), and we 
put ^Q,((T*Spec(A/zA)) = res^j-j^ ^ ^^(T*(Spec(yl))(z). We have a coordinate sys- 
tem ■ comp(A)(Q;) — >■ Oj:{U{T,, A,aj) of (E, A) at a, and a coordinate system 
e = {ea|ae (A)o} of (S,A). 

Consider any closed point a € E with a{a) = M{A). 

We take any /3 e (A)o satisfying a G [/(E, A, /3). 

We consider the homomorphism a* (a) : A OY,,a of fc-algebras induced by a. It 
satisfies a* {a){AI {A)) C A7(C's.a) and it has a unique extension (j*{a) : A 
Since the morphism cr is a weakly admissible composition of blowing-ups over (A, 
a* {a) is injective. 

Note that a € cr-^(M(A)) C a*Spec{A/ zA), (i € (A)o C cr*Spec(A/zA), 
cr*Spec(A/zA) e comp(A)(/3) and f^((7*Spec(A/zA))(a) = [a* {a){z)){a) = 
z{M{A)) = 0. Note that ^^(A)(a) e fc for any A e comp(A)(^), since k is al- 
gebraically closed. 

We denote P = {^/3{A) — ^^(A)(a)|A e comp(A)(/3)}. P is a parameter system 
of Of; We denote z = (T*{a){z). z G P. 

We take any isomorphism p : ^ — >■ A of fc-algebras satisfying p{P) = P and 
piz) = z. pa*{a){z) = z. p{P - {z}) = F - {z}. 

Note that k[P - {z}] C Of; „. By O^,^ we denote the completion of k[P - {z}] 
with respect to the maximal ideal k[P — {z}] n M{0^^^). ^ is a complete local 
subring of a-^Sa ^ /c-subalgebra of a-P ^ {^} ^ parameter system of 
0%^. o*{a){A') c a*{a){M{A')) c M(0-J. p(0-J = A'. 

We consider the element (j*{a){ijj) e O^, 
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and cr*(a)(a;'(0)) ^ 0. We know that the Newton polyhedron r+(P, cr*(a)(a;)) is of 
z-Weierstrass type, the unique z-vertex of r_|_(_P, (T*(a)(a;)) is equal to {hf^} and 
ord(P,/r,a*(a)H) -0. 
Consider any i € I. 

^ CT*(a)(cj'(i)) e M{OI^'J. Since G and supp(cr'*Spec(A'/0'A')) C 

supp(tT'*(Spec(A'/0'^') + A')) C supp(A'), (T*{a){uj'{i)) has normal crossings over 
P — {z}. We take the unique pair of an element v{i) G (C^'q)^ and a mapping 
c{i) : P ~ {z} ^ Za satisfying cr*(a)(w'(i)) = ^(») IlseP-ig} '^'^ ^^^"^ 

c{i) ^ 0, since cr*(a)(w'(i)) G A/(Os;„). 

We put c{h) ^ e map(F - {z},Zo). (T*(a)(w'(/i)) = 1 = IlseP-ij} S'^''^'"^- 
Assume that a non- negative integer m with m < jj/ and a mapping v : {0, 1, ... , 
m} — > / U {/i} satisfying the following five conditions are given: 

(1) is injective and it reverses the order. 

(2) 1^(0) = h. 

(3) If TO > 0, then for any i G {1, 2, . . . , m} and for any j E I with < j < 
y{i - 1), - 1) - - 1) - i^(z)))ci.(z) - - 1) - 
^.(^)))c^.(^ - 1) < c{j). 

(4) If m > 0, then for any i g {1, 2, . . . , m} and for any j € I with j < i'(i), 

((^.(*-i)-j)/(^^(*-i)-K*)))cKO + ((j-^W)/K*'-i)-^W))cK*-i)< 

(5) i^(TO) 7^ 0. 

Note that if m = 0, then there exists uniquely a mapping v : {0, 1, . . . , to} — )• /U 
{/i} satisfying the above conditions. If to = 0, a mapping v : {0} ~ {0, 1, . . . , to} — >■ 
/ U {/i} satisfying 1/(0) = h satisfies the conditions. 

supp(CT'*Spec(A'/0'A')) C supp(cr'*(Spec(A70'A') + A')) C supp(A'). 

If Kv{m) ^ 0, then for any {k,t} G Kiy{m), < k < £ < v{m), (p' G 

(^;'(/fc)''(™)V(''(™)-fc)^V(TO)(''('")'/(''('")"^))"(''('")'/(''(™)~'')) - 

and the element (j*(a)(a;'(fc)''(")'/(''(")-'=)wV(TO)(''(")'/(''('")-^»-('^(™)'/('^(™)-'=» - 
^/(£)i/(m)!/(,.(m)-£)) g 0c/^ j^g^g normal crossings over P ~ {z}. By Lemma [2III1 

we know that either (c(fc) — ci^(to))/(j/(to) — fc) < (c(£) — ^^{m))/ {1^(171) — £) or 
(c(£) — cv{m)) / {v{m) — £) < {c{k) — cv{m)) / {v{ra) — k) holds for any k E I and 
any £ G / with A: < z/(to) and £ < v{m). Note that (c(0) — ci'{m))/iy{m) G 
{(c(fc) — cv{m)) / {v{m) — k)\k £ I,k < v{m)} 7^ 0. Wc know that the set {(c(fc) — 
cv[m)) / {v{ni) — k)\k Cz I,k < z^(to)} has the minimum element min{(c(fc) — 
c.v{m)) / {v{m) — k)\k Cz Pk < 1^(771)} with respect to the partial order <. 

Putting z^(to + 1) = minjj G I\j < v{m), {c.{j) — cv{m))/{v{m)~j) = min{(c(fc) — 
cv(m)) / (v(m) — k)\k E I,k < i^(TO)}}, we define an extension v : {0, 1, . . . , to+1} ^■ 
/ U {/i} of 1/ : {0, 1, . . . , to} ^ / U {h}. v{m + 1) < i/(to). 

Consider any j (z I with i^(to + 1) < j < iy{m). By how to choose z^(to + 1) we 
know (cj^(to + 1) — ci/(TO))/(i^(TO) — !/(to + 1)) < {c{j) — cv(m))/(v(rn)—j). It follows 
((z/(to) — j) / {v{m) — v{rn-\-l))cv{'m + l) + ((j — z^(to + 1))/(;/(to) — i/(TO + l))ci^(TO) < 
c(j). 
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Consider any j (z I with j < v{jn + 1). By how to choose iy{m + 1) we know 
{ci>{m + 1) — ch'{m))/{i>{m) — ^{m + 1)) < {c{j) — cv{m)) / {v{rn) — j). It fohows 
i) I (y(m) — i^(m + l))ci/(m + 1) + ((j — i^(to + 1))/(i^(to) — v{m + \y)cv(rn) < 

cU)- 

We know that if i^(m + 1) 7^ 0, then the extension ly : {0, 1, . . . , m + 1} — > /U {ft.} 
satisfies the above five conditions. If iy{m + 1) = 0, then the extension satisfies the 
four conditions except the last one of the above five. 

By induction we know that there exists uniquely a pair of a positive integer m 
and a mapping v : {0, 1, . . . , m} I U {h} satisfying the following five conditions: 

(1) is injective and it reverses the order. 

(2) 1^(0) = h. 

(3) For any i G {l,2,...,m} and for any j (z I with i^li) < j < v{i — 1), 

((K*-i)-j)/('^(»-i)-K*)))c^^W + ((.7-'^W)/K*-i)-'^W))5K*-i)< 

(4) For any i E {1, 2, . . . , m} and for any j E I with j < v{i), {{v{i — 1) — 

3)/{v{i - 1) - viim^i}) + iu - - 1) - i^mci^i^ - 1) < 

(5) iy{m) = 0. 

We take the unique pair of a positive integer m and a mapping v : {0, 1, . . . , m} 
I U {h} satisfying the above five conditions. 

We know that (ci/(i) - ciy{i - - 1) - 1^(1)) < {cv{i + 1) - cv{i))/(v{i) - 

v{i + 1)) for any i E {1, 2, . . . , m — 1}, if m > 2. 

By Lemma [10.131 13 we know that the Newton polyhedron T +{P ^ a* {a){w)) is 
z- simple. 

We consider the element o'*(a)(unxep-{2} x^'^'"'') G Of] 
CT*{a){u) E {OI,J\ a*(a)(n,gp_{,} x^^^)) E 0-„. 

Since supp(a'*A') C supp(cr'*(Spec(A70'A') + A')) C supp(A'), we know that 
<^*io^)(n.xeP-{z}^''''^^) normal crossings over P — {z}. We take the unique 
pair of an element u' E {O^'^)^ and a mapping b : P — {z} — Zq satisfy- 

ing ^^Hin.eP-M^^"'"^) = ^'ns6P-m^'^'^- Let u = a*[a){u)u' E (Of^^jx. 
p{u) E . We have 

xeP-{z} xeP-{z} 

pa*{a){u Y[ a;^(")) =p(?2) x^^^'^'^. 
xeP-{z} xeP-{z} 

Consider the case where x 7^ for any x G 

a*(a)(0) = a*ia){uj)<j*{a){uYl,^p_^^-^x''(-)) = a* {a){uJ)uYl,ep_^,^ x^(^\ We 
know that r+(P, cr* (a)(0)) = r+(P, ct* (a)(u;)) + {b} and r+(P, tj* (a)(0)) is z- 
simple. 

Consider the case where x = for some x ^ ^■ 

We take the unique xo e A" with xo = 0. cr* («)((/>) = a* {a){uj)a* {a) 
{uUxeP-lz}'^''''''^)^''^^"'' = f^*(a)(w)Mz'^(»)n2ep-{2}^^^''^- We know that r+(P, 
CT*(a)(0)) =r+(P,a*(a)(a;)) + {a(xo)/f + and r+(P, a* (a)(0)) is 2-simple. 

We conclude that the Newton polyhedron r4.(P, ct* (a)(0)) is z-simple in all cases 
and the Newton polyhedron r+(P, per* (a)(0)) is z-simple. 

We consider any ^ a^id the element a*{a){z + x) ^ a- 
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pa*{a){z + x) = z + pa*{a){x). P<J*{a){x) e M{A'). 

Since pa* (a) is injective, pa*{a){x) 7^ p(7*{a){x) for any x € and any x € 
with X ^ X- 

n + X)"^'^^) = n + P'^*(«)(X))''^^^- 

Therefore, we know 

pa*{a){ul[{z + xr^''^ n ^'^"^) 

= p{u) n + p<T*{a){x)r^^^ n ^"'""^'^ ^ ^^(1)- 

We consider the element a*{a){il}) e Of; 

h-l 

a*{am = -z'' + Y,^*{a){i,'{i))-z\ 

i=0 

cr*(Q!)(V''(i)) e for any i e {0, 1, . . . , /i - 1}. Since a*(Q!) is injective, 

a*{a){^'{0)) ^ 0. ord(P,/f^,cr*(a)(V^)) = 0. Since r+(P, is z-simplc 

and (j*(a)((/)) S (T*(a)(V')C's_Q,, we know that r+(P, o-*(a)(V')) is also z-simple. The 
unique ^-top vertex ofT+{P ,a* {a){ip)) is equal to {hfg}. 

Wc would like to show that T^{P,a*{a)('ip)) has no z-roniovablc faces. 

Assume that r+{P,a* {a){tp)) has z-removable faces. We will deduce a contra- 
diction. 

Take any z-removable face F of dimension one of r+{P,<T*{a){t/j)). stab(P) = 
{0}. A°(P,r+(P,cr*(a)(V'))|map(P,M)) C (map(P,Ro)'^|map(P,IR))°. Take any 
A e (map(P,Mo)''|map(P,M))n^ggp_^^jR/|^ such that X + f^ e A°(P,r+(P, 
a*(a)(^))|map(P,R)). /i/f e P and ord(P, A+/f = (A+Z^, /i/f ) = 

h. Take7€ k-{0} and e G map(P- {z}, Zq) satisfying in(P, A + ZJ'^, ct* («)('(/')) = 
ps(P,P,a*(a)(^)) = {z+jUs^P-i,} ^'*^^)' = (■)TnsgP-{.-}^^'''^^''-'- 

We define an element A G map(P, Mq)"^ |map(P, K) D Ea:eP-{2} ^/^"^ putting 
(A, /J") = ord(P, A,fT*(a)(a;)) e Mo for any a; e P. A-|-/f^ e map(P,Mo)'^|map(P,M). 
We denote P = A(A + /f'^,r+(P,V')|map(P,R)) € J"(r+(P, V-))- We can show that 
ord(P,A + /f\V) =ord(P,A + /r,a*(a)(^)) = h and a*(a)(in(P, A + /f ^ 1/.)) = 
in(P, A + fr,a*iam) = z>^ + Eti (^)r U,eP-m x^'^z^-\_ 

We know that hff e P and ord(P - {z},\,il) {h - i)) > i{X,e) for any i € 
{1,2,..., h}. We put 

^ [0 if ord(P- {z},A,V'(/i-i)) > i(A,e). 

We have in(P, A + /f ^, V) = 2'' + E!Li and (T*(a)(in(P, A + /f ^, V)) = 

^'' + Eti^*(«)(^(^-0)^''"*- We conclude (^)f HxeP-if} ^''^^^ = 
i)) for any i G {1,2,..., h}. 

By 1 e A; we denote the identity element of the field k. 
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We consider the case where the characteristic number of tlie field k is equal to 

0. 

(J) 1 = ftl 9^ 0. We put X = e M{A'). We have 7 IlxeP-if} = 

^*(«)(x)- 

We consider the case where the characteristic number of the field k is positive. 

By p we denote the characteristic number of the field k. The integer p is a prime 
number. We take the unique pair of (5 G Zq and h S Z_|_ such that h = p^h 
and h is not a multiple of 39. = M ^ 0. We have (7nsGP-{z} *^^^^)^' = 

a*{a){ipih-p^)/{hl)) and ^{h-p^)/{hl) G M(A'). 

For any complete regular local ring R such that R contains k and the residue 
field R/M{R) is isomorphic to k as fe-algebras, we denote RP = {s^ \s G R}. R^ 
is a local subring of R. 

im.^P-i.y^'^'Y e O^:';. Mh-p')/{hl) G Now, since a 

is a weakly admissible composition of blowing-ups over (A,^), we can show that 
ct*(q:)^^(C'^^^) = AP'' . We know that there exists uniquely an element x e A 
with — ^{h — p^)/(hl). We take the unique element x G A with x^** = 
- P^)/{hl). Since ip{h - p^)/{hl) G M(A'), we know x G M(A'). We know 
(7nKP-{,}S'<^^K =^*(")(F') and7meP-{.-}S'<^^ =^*(«)(x). 

We conclude that there exists x € M(yl') satisfying 7 n2gp_{z} a;'^^'^'' = cr*(a)(x) 
in all cases. We take any x € M(A') satisfying jYl^^p_^gy x^^^^ = cr*(a)(x). 

Wehavea*(a)(in(P,A + /f^V)) =in(P,A + /r,a*(a)(V)) = (^ + 7nseP-{.-} 
^e(s)^?!, = _|_ cr*(a)(x))'' = cr*(Q:)((z + x)'*)- Since a*{a) is injective we have 
ps(P, F, ^) = in(P, A + /f ^ , ^) = (2 + x)'' and we know that the face F of r+ (P, V) 
is ^-removable. 

Since the Newton polyhedron r+(P, 1/)) has no ^-removable faces, we obtain a 
contradiction. 

We conclude that the Newton polyhedron r+(P, CT*(a)(f/')) has no ^-removable 
faces and the Newton polyhedron r+(P, pa*{a){'ip)) has no z-removable faces. 
We consider the case where x'^ + EiTo^ a*{a){'iP' {i))x' ^ for any x € M(0|'^). 
We have pa*{a){'ijj) G W(h). Since pCT*(a)((/)) = pcr*(a)(-!A)pa*(a)(itnxeA' 

{z + X)"(^) n.eP-{.} ^''^"^)' P^*(«)(^nxe^(^ + X)"^'^^ n.eP-{.} ^''^"^) e PW^(l), 
r_|_(P, pCT* (a)(0)) is z-simple and T+{P, pa* {a){il))) has no 2;-removable faces, we 
conclude thatpa* («)(</>) G SW{h). 

We consider the case where x'^+Yli^o ^* ('^)(''/''(*))x* = for some x € M{0^'^). 

Let 7e = {x e M(0|;„)|x'' + Eto ^*(a)(V''(«))x' = 0}. 7e is a non-empty 
finite set. 1 < j^TZ < h. Consider any x & T^- Since « is a unique factorization 
domain, there exists uniquely a positive integer p{x) G ^+ satisfying a*{a){ip) € 
(z-X)^(*'Os,„ and a*{a){ip) ^ (z - x)''^*^+^Oe,„- We take the unique nix) € Z+ 
satisfying these conditions. 1 < Exg7?./^(x) ^ Let g = h — ExeK'"(x) ^ Zq. 
5 7^ 1. g < h. Let 5 = max{,g, 1} G Z+. Since h> 2, g < h. 

There exists uniquely a mapping (' : {0, 1, 1} — > M{0^'^) satisfying 

a*(a)(V) = U^eni^ - xT^^Hz^ + Eto C'(i)^')- We take the unique mapping 
C : {0, 1, . . . , g - 1} ^ M{0^'J satisfying this equality, x' + Eto C'(i)x' 7^ for 
any x S M(0|;j. 
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If g > 2, then .9 = 5 and p{z3 + Eto C'(*)^') ^ Wig) = W{g). There- 
fore, p<J*{am = pCz'^ + Eto C'(0^^)(^xG7^(^ - P(x))^(^')p^*(«)("n;,e;t(^ + 

If g < 1, then g = 0, g = 1 and p{z3 + C'(i)^*) = 1 ^ i^M^ll). There- 

fore, pa*ia)icj,) - plz-'^ + Eto C'(02-^)(nxe7j(^ ~ Pix)r^^^)P<y* (.a)iuU^^xi^ + 

We conclude that there exists g e Z+ satisfying 5 < /i and pa*{a){<p) £ PW{g), 
if + Eto - for some x & M{OI:[J. 

We know that Theorem 14.41 holds. 
We give the proof of Theorem 14.51 

Assume the above (*) and consider any (j) G A with 0^0. 

We take the unique mapping 0' : Zg — )■ A' satisfying cj) = EigZo 'i>'{i)z^ ■ Since 
7^ 0, (t>'{i) 7^ for some i e Zq. 

Since A' is noetherian, there exists m g Zq satisfying e {0, 1, . . . , m]}A' = 

{(t)'(i)\i e Zo}A'. We take m e Zq satisfying {(t)'{i)\i G {0, 1, . . . , to}}A' = 
{</.'(i)|i e Zo}A'. {0} 7^ {0'(i)|i e {0,l,...,m}}A' C A' and </.'(i) G e 
{0, 1, . . . , ■m}}A' for any j e Zq. 

We denote / = {i e {0, 1, . . . , m}|0'(i) 7^ 0}. 7^ / C {0,1,..., m}. 

We denote 

K = {(fc, ^)|fc el,iel,k<e, (j)\k) ^ c / X /. 

We put 

By (*) we know that there exists a weakly admissible composition of blowing-ups 
cr' : S' -> Spec(A') over (A', and an extended pull-back (S', A', f') of the coordi- 
nated normal crossing scheme (Spec(^'), A', by a' satisfying supp(cr'*(Spec(^'/ 
if}' A') + A')) C supp(A'). We take a weakly admissible composition of blowing-ups 
cr' : S' ^- Spec(^') over (A', and an extended pull-back (E', A', of the coordi- 
nated normal crossing scheme (Spec(^'), A', by cr' satisfying supp((T'*(Spec(^'/ 
V^'A') + A')) C supp(A'). 

We consider a morphism Spec(A) — >■ Spec(A') induced by the inclusion ring 
homomorphism A' — >■ A, the product scheme S = S' Xspe(.(A') Spec(A), the projec- 
tion a : S — > Spec(^), and the projection tt : S — > S'. The structure sheaf of the 
scheme S is denoted by Og. Let A = 7r*A' -I- cr*Spec(^/zA). We have a normal 
crossing scheme (S, A) with (A)o C a*Spec{A/ zA). Consider any a £ (A)o. We 
put C„(^*A) = 7r*([/(S]', A',7r(a)))(C;(„)(A)) for any A € comp(A')(7r(a)), and we 
put ^a{<^*Spec{A/ zA)) = res^i^j, ^ _^^cr*(Spec(v4))(z). We have a coordinate sys- 
tem ■ comp(A)(a) — C's(J7(S, A, a)) of (S, A) at a, and a coordinate system 
e = {ea|a€ (A)o}of (E,A). 

Note that if dim A = 2, then S = Spec(yl), a = idspcc{A): A = A and ^ — 

Consider any closed point a € S with cr(a) = M{A). 

We take any /3 e (A)o satisfying a e {/(S, A, 
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We consider the homomorphism <T*{a) : A — > Os.a of fc-algebras induced by a. It 
satisfies a* {a){M{A)) C M{OT,,a) and it has a unique extension cr*{a) : A ^. 
Since the morphism cr is a weakly admissible composition of blowing-ups over (A, 
a* (a) is injective. 

Note that a e a-^{M{A)) C a*Spcc{A/ zA), (3 e (A)o C CT*Spec(A/zA), 
a*'&Y>ec{AI zA) e comp(A)(/3) and ^^(cr*Spec(yl/zA))(a) = {a*{a){z)){a) = 
z{M{A)) = 0. Note that f/3(A)(a) e fc for any A e comp(A)(/3), since k is al- 
gebraically closed. 

We denote P = {^^(A) — ^^(A)(a)|A S comp(A)(/3)}. P is a parameter system 
ofO|; „. Wedenotez = CT*(a)(z). z S P. 

We take any isomorphism p : ^ A oi fc-algebras satisfying p{P) = P and 
p{z) = z. p(j*{a){z) = z. p{P - {z}) = P- {z}. 

Note that k[P - {z}] C O"^^^. By O^^^ we denote the completion of k[P - {z}] 
with respect to the maximal ideal fc[P — {z}] n M{0^ O^'^ is a complete local 
subring of Of; a-^h'a ^ fc-subalgebra of ^.P — {z} is a parameter system of 
0-„. a*{a){A') C 0-„. a*(a)(M(yl')) C A/(0-J. p(0-J = A'. 

We consider the element cr*(a)((/)) € ^. 

a*(a)(0) = ^a*(a)(0'(z))z\ 

For any i e Zq, G 0|::„. 

supp((T'*Spec(A7V''A')) C supp((T'*(Spec(A7?/>'A') + A')) C supp(A'). 
Consider any is/. 

^ (T*{a){(j>'{i)) e C'f,;^. Since V' G '/''(i)^' and supp(CT'*Spec(A7V''A')) C 
supp(A'), cr*(a)((?i'(i)) has normal crossings over P— {z}. We take the unique pair 
of elements v{i) € (O^'q)^ and c(i) G map(P - {z},Zo) satisfying a* {a){(j)' (i)) = 

If 7^ 0, then for any {k,i) e K, < k < i, ^' e ((/)'(fc) - and 
the element cr*(a)((/>'(fc) — 4>' (Pi) G has normal crossings over P — {z}. By 

Lemma [21.11 we know that either c(fc) < c(^) or c(t) < c{k) holds for any fee / and 
any I £ I with fc 7^ ^. Since {c(fc)|fc G /} 7^ 0, we know that the set {c(fc)|fc e /} 
has the minimum element min{c(A;)|fc G /} with respect to the partial order <. 

We put a = min{j g — min{c(fc)|A: e /}} and h = mini, a € Zg. b G Zq. 

b < a. m.eP-m^'^'^^'^^'l' el,b<i< a}0|.„ = D^eP-m ^''^^^^^^l* G 

= {<J*{a)my)z^\i G I}Ol^ = K(a)(0(z)')z-i* G {0, 1, . . . , m}}0^ 
Consider any j e Zq with j > m. Since G G {0,1, ... ,m}} A, 

a*{a){4>{m G K(a)(0«')N G {0, 1, . . . , m}}0|;„, and a*(a)(0(j)')F e 
{a*(a){,i){i)')z'\i e {0,l,-.-,™}}^^s,a- We know that {IlsGP-in ^'^'^^"^^'1* ^ 
I,b < i < a}OI^,^ = {a*{a){(p{iy)zJ\i G ZojOf^,,. We know that there exists 
uniquely a pair of an element w G (Of; q.) ^ and a mapping C : {0, 1, . . . , a—b— 1} — ?> 
M(0^;„) satisfying a*(a)(</)) = u^rixeP-i.-} ^^"('^^(^^^''(z'^-' + E"=o"' C'(*)^*) and 
C'(0) 7^ if & < a. We take w G (C's^^)'' and a mapping C' : {0, 1, ■ • ■ , a - 6 - 1} ^ 
M(C|,7) satisfying these conditions. 

Let 7^ = {x G M(Cl|,;^)|x'' + E°=o~^ C'(*)x' = 0}- is a finite set. tJ7^ < a - 6. 
Consider any x G 7?.. Since ^ is a unique factorization domain, there ex- 
ists uniquely a positive integer p{x) G Z+ satisfying z"^^ + X]i'=o'~^ C'(*)^* G 
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(z - xY^^^O%^ and z''-^ + E"=o"^C'(«)^'' ^ {z ~ x)''(^)+ic)c We take the 
unique G 2+ satisfying these conditions. X^xgk/^^^) !i « ~ ^- Let g — 

a - b - J2^^Tif^{x) e ^0- .9 7^ 1- 9 < a - b. Let g = max{5, 1} e Z+. 
There exists uniquely a mapping C' : {0, 1, . . . ,g — 1} — )■ M{A') satisfying z""^^ + 
EZt' Cii)z' = n^eni^ - xr^^H^^' + ECo C'(i)^0- We take the unique map- 
ping C' : {0, 1, . . . , g - 1} ^ M (A') satisfying this equahty. + Eto C'(*)x' ^ 
for any x & M{0%' J. 

p{w) e A^. p(x) e M{A') for any x G ^- p(C'(*)) e Af(A') for any i e 
{0, 1, . . . ,5-1}. p{w Y{,eP-{-z} x'^'-^^'^z') = p{w) n.eP„{.} x^'^-^p'"^-) z^ G PW-(l). 

If g > 2, then 5 = g and p{z9 + Eto C'(«)^0 G = ^^(5). Therefore, 

pa*{am = p{w) Y{.eP-{z] x^(-)p-'(-) z" W^^^^iz ~ p{x)Y(^\zS + YJC^ p{C{i))z' 
) G PW{g). 

If 5 < 1, then g = 0, .9 = 1 and z^ + J^Uo PiC{i))z' = 1 e PI^(l). Therefore, 
pcT*{am = p{w) n.eP^{.} a;-^(9)p-^(-)z'' n^e7j(^ - p(x))^'^^ {z^ + Eto P(C'(*))^' 
) e FVF(l) = PW^(5). 

We conclude that there exists 5 e Z+ satisfying pa*{a){(j)) e PW^(g) and 
pa*{a){^) e U,,ez^PW^(/i). 

We conclude that Theorem 14.51 holds. 

We give the proof of Theorem 14.61 See Section [3] for notations and concepts 
related to normal crossing schemes. 

Assume the above (*) and consider any S PW{1). 

We take an element u € A^ , a finite subset X of M{A'), a mapping a : X Z+ 
and a mapping b : P — {z} — )■ Zq satisfying 

= u n + ^)"^''^ n 

x<^x xeP-{z} 

The quadruplet (w, X, a, b) is uniquely determined depending on 0, since A is a 
unique factorization domain. 
We consider the case X C {0}. 

A" = or A" = {0}. We know that </) has normal crossings over P. 

Let (7 : Spcc(yl) — > Spec(A) be the identity morphism idspoc(yi) of Spec(A). The 
scheme Spec(>l) is a smooth scheme over Spec(A). The morphism a : Spec(A) — >• 
Spec(A) is a weakly admissible composition of blowing-ups over (A,^) and the 
triplet (Spec(A), A,^) is an extended pull-back of the coordinated normal crossing 
scheme (Spec(A), A, ^) by a. 

supp(Spec(A/0A)) c supp(A). supp(cr*(Spec(A/(?!)A) -I- A)) = supp(A). 

We know that Theorem IM] holds, if A" C {0}. 

We consider the case X ^ {0}. X - {0} ^ 0. 

By {X - {0})2 we denote the set of aU subsets 3^ of A - {0} with = 2. 
Consider the case tKA- - {0}) > 2. (A-{O})2 7^0. Consider any e (A"- {0})2. 
We choose any element Xo(3^) G y. The unique element in y different from xo(3^) 

is denoted by XI CV). XoCV) 7^ Xi(3^)- {Xo(J^), Xi(3^)} = J^- 

In case jKA" — {0}) — 1, we denote the unique element in A — {0} by xo- 
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We put 



U^ex-mxUyeiA^-mMoiy) - Xim) if " {0}) > 2, 
Xo if i{X - {0}) = 1. 



(f>' e M{A') and ^ 0. 

By (*) we know that there exists a weakly admissible composition of blowing-ups 
a' :t' ^ Spec(^') over (A', and an extended pull-back (E', A', |') of the coordi- 
nated normal crossing scheme (Spec(^'), A', by a' satisfying supp(a'*(Spec(A'/ 
(t>'A') + A')) C supp(A'). Wo take a weakly admissible composition of blowing-ups 
it' : S' -> Spec(A') over (A', and an extended pull-back (S', A', |') of the coordi- 
nated normal crossing scheme (Spec(A'), A', by a' satisfying supp(6-'*(Spec(A'/ 
(j)'A') + A')) C supp(A'). The structure sheaf of the scheme S' is denoted by O-^,. 

We consider a morphism Spec(>l) — > Spec(A') induced by the inclusion ring 
homomorphism A' — >■ A, the product scheme E = S' Xspec(A') Spec(A), the projec- 
tion CT : S — >■ Spec(A), and the projection tt : S — >■ E'. The structure sheaf of the 
scheme E is denoted by Og. Let A = 7r*A' -I- a-*Spcc{A/ zA). Wc have a normal 
crossing scheme (E, A) with (A)o C a*Spec{A/ zA). Consider any a G (A)o. We 
put |a(7r*A) = 7r*(?7(S', A', 7r(Q!)))(f ^(„)(A)) for any A e comp(A')(7r(a)), and we 
put ^a{^*Spsc{A/ zA)) = les^^^ ^ ^^a*{Spec{A)){z). We have a coordinate sys- 
tem ■ comp(A)(Q!) — > Of,{U{T,, A,a)) of (S, A) at a, and a coordinate system 
i = {ia,\a G {A)o} of (S,A). 

We develop some general theory of schemes. Let fl be any separated irreducible 
noetherian smooth scheme. 

For any closed subset E of we denote the set of irreducible components of 
E by comp(£'). The set comp(E) is a finite set whose elements are non-empty 
irreducible closed subsets of f2. E = ^Fi£comp{E)P- 

Let U be any non-empty open subset of O and let D be any divisor of O. Let 
iu ■ U ^ Q denote the inclusion morphism. We denote the pull-back t^D of £> by 
tu by the symbol D\U and we call it the restriction of D to U. 

Let r G Z+ be any positive integer; let £ be any subset with fjf = r of the set 
prm(r2) of all prime divisors of Cl and let G be any irreducible component of (Ie&sE 
with r = codim(G', fi). 

Let [G] e G denote the generic point of G and let l : Spcc(C'{2 [qj) — >■ Q 
denote the canonical morphism. We take any G -W(Cj2.[g]) satisfying l*E = 
Spec(C>QjG]/eBC>njG]) for any E gE. The residue ring Oq^[c]/Ue\E G f jOojG] is 
a local noetherian ring with dimension zero. We denote {£; G) = length((!?Q [(3]/{e£;| 
E G f}Cn,[G]) G and we call (f;G) the intersection number of the set £ of 
prime divisors at G. The intersection number {£; G) of £ at G depends only on 
the pair (f,G), and it does not depend on the choice of elements ce G M(Oq ^g]), 
E G £ we used for the definition. We also write {E{1), E{2), . . . , E{r); G) instead of 
{£;G), if £ = {E{l),E{2),...,E{r)}. For any bijective mapping r : {1, 2, . . . , r} -S- 
{1,2,..., r}, (£(1), E(2). .... £(r): G) = {E{r{l)), E{r{2)), . . . , E{r{r)); G). 

We return to our situation under consideration. We denote D — (7*Spec{A/ zA) + 
J2xex-{o} ^*Sp&c{A/{z + x)^) € div(E). The following claims holds: 
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(1) The morphism ct : E — )■ Spec(^) is a weakly admissible composition of 
blowing-ups over (A,^) and the triplet (E, A,^) is an extended pull-back 
of (Spec(A),A,0. 

(2) The morphism vr : E — > E' is surjective. For any a' G E', dimE x-^, 
Spec(Og, „,/M(0£, „,)) = !■ 

(3) a*S'pec{A/ zA) is a smooth prime divisor of E. For any x ^ ^ {0}, 
(7*Spec(A/ (z -I- x)^) is a smooth prime divisor of E. comp(Z?) = {(T*Spec( 
A/zA)} U {a*Spec(A/(z + x)A)\x eX- {0}}. 

(4) Consider any A € comp(£)). 

The component A is smooth, the induced morphism tt : A — E' by tt 
is an isomorphism and the pair (E, A -I- 7r*A') is a normal crossing scheme 
over k. 

(5) For any A e comp(i)) and any F e comp(l)) with At^F, Ot^AHFc 
supp(7r*A'). 

(6) comp(i)) n comp(A) = {a*Spec{A/ zA)}. 

(7) supp(o-*(Spec(A/0yl) + A)) c supp(A + D). 

We consider any pair (t, (E, A, ^)) of a weakly admissible composition of blowing- 
ups r : E — >■ E over (E, A) and an extended pull-back (E, A, ^) of (E, A, ^) by r sat- 
isfying the following four conditions (Z). Let D denote the sum of strict transforms 
of elements in comp(L>) by r. D e div(E). Let Aq = ErGcomp(A)-comp(D) ^ e 
div(E): 

(1) Consider any A e comp(Z)). 

The component A is smooth. 

Let J7a = E — (Urecomp(An),rnA=0r) C E. Note that the subset Ua is 
open in E and it contains A. 

The pair {U\, (A -I- Ao)\Ua_) is a normal crossing scheme over k. 

We take the unique element x G A" U {0} such that A is the strict trans- 
form of d-*Spec(A/(z-|-x)A) by T. supp(A+Ao)nJ7A = r"i(supp((T*Spec(A/(z-|- 
X)A) + 7r*A')) n L/a. 

(2) For any A e comp(Z)) and any F e comp(L)) with A 7^ F, AnF C supp(Ao). 

(3) For any A e comp(A) n comp(_D) and any F e comp(A) n comp(Z)) with 
A^F, AnF = 0. _ 

(4) For any A e comp(_D), there exists an element F e comp(A) n comp(I?) 
with A n F 7^ 0. 

supp(((Tr)*(Spec(A/(/)A) + A)) C supp(r*(A + D)) C supp(A -f- D). 

tJcomp(L') = ttcomp(i)) > 2. 1 < tt(comp(A) n comp(L))) < ttcomp(i5). 

If tt(comp(A) n comp(Z))) = ttcomp(i?), then supp(A + D) — suppA and supp( 
((TT)*(Spec(A/0A) -|- A)) C suppA. Since E is a separated irreducible noether- 
ian smooth scheme over Spec(A), the morphism (tt : E — >■ Spec(A) is a weakly 
admissible composition of blowing-ups over (A,^) and the triplet (E, A,^) is an 
extended pull-back of (Spec(A), A, ^) by (tt, we know that Theorem 14.61 holds, if 
tt(comp(A) n comp(_D)) — ttcomp(_D). 

We would like to show that there exists a pair (t, (E, A, ^)) satisfying the above 
four conditions (Z) and jJ(comp(A) n comp(_D)) = ttcomp(Z)). 

Note that the pair (idg, (E, A, ^)) satisfies the above four conditions (Z) and 
tt(comp(A) n comp(L»)) ^ 1. 
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We use induction on ttcomp(£') — tt(comp(A) n comp(5)). Assume that the pair 
(r, (E, A, ^)) satisfies the above four conditions (Z) and t)(comp(A) n comp(5)) < 
)jcomp(_D). 

We consider any admissible composition of blowing-ups : S — > E over A 
such that the pair (riy, (E, i/*A, u*^)) satisfies three conditions in the above four 
conditions (Z) except the last one. 

Let D denote the sum of strict transforms of elements in comp(i)) hy ly. D G 
div(E). The divisor D is equal to the sum of strict transforms of elements in 
comp(Z)) by tv. Since comp(£') — comp(A) ^ 0, we know comp(i)) — comp(z/*A) ^ 

Let Ao = ErGcomp(i.*A)-comp(D) ^ ^ div(E). supp(Ao)^C supp(i/*A). 

We consider the case where the pair (rz/, (E, z^* A, i/*^)) satisfies also the last 
condition in (Z). For any A € comp(Z)) — comp(i/*A), there exists an element 
F e comp(£)) n comp(i/* A) satisfying A n F 7^ 0. 

We take any Aq G comp(£>) — comp(i/*A). 

There exists an element F e comp(£>) fl comp(z/* A) satisfying Aq fl F ^ 0. 
We denote 



Z = {jCc comp(£)) - {Ao}|£ n comp(i/*A) ^ 0, Aq n ( p| F) 7^ 0}. 

rec 



Let C be any maximal element in Z with respect to the inclusion relation. L C 
comp(i)). Ao ^ £. £ n comp(j/* A) 7^ 0. Aq n (flrer T) 7^ 0. For any 6 e comp(.D) 
satisfying 9 7^ Aq and 9 ^ £, Aq n (flper F) n 9 = 0. 

Consider any F € £. Aq 7^ F and every irreducible component of Aq fl F has 
codimension two in E. 

Consider any irreducible component $ of Aq fl F. Since Aq fl F c supp(Ao), we 
know that there exists 9 e comp(Ao) with $ c 9. We take 9 e comp(Ao) with 
$ C 9. $ C AoHF C Ao and $ C 9n Aq. Since Aq e comp(D) and 9 ^ comp(I)), 
9 7^ Aq. Any irreducible component of 9 n Aq has codimension two in E. We 
know dim<l> = dim 9 fl Aq. Since there exists an open subset Uj^^ of E satisfying 
Aq C J/ao and {Ukq, (Aq + Ao)|J7ao) is a normal crossing scheme over k, we know 
that 9 n Aq is irreducible, <1> = 9 n Aq and if 9' G comp(Ao) and $ = 9' n Aq, 
then 9' = 9. Similarly we know $ = 9nF, since there exists an open subset Ur of 
E satisfying F c f/r and [Ur, (F + Ao)|J7r) is a normal crossing scheme over k. If 
F G comp(z/*A), then it follows that $ is a stratum of the normal crossing divisor 
v*A of codimension two contained in Aq fl F. 

For any F e £ and any irreducible component $r of Aq fl F, we take the unique 
element 9<i>j, G comp(Ao) with $r = 0$r ^ ^o- 0*r ^ Aq = 9$^ n F. We take 
any element Fq G comp(j/* A) fl C. For any irreducible component <l>ro of Aq n Fq, 
9$r^ n Ao = 94,1,^ nFo. 
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We denote A/" = G map(£, Ure£Comp(Ao n r))|For any T G £, $(r) e 

conip(Ao nr)}. 

0^Aon(nr)= n(Aonr)= n( U = U(n^(r)) 

rec Tec rec $r6comp(Aonr) ^gA/" rec 

= U ( n Q*(r) n Ao) = U (( n ®*(r)) n (e*(ro) n Ao)) 

■i>gA/ rG£ iGA/" rG£-{ro} 

= U (( n ri (0*(ro) n To)) = U (( n ©*(r)) ^ To). 

^eA/" re£-{ro} ^eA/" rec 

We know that any irreducible component 4' of Aq n (flrGr ^) ^® ^ stratum of the 
normal crossing divisor v*A with codim(*, E) > 2 and it is a stratum of F + Aq 
contained in F for any F e £ U {Aq}. 

Consider any irreducible component of Aq n (flrG-C ^ is a stratum of iy*A. 
codim(*,S) > 2. For any F e £LI{Ao}, * C F. For any F € comp{D) - {LU {Aq}) , 

^-nr = 0. 

Let z^i : El ^ S denote the blowing-up with center in ^. The morphism i^i is an 
admissible blowing-up over i^*A. The composition i/vi : Ei ^ E is an admissible 
composition of blowing-ups over A. 

The exceptional divisor of ui is denoted by ^i. ^i = i>^^{"^) e div(Ei). For 
any closed irreducible subset $ of E with <I> ^ by <[>i we denote the closure 
of - ^) in El. $1 is a closed irreducible subset $ of Ei, ^i($i) = the 

induced morphism z/i : $i ^ $ by ui is birational and : Cf;j$] Oei,[4>i] is an 
isomorphism. For any prime divisor F of S, the strict transform of F by ui is equal 
to Fi. 

For any F e £ U {Aq}, :^i*r = Fi + *i. For any F e comp(L>) - (£ U {Aq}), 
* n F = and lyfT = Fi. We know that for any F e comp(£>), Fi is smooth. 
Let 

Di= ^ Fi e div(Ei) and Aio = ^ F e div(Ei). 

recomp(r>) recomp((i^!/i ) * A) — comp(Di ) 

The divisor Di is equal to the sum of strict transforms of elements in comp(£)) 
by Tj/j/i. comp((i/z/i)*A) = {Fi|r e comp(z/*A)} U comp(Aio) = {Fi|F e 

comp(Ao)} U {*i}. *i C supp(Aio) = i/i~^(supp(Ao)). 

We would like to show that the pair {tuui, (Ei, (z/z^i)*A, satisfies three 

conditions in the above four conditions (Z) except the last one. Recall that pair 
{tv, (E, j/* a, ly*^)) satisfies the four conditions in (Z). 

By the just above we know that any component of Di is smooth. 

Consider any A e comp(^). Ai e comp(Z)i). We denote 

f^A = S - (Upg^jj pnA^0F) and Uix = Ei - (UreAio,rnAi=0r). 

The pair {Ua, (A + Ao)|C/a) is a normal crossing scheme over k. We take the unique 
element x G U {0} such that A is the strict transform of (T*Spec{A/{z + x)A) by 
TV. Ai is the strict transform of a*Spec{A/{z + x)A) by ri/i/i. supp(A-|- Ao)nf/A = 
(rz/)-i(supp((T*Spec(A/(z + x)A) + tt*A')) n Ua- 

For any F € comp(Ao) with F n A = 0, Fi e comp(Aio), Fi n Ai =0 and 
Fi = J^r^(F). We know Ai C Uix C v^^{Ua) and Uix + v^^^iUh), if and only if, 
there exists F e Aq with F n A ^ and Fi n Ai = 0. 
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AiU*i = i']7^(A)U*i. supp(Ai+Aio) = AiUsupp(Aio) = AiU*iUsupp(Aio) = 
!/f ^(A) U ^-1 U supp(Aio) = 1^1^ {A) U supp(Aio) = z^f^CA) U z/f ^(supp(Ao)) = 
i/f^(AUsupp(Ao)) = j/f^(supp(A + Ao)). 

supp(Ai + Aio) n v^\Ua) = z^r^(supp(A + Aq)) n iy^\UA) = i/f\supp(A + 
Ao)ni/A) = u^\iTu)-Hsupp{a*ST>ec{A/iz+x)A)+7r*A'))nUA) = (Ti/j/i)-i(supp( 
(T*Spec(A/(z + x)A) + 7r*A')) n i^f \C/a). We know that supp(Ai + Aio) n Uix = 
(rj/i^i)-i(supp(a*Spcc(A/(z + x)A) + 7r*A')) n Uix- 

We know that {iy^\UA), (Ai + Aio)|i^j:^(^a)) is a normal crossing scheme over 
k. We know that if there does not exist T e Aq with T n A ^ and Ti n Ai = 0, 
then (f/iA, (Ai + Aio)|?7ia) is a normal crossing scheme over k. 

We consider the case where there exists F e Aq with F n A ^ and Fi fl Ai = 
0. Take any F e Aq with F n A ^ and Fi n Ai = 0. If F n A ^z! then 
Fl n Ai 7^ 0. Therefore, F n A C Since 0^FnAc«'nA, Ae£U {Aq}. 
Since codim(*, E) > 2, we know F n A = * and codim(*, E) = 2. We know that if 
F' e Ao, F'n A ^ and F'^ nAi = 0, then F' = F, since the pair {Ua, {A + Ao)\Ua) 
is a normal crossing scheme over k. We know that Uix = {Ua) ^ ^ and wc 
conclude {Uix, (Ai + Aiq)\Uix) is a normal crossing scheme over k, if there exists 
F e Ao with F n A ^ and Fl n Ai = 0. 

We know that the pair {Uix, (Ai + Aio)\Uix) is a normal crossing scheme over 

k. 

We know that the pair {twi, (Si, {vviYA, (j/j^i)*^)) satisfies the first condition 
in the above four conditions (Z). 

Consider any A € comp(l)) and any F G comp(i)) with A ^ F. A n F C 
supp(Ao), since the pair (ri^, (E, z^* A, z^*^)) satisfies the second condition of (Z). 
AiHFi c i^i^Anr) c z^i-^(supp(Ao)) =supp(Aio)^ 

Wc know that the pair (rz^z^i, (Si, (i/i/i)*A, (z^z^i)*^)) satisfies the second condi- 
tion in the above four conditions (Z). 

Consider any A G comp((i/i/i)*A) fl comp(Di) and any F e comp((z/i/i)* A) fl 
comp(i?i) with A 7^ F. Since A G comp(Z)i), A 7^ ^Pi and there exists uniquely 
A G comp(l)) with A = Ai. We take the unique A e comp(I?) with A = Ai. 
Since A e comp((:/:/i)*A), A e comp(i/*A). A G comp(z^*A) ncomp(I)). Similarly, 
we know there exists uniquely F G comp(£)) with F = Fi. We take the unique 
F G comp(i)) with f = Fi. F G comp(;y*A) n comp(i)). Since Ai = A 7^ f = Fj, 
A / F. We know A n F = 0, since the pair {riy, (E, v*A, v*^)) satisfies the third 
condition of (Z). A n f = Ai n Fi c i/i"^(A n F) = 0._We know A n f = 0. 

We know that the pair {ri/vi, (Si, {vviYA, (z^z^i)*^)) satisfies the third condition 
in the above four conditions (Z). 

We conclude that the pair (ri/i/i, (Si, (z/i/i)*A, (i/i/i)*^)) satisfies three condi- 
tions in the above four conditions (Z) except the last one. 

Recall that 2 < codim(^', S) G Zq. We know that there exists a subset M of 
C such that '^Ad = codim(^,S) — 1 and ^ is an irreducible component of Aq fl 
(nrGxT). Wc take any subset Ai C satisfying these conditions. 

Let S : Spcc(C'|, j^j) — > S denote the canonical morphism, where O"^ denotes 

the completion of the local ring of S at the generic point [i>] of For simplicity 
we denote i? = 0| j^j. There exists an element z G M{R) - M{Kf with 6*Ko = 

Spec{R/zR). We take an element z G M{R)-M{Rf with ^* Aq = Spec(i?/ii?). We 
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know that there exist a parameter system P of R with z G P, a bijeetive mapping 
y : M ^ P — {z}, a mapping e : ^ Z+ and a mapping u : M. ^ satisfying 
5*T = Spcc{R/{S + y{ry'-^'^u{r))R) for any F G A^. We take a parameter system 
P oi R with z e P, a bijeetive mapping y : M ^ P — {z}, a mapping e : — >■ Z+ 
and a mapping u : M ^ R^ satisfying 6*T = Spec{R/{z + y{T)^^^^u{T))R) for any 
r € . By calculation we know the following: 

(1) The following three conditions are equivalent: 

(a) There exists an irreducible component ^"(1) of Aqi n (nrexFi) with 

(b) There exists uniquely an irreducible component ^'(i) of Aoin(nreAiri) 
with z^i(*(i)) = 

(c) e(r) > 2 for some T G M. 

Below, we assume that e(r) > 2 for some T E Ai and ^'(i) is the unique irre- 
ducible component of Aqi n (nreA4ri) with = vf". 

(2) dim*(i) = dim* + tt{r € A^|e(r) > 2} - 1 > dim*. 

(3) Assume that jl{r e Al|e(r) > 2} = 1. We take the unique element Tq e M 
with g(ro) > 2. 

The intersection number of divisors Aq and F, F G Al at \1/ is equal to 

e(ro). 

The intersection number of divisors Aqi and Fi, F e Al at ^'(i) is equal 
to e(Fo) - 1. 

We denote 

= {£ C comp(I?i) - {Aoi}|£ n comp((i/i/i)*A) ^ 0, Aqi n ( f| F) ^ 0}. 

We denote the set of maximal elements of Z by and the set of maximal 

elements of Zi by Z™'^^. 
We know the following: 

(1) Zi = <J4> Aoi n F = for any F e comp((j/j/i)* A) n comp(L»i) ^ Z™^ = 
{£}, comp(Ao n (HrerF)) = {*} and Aqi n Fi = for any F e £. 

(2) If £ e Z™'^^ and Fi ^ £ for any F € £, then there exists uniquely an 
element £ € Z"^*^^ with £ 7^ £ and £ = {Fi|F e £}. 

(3) If £ e ZJ"^^ and Fi e £ for some F e £, then £ c {FilF e £}. 

(4) Assume that there exists $ e comp(Ao fl (flrerF)) with $ 7^ 'J'. 

{Fi|F e £} e Z^^"". 

For any $ e comp(Ao fl (PlrerF)) with ^ ^, ^ ^ and $1 is the 
unique irreducible component 9 of Aqi fl (rirgrFi) with i/i(9) = $1 {Z! 
*i. 

For any 6 e comp(Aoi n (nre^ri)) with 6 ^ !^i(6) e comp(Ao n 
(nre£F)), lyiiQ) ^ * and 1.1(6)1 = O. 

(5) If there exist £ G Zf^'^^ and an irreducible component ^'(i) of Aoin(npg£F) 
with *(i) c *i, then £ c {Fi|F e £}. 

(6) Consider any £ e Z'^^ with £ 7^ £. 

{Fi|F G £} G Zf^"". 

For any $ G comp(Aon(npg£F)), $ ^ \E' and <l>i is the unique irreducible 
component 6 of Aqi fl (flrgrFi) with z/i(6) = ^1 <^ *i. 
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For any 8 e comp(Aoi n (Hpg^ri)), i^i{Q) G comp(Ao n (Hpg^r)), 
e *i ui{Q) qL * and 1/1(6)1 = 6 

We denote 

r = niax{codini($,S)|£ G Z""^,^ e comp(Ao n (Hpg^r))} e Z+, and 

- E E 

fg^max $£comp(Aon(nrg^r)),codim(*,f;)=r 

^ ({Ao}U7W;$) eZ+. 

yWC£,tlA1=r-l,*Gcomp(Aon(npgj^4r)) 

Consider the case Zi 7^ 0. We denote 
n = niax{codim($, Si)|£ e Z"''''', $ e conip(Aoi n (Hpg^r))} e Z+, and 

E E 

£e2j"»* a>ecomp(Aoin(npg£r)),codim(*,Ei)=ri 

^ ({Aoi}uAl;$)eZ+. 
A^c£,|tA^=ri-i,a>ecomp(Aoin(npgj(j,r)) 

We know that if codim(^, S) = r and Zi ^ 0, then n < r, and si < s if ri = r. 

By induction we conclude that there exists an admissible composition of blowing- 
ups 1/2 : S2 S such that A02 n T = for any T G comp((z/j/2)* A) n comp(£)2), 
where A02 denotes the strict transform of Aq by 1/2 and D2 denotes the sum of strict 
transforms of elements in comp(_D) by i'2- Note that A02 G comp(_D2)- 

We conclude that there exists an admissible composition of blowing-ups z/ : S — >• 
S over A such that the pair {tu, (S, u*A, v*^)) satisfies three conditions in the above 
four conditions (Z) except the last one and it does not satisfy the last condition in 
(Z). 

We consider the case where the pair {tv, (S, i/* A, v*^)) does not satisfy the last 
condition in (Z). There exists A G comp{D) — comp(i/*A) such that A fl F = for 
any F e comp(i/*A) n comp(£'). 

We take a non-empty maximal subset JC of comp(I?) — comp(:/*A) satisfying 
two conditions A n F = for any A € /C and any F G comp(j/*A) n comp(£)), and 
A n F = for any A G K. and any T G K. with A ^ F. By maximality of K., for any 
A e comp(I)), there exists an element F e (comp(:/*A) n comp(I))) U /C satisfying 
AnF7^0. 

We put A = i/*A + X^agk;^- ^ effective divisor of S. supp(t/*A) C 

supp(A). comp(A) n comp(l)) = (comp(i/*A) n comp(l))) U /C. tJ(comp(A) n 
comp(5)) = ji(comp(z/*A) n comp(£>)) < ji(comp(A) n comp(£l)). For any A e 
comp(A) n comp(D) and any F G comp(A) n comp(D) satisfying A 7^ F, AnF = 0. 
For any A G comp(Z)), there exists an element F G (comp(A) ncomp(£))) satisfying 

Anr^ 0. 

Consider any A G JC. By the first condition in (Z) we know the following. 

(1) The component A is smooth. 

Let C/a = S — (Upgj.Qjjjp(^^) pp|^^0F) C S. Note that the subset Ua is open in S 
and it contains A. 

(2) The pair {Ua, (A -|- Ao)|C/a) is a normal crossing scheme over k. 
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We take the unique element x G U {0} such that A is the strict transform of 
(T*Spec(A/(z + x)A) by tv. 

(3) supp(A + Ao) n J7a = (ri.)-i(supp(CT*Spec(A/(z + x)A) + tt*A')) n Ua. 

We know that A has normal crossings and the pair (S, A) is a normal crossing 
scheme over k. supp(i/*A) C supp(A). (z^*A)o C (A)o. 
Consider any (3 e {iy*A)o. 

comp(A)(/3) = comp(iy*A)(^), t/(S,A,/3) c U{T.,i^* A, /S). We put |/3(A) = 
res^^?''^ ^^^\v*^)Bi^) for any A e comp(A)(/3) and we define a mapping |h : 
comp(A)(/3) — 7- Of.{U{T,, A, (3)). Obviously is a coordinate system of (S, A) at 

Consider any /3 e (A)o - {i^*A)o. 

We take any a € (z/*A)o with l3 e [/(S, z/* A, a). jl(comp(A)(/3) n comp(i^*A)( 
a)) + 1 = tt(comp(A)(/3)) = tt(comp(z/* A)(a)). comp(A)(/3) - comp(zy* A)(a) e /C. 
comp(i/*A)(a)-comp(A)(^) e comp(iy* A)ncomp(i)). [/(E, A,^) C U{t,v*A,a). 

We put f~/j(A) = resJ^5JA,^)'"^(^*0c(A) for any A e comp(A)(/3) n comp(z/* A)(a). 

Consider the unique element A e comp(A)(/3) — comp(z^* A)(q!). A £ K, C 
comp(i)) — comp(i^*A). /3 G A n J7(S, i^* A, a) 7^ 0. We take the unique element 
X € A" U {0} such that A is the strict transform of (j*Spec(A/(z + x)^) by Tf. We 
know that there exists uniquely a pair of an element A G 0^{U{'S, 1/* A, a)) and a 
mapping c : comp(j/* A)(q!) — > Zq satisfying 

^e4(s,..A,a)('^^^)(Spec(^))(^ + x)-A n KOa(r)^(r). 

recomp(i/* a)(q) 

We take the unique pair of an element A G ©^({/(E, j^* A, a)) and a mapping 
c : comp(j/* A)(q!) — > Zq satisfying this equality. We know that A n [/(E, v*A, a) — 
Spec{Of,{U{t,,.*A,a))/XO^{U{t,,y*A,a))). We put ^^A) = resj;g0'"^(A). 

We have a mapping : comp(A)(/?) ^ ©^.([/(E, A, /?)). We know that is a 
coordinate system of (E, A) at /3. 

Let ^ = G (^)o}- The set f is a coordinate system of (E, A) and it is an 

extension of v*^. 

The morphism ri/ : E — ^ E is a weakly admissible composition of blowing-ups 
over (A, ^). The coordinated normal crossing scheme (E, A, £,) is an extended pull- 
back of (E,A,^) by Ti^. The triplet (rz^, (E, A, D) satisfies the five conditions 
(Z). ji(comp(A) n comp(£)))_> tt(comp(A) n comp(Z))_). 

By induction on ttcomp(l)) — tt(comp(A) H comp(Z))) we know that there exists 
a triplet (r, (E, A,f), D) satisfying the above five conditions (Z) and jl(comp(A) n 
comp(i))) = jicomp(Z)). 

We conclude that Theorem WM holds, if A" ^ {0}. 

We know that Theorem 14.61 holds in all cases. 
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